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A b s tra c t.
A very gen e ra l Method of C en tres a lgo rithm  w ith  proven 
convergence i s  co n sid e red , The T h e o re tic a l Method of C entres 
of Huard, th e  Method o f C entres w ith  Upper Bounding Functions 
of Huard, the  L in earized  Method of C entres o f Huard and a 
m o d ifica tio n  by P ironneau and Polak  a re  p a r t ic u la r  cases of 
th e  gen e ra l a lgo rithm .
An ex ten sio n  due to  Hoshino to  the Q -function  o f F iacco 
and McCormick i s  then co nsidered . Using a fu n c tio n  defined  
by Hoshino i t  i s  then shown th a t  th e  Method o f Centres a lgo ­
rithm  can be app lied  to  a c e r ta in  c la s s  of problems w ith 
e q u a l i ty  c o n s tra in ts .
INTRODUCTION.
In  th i s  essay we a re  concerned w ith  th e  problem of minimizing 
some fu n c tio n  f ° ( x ) :  Rn *  R where th e  v a r ia b le s  x eRn a re  
co n stra in ed  to  belong to  some non-empty s e t  A e Rn .
The method th a t  we a re  in te r e s te d  in  h e re , to  o b ta in  th e  so lu tio n  
to  th i s  problem com pu ta tiona lly , i s  r e fe r re d  to  as th e  Method of 
C en tres. The Method of C entres ope ra te s  w ith  moving tru n c a tio n s  o f the 
c o n s tra in t s e t .  Convergencn to  a minimum so lu tio n  of the  problem is  
co n tro lle d  by a sequence {f9 (x^ )) o f tru n c a tio n  le v e ls .  Each o f the  
p o in ts  (c e n tre s )  i s  ob tained  by the unconstrained  m axim ization
o f a d is tan ce  fu n c tio n  which c h a ra c te r iz e s  some d is ta n c e  from th e  p o in t 
Xj, to  the  boundary of the tru n ca ted  c o n s tra in t s e t .
The Method of C entres was i n i t i a l l y  proposed in  1964 by' Huard [11]. 
I t  was then explored th e o re t ic a l ly  and com putationally  by Faurn and 
Huard [ 3  ] , [ 4 ] ,  Bui-Trong-Licu and Huard [1 ] ,  Huard tl2 ],C l33  and 
Trem olieres [7 2 ] .  M iff lin  [1 6 ] , Done], and Huard [ 2 ] ,  Pironneau and 
Polak [18] proposed m od ifica tio n s to  improve th e  r a te  of convergence, 
Lootsma [15] po in ted  nut th a t i t  i s  a v a r ia n t o f a b a r r ie r  (p ena lty ) 
fu n c tio n  method w ithout any a r b i t r a ry  param eters. One o f th e  d is tan ce  
fu n c tio n s  provides the  moving tru n c a tio n s  coun te rp a rt o f the  
Logarithm ic B a r r ie r  Function  technique o r ig in a l ly  proposed by F risch  
[8 ] .  Huard [14] tr e a te d  the convergence of th i s  method using  
approximate c e n tre s ,  and he r e la te d  th is  method to  c e r ta in  o th e r w ell 
known methods. Polak [19] d escribed  v a rio u s p o ss ib le  v e rs io n s  of th is  
method and inc luded  sume num erical examples. Fi.nc.co and McCormick [ 5 ] ,  
[6]  developed a d is ta n c e  fu n c tio n  which they c a lle d  the Q -function .
Hoshino Cl03 proposed an ex tension  of the Q’-function  to  inc lude  a 
param eter which i s  chosen to a c c e le ra te  convergence. Folafc, Mukai and 
PiTonneau [203 ap p lied  the Method of C entres to  so lve th e  optim al 
c o n tro l problem.
In  t h i s  essay , a f t e r  some p re lim in a ry  assum ptions and d e f in i t io n s ,  
we s t a t e  a genciral method of c en tre s  a lgo rithm  and we prove th a t  i t  
converges. S pec ia l cases of the  gen e ra l a lgo rithm  are  then  considered . 
The f i r s t  p a r t ic u la r  case  in th e  T h eo re tic a l Method o f C entres o f 
Huard [ 1 2 ] ,  which i s  a g e n e ra liz a tio n  of th e  algorithm  i n i t i a l l y  p ro ­
posed in  [11]. Pironneaii and Polak  C18] showed th a t t h i s  a lgo rithm  has 
l in e a r  convergence. This algo rithm  re q u ire s  the m axim ization of the  
d is ta n c e  fu n c tio n  which can be q u ite  tim e consuming. We tru n ca te  th e  
saflrch fo r a p o in t x ' which maximizes th e  d is ta n c e  fu n c tio n  by search ­
ing fo r  a p o in t which i s  an t  d is ta n c e  from x '  by u sing  approximate 
c e n tre s .
We then consider sim pler upper hounding fu n c tio n s . Approximate 
cen tre s  a re  considered again . The v a r ia n t  ob ta ined  by considering  
upper bounding fu n c tio n s is  s t i l l  a f a i r l y  gen e ra l a lgo rithm , since  by 
p a r t ic u la r iz in g  i t  - t i l l  fu r th e r  Huard t l4 J  g e ts  a t  the L inearized  
Method of C entres of Huard I' 1.3] us w ell as o th e r well-known methods.
Me then  con»iiii>r th e  m o d ifica tio n  to  the L in earized  Method of C entres 
proposed by Piron-e-iti and Polak I! 1CJ. This has the e f f e c t  o f in c re a s ­
ing  th e  rate . oE convergence.
The Q -fun rtion  in v es tig a te d  by Ki.anco and McCormick [5 ]  , [ 6 ]  i s  :• 
thon extended to  d e fin e  a new d is ta n c e  function  proposed by Hoshino
[1 0 ] . Hoshino a s s e r ts  th a t  the new d is ta n c e  fun c tio n  dem onstrates 
a marked improvement in  convergence over th e  di.atar.ce fu n c tio n  
proposed in  [1 2 ] .
I’ie trykow sk i [17] considered  an exact p o te n t ia l  method Cot co n stra in ed  
mimima. T his has a  m ajor d isadvan tage  £rom a com putational p o in t o f 
v iew . T his was overcome fay Hoshino [1 0 ]  who considered  a new fun c tio n  
which en ab les  us to  use th e  Method o f C entres a lg o rith m  to  so lve a 
c e r ta in  c la s s  o f problems which have in e q u a lity  c o n s tr a in ts .  Tbd-; 
r e a n l t  o f Hoshino"a broadens th e  scope and range of a p p l ic a b i l i ty  of 
o f  the Method of C entres a lg o rith m  co nsiderab ly .
1. DEFINITIONS, ASSUMPTIONS AND tftELIMIHARY RESULTS.
STATEMENT OF PROBLEM
The m athem aclcal p ro g ram in g  problem i s  to  determ ine a v ec to r 
x  » ( x * ,x * , . . , . »x*)T th a t  so lv es  the  problem
m tttim iie f° (x )  (1 ,1 )
su b je c t to  f  (x) ■< 0 (1 .2)
where r e s t r i c t i o n s  on th e  fu n c tio n s  f* : Rn'V  R1, i  e 0 , . . .  ,m w ill
be d efin ed  la tte r,
D efine th e  c o n s tra in t s e t  by
C 6 { x : £l (x) a  0 , 1 * 1  m } (1 .3)
ASSUMPTIONS
A l.) Wc asoumc th a t  th e re  ia  a p o in t v C such th a t  the  s e t  
C ( x n) d efin ed  by
C ( x  J  A l  % , f " ( r )  -  f ° (x  ) s  0 ,  f l (x> * 0 .  i - 1  m )
°  "  (1 . 4)
i s  compart; und has nn in te r io r ,
Thiri aaeumption la  fH se n lin l,  ainvn w ithout i t  the  method o£ 
contrcH cannot be ap p lied  to  problem (P ,1 ) ,  I t  a lso  imfturcs th a t 
a so lu tio n  to  th e  problem e x is t s ,
A2.) We nstmme th a t
( i )  th e  Hi-t C defined  in  (1 .3 )  has ati i n te r io r  and th a t
the uloHiiro of the  i n te r io r  o f C i s  equal to  C.
( ii) .  fo r  every x Cn , the in t e r io r  o f C, f^ (x )  < 0 ,
The reagoa fo r  A 2 ,( ij  i s  th a t  g iven  a p o in t xo c C, th e  Method 
o f  C entres p icks as i t s  successo r a p o in t in  th e  i n t e r io r  o f  the 
s e t  C 'O ty ), and hence i t  can f in d  an optim al p o in t fo r  ( P , l )  only 
i f  th a t  p o in t i s  i n  the c lo su re  of th e  i n t e r io r  o f C, The reason  fo r 
A 2 ,( i i )  w i l l  become c le a r  l a t e r  when we d e fin e  an " F -d is ta n c e " ,
AN F-DtSTAHCE
Let E he a n e t whose elem ents a re  th e  su b se ts  o f Rn and l e t
d l Rn x  E ->• R* be a re a l  fu n c tio n ,
N o ta tio n ; The i n t e r io r  o f a so t E T. i s  denoted K° and the 
boundary i s  denoted by F r(R ),
D e f in it io n  1 ,1 ; d i s  c a lle d  an F^d istance  on Rn x E i f  i t  s a t i s f i e s
( i )  d (x ,E ) "  0 V S , :  E, V x ,: K r(E),
( l i )  d(x,K) > 0  V B c '•, »  x i  Be ,
( i l l )  V E V E’ e X: F. E ' ,  th en , V x c B, th e re  e x is ts  a
sc a la r  ,, (x) » 0 such tha t
d(x,K) £  p ( x ) ,d ( x , ! i ') .
D e fin it io n  1 ,2 ; An F -d is tan ce  d i s  sa id  to  he re g u la r  i t  i t  s a t i s ­
f ie s  in  ad d itio n
(iv )  V sequences { St kc N 1 and ( x^i. a " :  k t  N } such
\  Bk+1 K ' Z ' K f *
xk f:Bk ’ *k< *k+l 
wo have th a t  d(x^.E^) 0 as k *  ”
Examples of re g u la r  g -d is ta n c e s .
L et assum ptions A1 and A2 ho ld , and lee  f l : Rn + R1 , i  "  0 , .  
be continuous r e a l  fu n c tio n s . D efine
E & { C '(x o) i f° (x o ) r  K c  R } (1 .5 )
K = ( f (x * ) ,  sup { f (x )  : x. c ) (1 .6)
where x i s  th e  so lu tio n  to  ( P . l ) , which e x is t s  by assum ption. Let
Ihc-n each of th e  fo llow ing  fun c tio n s :
( i )  d (x ,c ;1 (ko) )  “ minC f n (x(]) -  f ° ( x ) , -  £*(>0, i  ™ 1 , . . .  .m },
( i i )  d ( x ,C '(x ,) )  = ( f ° (x  ) -  f° (x )  ) n ( -  f ^ x )  ) (1 ,8)
0 °  i= l
i s  a reR iilar F -d is ta n c o , defined  on Rn x whure x «, C,
P ro o f; The follow infi p roof holds fo r  bo th  tliv fun c tio n s defined  
abovei Let xQ » C.
( ! )  d (x ,C '(x o)) o 0 fo r  a l l  x K r(C '(x(.) )  by in sp ec tio n .
( i i )  Lot x ' ( C ( * , ) ) " .  Then, by A 2 . ( i i ) ,
i w(x) -  Fv (k(i) 0 , and t l (*) < 0 , 9 1 "..1 ............. .
f ‘'(x 0) -  f " (x )  > 0 ,  and f ! (x) > 0 ,  V i  «
-»  <l(xlC, (xM))  > 0.
( i i i )  C(Xp)  ' C ' ( x ^
= » »u <xo) -i f ° ( x ’)
f ° (x o) -  f° (x )  i  f n (x[')) -  £ ° (x ) , V Xt: G '(x0>
^  d(x,C »(x0))  4 d (x ,f l '(x M ) ,  V x c C '( x 0) .
( iv )  Consider an i n f in i t e  sequcnen { x^^ C i k (. N } and the
sequence of uorniapcmdinR ” C (x ^ )  such th a t ,  V ke N,
where x minim izes £0 ()c), *  x eC , Then 
Now, because f ° (y )  has a lower bound,
f 0 (* .)  S- ■-.m
Hencer
f 6 ^ ) .  *  f°<x> i  f° (x * )  as k •*■ » ,  and 
f 0 ^ )  A f 0 (K) V k «t N,
% & C ( x )  f  * , because x*c Cl (» ).
T h e re fo re ,
Ek 3 " k t i  11 E-
tie now have
-  f 0 x^jc.kii) •*• 0 as k •> » ,  k c  h
d(xk+1,C’(xk)) ^ 0 as k + «, k T  
->  ‘>(*k+J»Bk+1} 0 as k ■+ «*f kc H,
Aoaumc cha t the fu n c tio n s  (x ) , i  = 0 , , , , ,m have continuous 
d eriv itivc-B , Thv • ie r iv tt iv o  o l th e  fu n c tio n  defined  in  (1 ,7 ) i s  not 
continuous in  g en e ra l,  T horefo rf th i s  fu n c tio n  im n o t convenient fo r  
num erical a a x ta iz a t io n ,  bu t th e  i 'unc tion  ile tined  in  (1 ,8 ) g ives a 
s u i ta b le  d is ta n c e  fu n c tio n  th a t  lias continuous d o r iv i t iv e s ,
I£  th a  f 1 ( x ) , i  ” 0 , . . « ,m &re convvx Iw n^tirm e, then  the 
fu n c tio n  dofinod in  (1 .7 )  ib  concnvo, w hile the fu n c tio n  defined  
i u  (1 .8 )  la  n o t n e c e s sa r ily  w m c w i, The oxpresaion  givo.ti i n  (1 ,8 )  
i s  analogous, up to  a lo garitlun , to  the loga rith m ic  p o te n t ia l  o f th e  
w e ll known Method of F r is c h  1:8], b u t i t s  behavior i n  th e  p tocesa  of 
com putation I s  ve ry  d i f f e r e n t , th e  d e r iv i t iv e s  being taken in to  con­
s id e ra t io n  not being  in f in i t e .
2. A GENERAL METHOD OF CENTRES ALGORITHM.
The a lg o rith m  which i s  p resen ted  in  th i s  s e c tio n  w il l  p lay  a c e n tr a l  
r o le  i n  th e  nex t few c h a p te rs , where c e r ta in  p a r t ic u la r  cases wil.i be 
d isc u sse d . The alg o rith m , which i s  s ta te d  below , i s  n o t as gen e ra l as the 
a lg o rith m  d escribed  in  Hoard LU',1.
We w i l l  assume th a t  A1 and A2 hold . C onsider th e  follow ing  
problem!
minimize f°(x )
(P .2)
subject, to  vc'. C n b 
where f °  i s  a continuous fu n c tio n  V x tC n B ,  C ia  defined  in  (1 ,3) 
and B cRn ia  some s e t  such th a t
( i )  C°n B H ,
( i i )  th e re  e x is t s  an x i C eucli th a t  C, (-<0)n B  i s  compact and 
has an in t e r io r .
The fo llo w in g  hypo thesis  is  made fo r  C and Bj
(H) c °  n B n a » * C n B n A = #, V A e Rn open.
L et d be a re g u la r  F -d ie tan ee .
A lgorithm
0 . Set k e q , S e lec t xo<' G n B such th a t  A1 i s  s a t i s f ie d .
1. I f  (C, (x|t) ) ‘-, nB =» * ,  a n  x* “ xk , Stop,
O therwiso go to  2.
D etermine fin a^+1«. (I* (x^) ^ B such th a t
d(xk+V C,Cxk) )  * d tlI-C' C\ ) ) '  V x '- C’ < \ ^ R*
3, D eterm ine \ +1c G' n fl’
4 , S e t k “  k+1 and r e tu rn  to  1,
Theorem 2 .1 ; Let the above aaoumptiona ho ld . I f  th e  sequence {x^} 
co n s tru c ted  by th e  above algo rithm  i s  f i n i t e ,  than th e  l a s t  element is  
optim al fo r  (P 2 ). O therw ise, i f  th e  sequence ie  i n f i n i t e  i t  has accum­
u la t io n  p o in ts ,  a l l  o f which a re  optim al fo r  0?2).
P ro o f: The a lgo rithm  tit -■■.! i f  (C, (xk) ) ° n  B » * ,
-► C° n{ x : f ° u )  -  f° (x k ) < 0 }nB  -
C n { x : £°(x) -  f°(x ^ ) < 0 ) n B » t|> by hypo thesis
^  there, doas wot e x is t  an x  eC t'B such th a t
f 0 (x) < f° (x k) .
Hence ^  i s  an optim al s o lu tio n ,
By in sp e c tio n  we must have C '{xk+1) c C1 <xk) , It « 0 , 1 ,2 , .........
S ince C '(x ^ ) i s  compact and s in ce  x ^  c C’ (xk) t  C '(x 0)» th e  i n f in i t e  
sequunce Cx^} must co n ta in  accum ulation p o in ts . Suppose th e re  e x is ts  
some subsequence whirl; converses to  the p o in t it. i . e .  & x  fo r  
k r-;K c {(), 1 , 2 , . . . , } .  Wo a how th a t x i s  a so lu tio n  to  problem (P .2 ) .
We have from S teps 2 and 3 th a t
where X i s  n so lu tio n  to  problem which e x is t s  by assum ption Al. 
T h e re fo re , by th e  co n tin u ity  of £° we have th a t  th e  sequence £°(xk ) 
tends to  th e  l im it
£°(*) a  £ ° ( * )  
afl k increaecB , and
We now provo th a t
(G '(x ))°n  B u (2 .2)
I f  n o t,  then  th e re  e x is ts  gome x c (fi1 (x ) )°  n It. (2 .3)
We have
S ' S " ' '
Suppose x ^ e  (C1 (x )) n B, V k eK, We show th is  i s  no t p o s s ib le .
S ince d i s  a r e g u la r  f -d is ta n c e ,
^{x^.E^) •+ 0 ,  when k •> <=. (2 .4 )
We have from (2 ,3 ) ,
0 < d (x ,C '(x ) )
■C P0 .d (§ ,E k) w ith  pQ < 0 s in ce  Cl'(x) =Ek 
•S Bince ^  maximizes d on
T h erefo re ,
0 < d (x ,C '(x ) )  X  p .d (x^ ,E k ) 
which c o n tra d ic ts  ( 2 .4 ) .
So th e re  e x is t s  some f i n i t e  k e N such th a t 
(C, (x ) )° n  B, * k  t k *
T his im p lie s  th a t  th e re  e x is t s  some f i n i t e  k" c M such th a t  
£0 (xk) *  £ ° (x ) ,  xk c (C *(x))0n B, V k a k*.
This c o n tra d ic ts  (2 ,1 ) .  T herefo re ,
(C '(x ))°n  # - + ,
•=» c °  n{ x : f £>(x) -  f ° (x )  < 0  } nB -
-»  C n t  x : f ° (x )  -  f ° (x )  < 0 1 nB -  by (H),
» f°(%) s in ce  C nB -  4 ,
=> f ° ( x  ) -  f ° (x )  •
The Method of C entres to  be s tu d ied  in  t h i s  s e c t io n ,  which ia  a 
g e n e ra l iz a t io n  o f th e  algo rithm  of Hoard given in  [113 , i s  a conceptual
a lg o rith m , s in c e ,  i f  we use the d is ta n c e  fu n c tio n  defined  in  f l .7 )
th e  m axim ization of th e  d is ta n c e  fu n c tio n  cannot be expected to  be 
accom plished in  a f i n i t e  numbur of d ig i t a l  computer o p e ra tio n s . However, 
i t  leads n a tu ra l ly  r.o s e v e ra l implement&ble a lg o rith m s.
C onsider th e  problem ( P .l )  , where f 1 ; Rn -*• R, i  = 0 , .  „ .m are
con tinuous fu n c tio n s  s a t i s f y in g  assum ptions A1,A2. Let B c Rn be
compact, la rg e  enough to  co n ta in  C.
Then we need th e  follow ing  hypo thesis to  be s a t i s f ie d :
(H) C0 n A •• $ => C n A a V A = Rn , open.
In  th e  fo llow ing  a lgo rithm  Huard uses the f -d is ta n c e  defined  in  
eq ua tion  (1 .7 ) .  Let th e  p o in t C. I n tu i t iv e ly ,  fo r  p o in t xc  C (x ^ )  
th e  fu n c tio n  d (x ,C '(* k) )  i s  th e  "d is ta n c e  th a t  the  p o in t i s  from th e
c lo s e s t  boundary o f th e  s e t  C T o  f in d  th e  "middle" o r cen tre
o f the  s e t  C (x ^ )  we need to  maximize th e  d is tan ce  fun c tio n  i . e .
we need to  f in d  an %' such th a t
d ( x ',C '( x k) )  a d (x ,C '(x k) )  V x c C '( x k ) .
T h is  p ro tttaa  ia  eq u iv a len t to  ficvdiog & so lu tio n  (d(x5j;+^ ,C '(x ^ ) ,x^+^) 
of the problem
max { d C x .C C ^ ))  : f° (x k ) -  £°(*> S d , -  f x (x) a d ,  i  -  1 ..........n ,}
(d(x,C 'C xk ) ,x )  <3ll)
For a geom etric  in te r p r e ta t io n  see F ig . 3 .1 .
Suppose we have some d is tan ce  d . The shaded a rea  rep re se n ts  
th e  p o in ts  which f a l l  in to  th e  reg ion
D *  { 'x  : f ° ( x . ) -  f ° (x )  a 5 , -  f* (x ) a d ,  i  = l , . . . , m  }
C le a r ly  d can s t i l l  be in c re a se d , but i f  i t  i s  in c rea sed
in d e f in i te ly ,  a t  some s ta g e , D = * .  The id e a  i s  to  s
3 such t h a t  D ^ (p.
th e  fo llow ing  algorithm  S teps 2 and 3 of th e  gen e ra l a lgo rithm  
« .  i M .  —  . t ,  1... ^  ^  ^  ^  a .  _  p o i^ m .
R - a r k i  I f  d C a .C '^ ) )  .  o ,  f  a « C ' ( \ ) )  then (€ '< 1^ ) ) ° - *  by 
in s p e c tio n .
Algorithm
0 . Set k -  0 . S e lec t j^ e  C s a t is fy in g  A l, A2.
1. Compute a s o lu tio n  C 'K V r 5 ' (V  > -V l >  %o t t a  problem d efin ed  in  
(3 .1)
2. I f  d ( \ +1>c ’ (*(,.)) = 0 ,  s e t  x* =- x^. Stop.
O therw ise, s e t  k •  k+1 and go to  Step 1.
Theorem 3 .1 : Let the above assum ptions ho ld , I f  th e  sequence Cx^}
co n s tru c ted  by the above algo rithm  is  i n f i n i t e ,  then i t  has accum ulation 
p o in ts ,  a l l  o f which a re  optim al fo r  ( P . l ) .  I f  th e  sequence {x^} is  
f i n i t e ,  then  the l a s t  element i s  optim al fo r  ( P . l ) .
The above theorem fo llow s as a r e s u l t  o f theorem 2 .1 . Convergence 
can a lso  be proved using  a proof of Polak [19 ].
In  a d d itio n  to  the previous assum ptions in, t h i s  s e c tio n ,  assume 
th a t  th e  fu n c tio n s  f * (x ) , i  “ 0 , . . , ,m are  o i l  convex.
Remark! The convexity  of the f l (x>, i. -  0 ........m im plies th a t  C i s
convex. T his means th a t  V such th a t  C  (xQ) f  4>, c ’ (x0) i s  a con­
vex s e t  which i s  compact and has an i n t e r .o r  by Al.
•-f f eg rem 3 .2 ; Assume th a t  A l, A2 a re  s a t i s f i e d .  Lee th e  fu n c tio n s
f  : R -*■ S , i  « be continuous  and concave. Then
(C  (x ) )°  =* j. C n { x ■ f ° ( x) _ £°(x ) < o } = *.
P ro o f: Me prove th e  lo g ic a l  eq u iv a len t i . e .
C n{ x : f ° (x )  -  f ° (x )  < 0 > si * --» (C '(x ))°  f  * . (3 .2)
Let § e C  such  th a t  f 1 ^ )  < 0 ,  i  = ] , . . .  ,m (3 ,3)
where x e x i s t s  by A l, A2. l e t  y c n { x i . f ° ( x )  -  f ° (x )  < 0 } 
This e x is t s  by (3 .2 ) .  Then,
t ° ( f r  -  f ° (5 )  < 0 (3 .4)
£i < y ) i .O ,  i  .  (3 .5)
He assume (o therw ise  th e  theorem wo«3d be t r i v i a l l y  v e r i f ie d ) .
L et 6 be any s c a la r ,  0 £ 0 5  1 , and x (e ) be a po in t defined  by 
x(9) " x + (1 -  d )y.
The convex ity  of f ^ ( x ) , i  °  im p lies  th a t
£t (x (6 '))  £  0 ££ (x )  + (1  -  6 ) f i (y) V i  = l , . . . , m .
(3 .3 ) , ( 3 .5 )  4mply
' f i (x (6 ))  < 0 . <3 -6)
The convex ity  o f t° (x )  im p lies  th a t
£o(x(0)) s ei:0(S) + (i - 0)£OC?)
» 0 (  f 0 (S) -  £°(y) ) + £°(y)
and by (3 .4 )
f° (x (0 ) )  -  f ° (x )  < 0 V O :  0 * 9  i f  (3 .7 )
8 -  ( f ° W  -  f°<7) ) / (  £°(S) -  f " ( J )  ) ,  o .
(3 -6 ) ,(3 .7 )  irq)ly  th a t
< C '0 O ) °  f
The above r e s u l t  means th a t  th e  hypo thesis (R ), used in  th e  proof 
fox convergence in  Theorem 3 .1 ,  i s  au tom a tica lly  s a t i s f i e d  fo r  convex 
fu n c tio n s .
Pxronneau and Polak  C18] have s tu d ie d  the r a te  o f convergence of 
th is  a lg o rith m  w ith  fu r th e r  r e s t r i c t i o n s .  T heir r e s u l t s  a re  s ta te d  here 
in  th e  f o r a  o f two theorem s, fo r  com pleteness. The f i r s t  theorem con­
cludes th a t  t h i s  Method o f C entres algo rithm  converges a t  l e a s t  l in e a r ly ,  
the second , th a t  i t  converges a t  most l in e a r ly  under the a d d itio n a l 
assum ption:
(A) th e re  e x is t s  a compact convex se t  C"(xo> con ta in ing  C1(xq ) 
in  i t s  i n t e r i o r  such th a t  th e  fun c tio n  f °  i s  s t r i c t l y  convex
in  c o g .
This assum ption im p lie s  th a t  th e  so lu tio n  to  the  problem i s  unique, 
where th e  s o lu tio n  e x is t s  by Al.
Theorem 3 .3 : L et {%*) be an in f in i t e  sequence generated  by the la s t
algo rithm  i n  so lv in g  problem  O M ) ,  suppose th a t  th e  above 
tione  a r e  s a t i s f i e d .  Then, g iven  any « e ( 0 , l ) ,  there  e x is ts  an in te g e r  
kQ(a) such th a t
* ° < W  " f0cxft) 5 ( 1 " 5:0(Vo) H  '  £° CxA) j  v k a k =(a)
where x* i s  th e  unique s o lu t io n  of (P-D*
J o  ^  B l f  X £ ° '  x e R®1,1 } (3 .8 )
e  S ( 1 , 0 , 0 , . . . . , 0 )  f Rm+1 
Note th a t  th e  X’ s a re  optim al m u lt ip l ie r s .
riieoregi—3^4.* L e t (x ^ )  be an i n f i n i t e  sequence generated  by the l a s t  
a lg o rith m  in  so lv in g  problem ( P . l ) .L e e  x* be she so lu tio n  to  the 
problem and l e t  X° be  defined  as in  (3 .8 ) .  I f  the above assumptions 
o re  s a t i s f i e d ,  then e i t h e r  X° « 1 arjd th e  sequence ( f 0 (x^)} converges 
e u p e r l in e a r ly  to  f ° ( x  ) ,  o r X° < 1 and th e re  e x is ts  an in te g e r  kj, 
such cha t
-  ^°(**) 2 ( 1 ."  X° ) (  f 0 ^ )  -  £°(x*) ) V k £. k 1 „
THE USE OF e- ~ CENTRES.
In  p r a e t ic u ,  approxim ate v a rs io n s of the prev ious algorithm  have 
been found to  bo r a th e r  i n e f f i c i e n t ,  because even an approximate c a l­
cu la tio n  o f a x1(,+ i d efin ed  in  (3 ,1 ) i s  q u ite  tim e consuming. This 
has led  to  th e  development of methods which tru n c a te  the search  fo r  a 
p o in t x s a tif lfy in g  (3 .1 )  when one fin d s  a p o in t x ' which is  
w ith in  a  d is ta n c e  c from the p o in t x ,  where s i s  made p ro g re ss iv ­
e ly  sm a lle r.
D e fin it io n  3 .1 : Given an f -d is ta n c e  d , defined  on R x E, a se t  
B e 2  and a number e such Chat 0 fi u S sup { d(x,E ) : x* E } we 
c a l l  th e  e - c e n t r e  of E ( w . t . t .  d) avary p o in t * ' s B Buch
dO c'.fi) < 8UP { d(x,E} i x € E  j 
I f  g - o ,  such a p o in t i s  c a lle d  a  c en tra  of E.
Algoritlim .
0 . Set k = 0 , S e lec t *o c C s a t is fy in g  A l, A2,
1. Compute a such th a t
d(V l'C' (V 5 2 max { d ( x ,C (x k) )  t f° (x k) -  f° (x )  8 d,
vhere  th e  e ^ form a sequence o f s t r i c t l y  p o s i t iv e  values tend ing  
to  ze ro  as i  + ®, and such th a t  d(xk+1,C '( i^ ) )  -  ek > 0.
2. I f  d tK k + rC  (x^)) « 0 ,  c *> 0 , s e t  x* = Stop.
OtherwisQ s e t  k = k+1 and re tu rn  to  Step 1.
The convergence of t h i s  algo rithm  can be proved in  much th e  same 
way aa convergence was proved fo r  the g enera l algo rithm  in  Theorem 2 .1 . 
We need to  r e c o n s tru c t the. reasoning  a f t e r  (2 .4 ) as fo llow s:
We have from (2 .3 ) ,
0 < d (x ,C '(x )>
< p<).d (x ,E k) w ith P0 > 0 mince C '(x) ^ Ek
S P0 . (  *(xk 'h >  * V l  } 8 inec xk d 60
w ith in  . ^ . j o n  Ek .
T h e re fo re ,
0  < i l tS .O 'W )  £ P . (  J t \ . V  * ek - I ) ' 0 .9 1
»  0 ,  p ,  ♦  0
coacrad ictB  ( 3 .9 ) .  Tho r e e t  of th e  proof holds fo r  ^  *  0
4. THg METHOD OF CENTRES BY UPPER-BOUNDIHG FUNCTIONS: Huard [1 4 ] .
In  th i s  oect.ion a very  g enera l procedure i s  developed using  an upper 
bound o f  th e  f -d is ta n c e .  I£ w i l l  be shown in  Ebc next s e c tio n  how th is  
can be p a r t ic u la r iz e d  to  th e  l in e a r iz e d  Method of C entres d escribed  by 
Ruard in  [13]>
Assume th e  fu n c tio n s  f 1 (x ) : tt.n + R, i  = 0 , . . , ,m a re  continuous and 
convex, ,ind th a t  £°(x) a t t a in s  i t s  minimum on th e  s e t  CnB a t  x .
Suppose th a t  d : Rn x E -► R i s  a continuous re g u la r  f -d is ta n c e  on 
Rn x j; s a t i s f y in g
(v) d(x„E) < 0  V x j  E , V K eS . . (* .1 )
For s im p lif ic a t io n  we aha 11 consider C to  be a subset: o f Ra 
In s te a d  of E i .C i  wc a h a l l  consider e fu n c tio n  d$ Rn * Rn •> 'A in s te a d  
o f the fu n c tio n  d;Rn x Rti > R. IS i s  some compact su b se t o f Rn .
De f in i t i o n  4 .1 : D efine d 's  Rn x Rn x Rn ■> R to  be a continuous func­
tio n  a a t is fy in g ;
( i )  d '( x ,y ,C '( x o) )  t  dC x.C 'C x^) V y e B ,  ¥ x s  C '(x0> n B
¥ x0u C such th a t  C’ (x0) »
( i i )  d ' ( x , x , C 'M )  = 0 V x e C,
( j i i>  ¥ n,- G, V b r B  lix v d t 
( l (x ,C '(a ))  s  0 , V x c C a .b  3 
=r> d '< x ,a ,C '( a »  s 0 V x « C a ,b l
Remark; dC x .y .C  (x^)) -  0 ¥ y riB> ¥  x a C' Cx^) n B
d(x .C ‘ ( x »  = 0 ¥ X f C '( x o) n B, by ( i ) , 
(C '<x ) ) °  » # »» (C '(x0) ) °  n B » #.
A lgorithm ,
0 .  Set k = 0 .  Choose a p o in t x « C nB. Choose a con stan t ® A 1.
1. Determine y^e B such th a t
a . tl '( y k ,xk ,C '(x k) )k .  d ' t y ^ . C 'C x ^ ) ,  V y O .
(For in a ten o e  maximizing d '( y .x ^ .C ( x k) )  on C n B or on B ).
I f  d '( y ^ .x ^ .C  (x^)) «■ 0 , s e t  x* -  xk . S top.
O therw ise go to  Step 2.
2. Determine ’'jJ.+ieC such th a t
d(x£+ i ,C '(x k) )  a d (x ,C '(x k ) )  V X cCxk ,yk3.
3. Detv m in e  \ + i  t  c ' ^*k+ i^11 B.
(For in s ta n c e  m inim izing if°(x> on I  n
S et k * k+1 and r e tu rn  to  Step 1.
F igu re  k . l
Remark!
( i )  B convex -=> Cx^.y^] c B
( i i )  d C ^ .C 'C x ^ . ) )  > d(xk ,C '(x k) )  ■ 0 
=» by (4 .1 )  Chee x^+l£ C ( x k ) n B c C n B
i . e .  f°C x ;n ) i  f°(x* ) 
and so C '(x^+1) n B 4 *.
This A lgorithm  f a l l s  w ith in  th e  ambic of chti Gem-ral Method of 
Gencrea desc rib ed  in  S ection  2 fo r  which convergence has been proved . 
However, th e  a lgo rithm  i s  conceptual because of Step 2 , which can be 
s im p lif ie d ,  com pu ta tio n a lly , using, e*-c®ntrea. S h is  g iv e s ;
A lgorithm .
0 .  Set k * 0 .  S e lec t a p o in t C O B , Choose a con stan t a  £ l .
1. Determine e B such th a t
« .d , (yk ,xk »C'(xk)> £ d '( y ,x k ,C , (xk ))  V y c B .
I f  d '( y k ,x k . ‘- '(x k) )  " 0 , " M  x « xk . s top .
Otherwise go to  Step 2.
2. Determine such th a t
d ' ( x ^ 1 ,C '(x k ) )  & max { d (x ,C '(x k))  1 f ° ( \ )  -  f° (x )  1 d,
(d(x ,C '(x^}),% ) _ f i ( x) ^  d ,  i  “ l . - . i t i i  > -  ek
w ith  6'k *  0 88 k '* ” •
3. Determine x ^ c  c '  n B‘
Set k ■ k+1 and r e tu rn  to  S tep 1.
Theorem 4 .1 : L e t th e  fu n c tio n s f 1 (x ) , i  « 0 , , , . ,m be convex and con­
tin u o u s ly  d i f f e r e n t ia b le .  Suppose ou r assum ptions a re  s a t i s f i e d .  Then the 
sequence {x^}, i f  i t  i s  i n f i n i t e ,  g enera ted  by th e  p rev ious algo rithm  
has accum ulation p o in ts ,  a l l  o f which a re  op tim al. I f  the  sequence i s  
f i n i t e ,  then th e  la s t  element i s  op tim al.
Proof: The p roof o f convergence fo llow s from Theorem 2 .1  and remarks 
concerning convergence made a f t e r  th e  A lgorithm  using c -c e n tre s  a t  
th e  end o f th e  l o s t  s e c tio n .
We need to  show th a t  in  th e  i n f in i t e  ca se , th e  defin ed  by
ek  °  max { d (x ,C ' tic^)) ; i ° ( x k> -  f°<x) a d ,
-  f* (x ) > d , i  ■ 1 m } -
tends co zero when k
1. F i r s t l y ,  we prove th a t
-* 0 -
\ + ]  ' c , ( x k+l^ £ J
0 n 1  -> e 'V )  i
f ° ( x ^ ) ) -- f° (x )  as k  +  . „  k '-'.8,
i . e .  f 0 ^ ^ )  -  i:0 <h> -wO
£0(s^+1) -  f 0 (x) + 0 68 k +  . ,  k * » .
Now, V ke  N
o '( ^ ) =  c-A ).
« k i '
and d i s  a  r e g u la r  f -d is ta n c e .  This im plies th a t
d ^Xk + l ,C' ’’’ ® 88 k +  « ,  tesN .
S im ila r ly
d(xk + llG' i;yTt) )  w  k  +  » ,  k e B . (4 .3 )
2. Secondly, show chat th e re  i s  a subsequence fo r  which
lim  d ’ (yk »x$t»c '(* k) )  4 0 ,  when k k e  S c H.
The p o in t belongs to  the compact se t A n B x B. Hence, th e re
e x is t s  S cN such th a t :
xk *  x e A n B
yk y 6 B when k + k f- S c N.
On th e  o th e r hand, ¥ 0e £ 0 ,1 ] f ix e d , V k e N, by d e f in i t io n  of
which g iv es , tak ing  the l im it  k + ®, k c S, w ith  fix ed  8 , d being con­
tinuous , th a t
d(x + e (y -x ) ,C '(x ))  4 0 ,  V 0 eC 0 ,1 ] .
T his g iv e s , by D efin iK o n  4 .1  ( i i i ) ,
d '( x  + B(y-x) .x .C 'C x)) S O , V 8  e C 0 ,l3 .
S e ttin g  6 = 1 , w  have, s in ce  d ' i s  continuous,
lira d '( y k .xk .C, <xlt) )  s  0 ,  when k  *  » ,  Ice S.
3 . F in a l ly ,  we show th a t  ck -> 0,
Let be a p o in t o f C'(%^) which maximizes d ( x ,C '( x J )  «
C '(x k) n B. Such a p o in t e x is t s  because d i t  con tinuous, B i s
n B f * ,  and by (4 .1 ) d (x ,C  ( ^ ) )  < 0 V x 4 c , (xfc) .
We have from ( 4 .3 ) ,  th a t  *t*£+1>C’ +  6 as k -*• « , k 
A lso , s in ce  e C ^ x ^ )  n B,
0 s  d (ck ,C ' (i^.))
£ d ,(e k ,xk*c ' (xk ))
5 o . d * ( x ^ ) )  by d e f in i t io n  of y^. 
Taking k •*•«», k eS , because a i l  we have from (4 .4 ) ,(4 .5 )  
dCcj^.C'Cx^)) 0 as k + =».
ek " d (ck*G' (xk) )  -  6 0
tev.ds to  ae ro  as k ■» » , k  sS .
Ihe  algo rithm s o u tlin ed  in  th i s  s e c tio n  a re  f a i r l y  g en e ra l,  
by p a r t ic u la r iz in g  them s k i l l  f u r th e r  Huard C14] manages to  g e t ; 
-Hen.-is.nown methode of Z ou tend ijk  [2 3 ] , Frank and Wolf [7 ] ,  Rosen 
and, in  p a r t i c u l a r ,  the  L inearized  Method of C e n tre s , Huard C133 
i s  covered in  the  next s e c tio n .
compact.
(4 .5)
M U  ,
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3 " THE LINEARIZED METHOD OF CENTRES: Huard Cl3] ,
L e t A l, A2 be s a t i s f i e d ,  B be a convex se t  which i s  la rg e  
enough ':o c o n ta in  C in  i t s  i n t e r i o r , Assume th a t  th e  fun c tio n s 
£ Gt)i R R, i  = 0 , . . ,  ,m are  con tinuously  d i f f e r e n t ia b le  and
convex. L e t x be a p o in t minim izing f° (x )  on C, x e C.
d 'ix .y .G 'C x ^ )  A m in { f ° (x o) -  f ° ( x ,y ) ;  -  i  -  l , .m  }
where (5 .1 )
f 0 (x ,y ) A f ° (y )  + 7 f° (y ) (x -y )  (5 .2 )
^ ( x . y )  A f l (y) + Vf1 (y) (x^y) % i  = l , . . . , m .  (5 .3)
We now show th a t  th e  co n d itio n s of D e f in it io n  4.1 a re  s a t i s f i e d  
where, because th e  fu n c tio n s  a re  convex,
f 1 (x ,y ) s  f 1 (x) ¥ i  -  0 ........ ..
( i )  d* (x ,y ,C ' (xQ))  = min { f ° (x o) -  f ° ( x ,y ) j  -  f \ x , y ) ,  i  -  i , . . m  }
2 min { f ° (x o) - f ° ( x ) , -  f i (x ) ,  i  = l , . , . , m  )
* d (x ,C '(x 0)> .
( i i )  d ' ( x ,x ,C  (x )) ” min { 0 ; - f * ( x ) ,  1 "  }
= 0 V xe C.
( i i i )  C onsider a cC, b c B such th a t
d (x ,C '( a ) )  5  0 V x< [a ,b ]
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I t  i s  e a s i ly  v e r i f ie d  th a t
V f°(a) . '(b -a) £ 0
and /o r th e re  e x is t s  a t  le a s t  one i  c { i  m} such th a t
7 ^ ( 8 ) .  (b -a ) i  0.
Hence, from (5 .1 ) -  (5 .3 ) ,  d 1(x ,a ,C 1(a ))  i a  d ecreasin g  a t  a  p o in t 
x  on C a,b3, Since d 1( a , a , C ( a ) ) "  0 we have th a t
d 1( x ,a ,C '( a ) )  < 0  V x  eC a ,b ],
• A leo , i t  i s  easy to  .show th a t  d 1 (x .y .C  (x ) )  ia  a continuous 
fu n c tio n , because th e  fu n c tio n s  7 f1 (x ) , i  = 0 , . . . ,a  a re  continuous 
by assum ption.
Set x = x^. T h erefo re , from the above, we can re p la c e  S tep 1 
in  the  A lgorithm  fo r  the Method of C entres by Upper Bounding fu n c tio n s
Choose e =■ 1 and solve
max ( min { < -  7 f ° (x ) , h (x) >, -  f 1 (x) -  < 7 f1 (x ) ,  h(x) >, 
h £  S i  = l , . . . , m  ))  (5 .4)
where S i s  any su b se t o f Rn co n ta in ing  the o r ig in  in  i t s  in t e r io r .  
Lot h°(x);B .n -»& be defined  as th e  so lu tio n  to  (5 A ) ,  where
S ^ { h (x )c R n : ih1 ! 5 1, i  -  1 n >. (5 .5)
26
Theorem 5 .1 : Suppose th a t  h ( x ) £ S i s  such th a t
h°(x ) -  min { ,h (x )> , - f i (x)-<V£i (x) ,h (x )> , (5 .6 )
Then ( i )  ( h ° (x ) ,h (x ) )  i s  optim al fo r  th e  l in e a r  programming problem
maximize h°(x) (5 .7 )
su b je c t to
-  h°(x) -  <v£°(x) ,h(x)>  & 0 (5 .8)
-  ha (x) -  f x(x) -r < ?fi (x ),h (x )>  2  0 ,  i  -  (5 .9 )
l^ O c )!  s. 1 i (5,1. 0)
( i i )  I f  (h ° (x ) ,h (x ) )  i s  optim al fo r  (5 .7 )  -  ( 5 .1 0 ) , i t  s a t i s ­
f i e s  (5 .6 ) .
Proofs ( i )  h s a t i s f i e s  (5 .1 0 ) , by d e f in i t io n  of S. Since Ja3 s a t i s ­
f i e s  (5 .6 ) we have
0 = min { -  <V f°(x), h(x) > -  h ° (x ) , -  f^ (x ) -  <V£*"(x), h(x) >
-  h ° (x ) , i  = 1 , . . . ,m 1
which im plies th a t  (h ° (x ) ,h (x ) )  s a t i s f i e s  c o n s tra in ts  (5 .8 ) 
and (5 .9 ) .
Assume th a t h °(x ) does not maximize (5 .7 ) such th a t  (5 .8 ) -
(5 .9 ) a re  s a t i s f i e d .  This im plies th a t  th e re  e x is ts  S > 0 s . t .
-  < 7 f° (x ) ,  h > a  h °(x ) + 6
-  f l (x) -  < 9 f^ (x ) , h > 2 h°(x ) + 5 , V i -  l , . . . , m .
Hence e q u a lity  d o e sn 't  hold in  (5 ,6 ) .  C o n trad ic tio n .
< ii)  Suppose th a t  (h ° (x ) ,h (x ))  i s  optim al fo r  (5 .7 ) -  (5 .1 0 ).
(5 .10 ) im p lie s  th a t  h(x) c s .  ( 5 .8 ) ,(5 .9 )  imply th a t
-  < V f°(x ), h > i  h°(x)
-  f L(x) -  < Vfi ( x ) , h > i  h ° (x ) , i  = l , . . . , m .
Hence (5 .6 ) ho lds as h°(x) maximizes the RHS, so th a t  eq u a lity
L et h (x) be tho maximum value of h°(x ) such th a t  c o n s tra in ts
(5 .8 ) -  (5 .10 ) a rc  e a t is f io d  fo r  x Cixeci.
Theorem 5 .2 ; E°(x*) = 0 i f f  x* i s  op tim al.
P ro o f; From th»> l in e a r  programming problem wo have
5 °(x ) = mux { h°(x ) : •: ? f ° ( x ) ,  li(x) > < -  h ° (x ) ,  f i (x)
(h°»h) + t  v f i (x )) h(x) > s  -  h ° (x ) ,  i  -  },
T his i s  equivttlenc to  f ind ing
-  hci(x) * mi.n { h°(x) : < V f" (x ), h(x) v S f ^ x )
(l1 *h) + v Vf1 (x ) , h(x) > < h ° (x ) ,  i  -  I........... in }.
th e n , buoauac a t our osHiimptians a t  the bugiuning of t h i s  chap ter 
i t  i s  H traijjhtforw nrd to  vc-rii.y (h a t th e  co n d itio n  o f the Strong 
D uality  Theorem (Appviulix A) nro s a t i s f ie d  by the above problem. 
Therafor.-, from (ft.A),
-  h °(x ) » max f in i' { h °(x ) + ,i"( <Vfa (x) ,h(x)> -  h°(x) )
,^0  (h ,h ) + }' , / (  i 1^ )  + <V£1(x),h(x)>  -  h°(x) ) >>
-  w .  { w  { ( 1  _ ;  /  * I  w Y (% )
ViO (h ° ,h ) l “0 i “0
4- }}.
. by (3 .A ), problem (2 .A) has a t  le a s t  one s o lu tio n ,  an
* h°(x ) = BWX { ( I  - J  y3 )h°(x ) + I v i £1 (x) + I vx<7£1(x 
P>0 i= l i=0
I  U1 « 1, I  = o }
1=0 i-o
= max [ J  v l cl (x) ] J  „ l  -  1, J  y 1Vf1 (x) -  0 }.
1*1
Now i t  can bu st*eii from (5.11) th a t
h °(x ) SO  V x '"C .
Supposo new th a t  x t C. and lt°(x*) => 0 , Then from (5.11)
e x is t s  ii i  0 such tha t
I  l i V c x * )  r  0 ,  ?  i i 1 -  11 )' ^ V f ^ x * )  -  0 .
1-1 1"* 1-0
From thi? rnnvexi t.y of Uiv funrl.iouw f 1 , i = 0» . . .  ,ni
i- i (x )  & f* (x’1')  + •• v r $ ( x * ) ,  x -  x* h V x t. Rr‘
which,bvi’iiuHi1 ni' Ci. VI), Uecomcn
"  Z ' l ' w  2  S ‘ ‘ (  f 0 l / )  -  l ( x )  )  ¥  * .  R » .
I f  v° * <), I:ht'ii A .2(1) In  eonm tdietv .1 . Ttu-tcLoro U° > 0.
from lIk* i'ae.t. th a i ii i  0 v e h n v o f n w  (5.14)
f° (x * ) -  A x )  < 0  9 *  such th a t  t 1 (x) £ 0 ,
1 . 0 . r° (* * ) f ° W
d  by (11 .A) 
.) ,h (x)>  I
(5.11)
(5.12)
(5.13) 
1 = 0 , , . ,m,
( 5 . 14 )
i»>0,. .  ,tn,
r
So we have th a t  x i s  optim al fo r  ( P . l ) .
Let x bt‘ optim al fo r  problem ( P . l ) ,  Then, by the w e ll known 
Kuhn-Tucker co n d itio n s th e re  e x is ts  an optim al m u lt ip l ie r  X eRra+1 
such th a t
I Xi f 1(x*) =- 0 , I -  0 , f X1 = 1 , X ^ 0 (5 .15)
i="l i=Q i=0
and (5 .11 ) and (5 .15) imply th a t  ii0 (x*) = 0.
Remark! From (5 .12 ) we. have th a t  h °(x ) s 0 ¥ x f C.
Ve rep lace  S teps 2 ,3  in  th e  A lgorithm  fo r  the  Method o f C entres 
by Upper Bounding Functions w ith  the Step Size d e te rm in a tio n  ptablem
max { dh | £ °(xk) -  l,0(xk + nh(xk>) i  dh , -  f 1 (xk + uhCi^)) £ dh ,
(dh -ll) i  --- L m ) (5 .16)
and x^+1 and x|t4] co-incid t-.
Kignru ii.l
The purpose of Che aubproblom (5 ,7 ) -  (5 ,10) a t  i t e r a t i o n  k+1 
i s  to  f in d  a v e c to r  which po in ts  in to  the reg ion  C '(x ^ ) , and (5 .16) 
g iv es  us a p o in t irv C  (x(c) , See F igure  5 .1 . I t  can be seen
th a t  th e  L in earized  Method of C entres i s  c lo se ly  re la te d  to  Zouten- 
d i j k 's  Method o f F eas ib le  D irec tio n s .
The prev ious d iscu ss io n  g ives usr
A lgorithm .
0 . S e t k * 0 . S e lec t xo < C.
1. Set » x. Solve (5 .7 ) -  (5 ,1 0 ) to  o b ta in  (h<’(xk) ,h (x ) ) .
2 . I t  ii' (x^) = 0 , s e t  x* = xk> Stop.
O therw ise go to  1.
1. Compute so lu tio n  (<!(),}i) to  (5 .1 6 ),
4 ' s>: '  V i " *k * " ' ^ v -
Set k k+! and re tu rn  to  S tep 1.
That this: a lgo rithm  ronvergen lo r  I he in f in i t e  rune and th a t i t s  
point.-i i 't  iUK'imniLilimi a re  opt im.il ran  be ssoen from Theorem 5.2 mid 
Theorem 2 .1 .
Pi nmnenu mid Ptilak 110.1 note th a t they haw  been ab le  to  show
th a t the above a lgo rithm  eonverpoH at. lean t as fa s t  am 1 /  *4t  w ith
the above .-mumpt urns utrongihened a lig h t ly to  make f"(x ) s t r ie t . ly  
convex in  the iK-iglibouvhund ol the opi.iimim. They a I no show char the 
a lg o rith m  d id  m l  converge l in e a r ly  under thorn* assum ption*, fo r a 
f lp v H fie  ea se . They then proponed a modi l ied Method of C entres which 
e x h ib its  improved convergence, Thin i s  o u tlin ed  in  the  next se c tio n .
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6 . A MODIFIED METHOD OF CENTRES; P ironneau and Polak E lS l.
C onaider the  problem (P . l )  where th e  fu n c tio n s f i Cx)iRn *  
i  ■ 0 , . . .  ,tn a re  con tinuously  d i f f e r e n t ia b le  and convex, s a t is fy in g  
A l, h i .  D efine k °(x ) by
k°(x ) 6  max { h°(x ) *• 1 | |h | l?' t  < V f°(x ), h (x ) > < ^  h ° (x ) ,  f l (x)
(h",W
+ t V f^(x ), h (x) > 5  -  h ° (x ) , i * 1 , . . ,m } (6-1)
A lgorithm .
0 . Set k  = 0 . S e le c t x^ e C,
1. Compute a so lu tio n  (h°(xk ) ,h ( x ) )  to
max. { h °  -  i i | h | | ' :  -  < Vfe (xk ) , h > m b * .  -  f 3 (xfc)
(h ’h) -  < V f^x ,^ ), h > a  h ° ,  i ” l , . . . , m  >. (6 . 2 )
2 . I f  k ° (x k) = 0 ,  net x* =• x^.. Stop.
Othorwiao go to  3.
3 . Compute a so lu tio n  ( d(xk)_j,C ' (x^)) ,  )i(x^) ) to  
M  I
( d ( s , U ' ( . t ) ) , l i )  " f i < \  * S d ,  1 - 1 ......... «  )■
*• s“  \ . , i  " \  * h(V '
Set k = k+1 and M 'turn  to  Step 1.
Note th a t  (5 .7 )  -  (5 .10) i.R a l in e a r  programming problem w ith  
* 1 1 .  ( ' . »  l .  .  , " . 1 -  ^ " 1
c o n - .tra in ta .
T h a o r m _ 6 a :  k0 (s*) « 0 i£ ,  „* i t  „p t l - , , ,
The above re a u ie  can be proved by amending the proof of Theorem 5.2 
s l i g h t ly .  O therw ise the read er should co nsu lt [183. Also
k °(x ) * o V x t: t i . ■
(U) A. jume th a t  th e re  e x is t s  t-' > 0 and m°< (0 ,1) ouch th a t  
< y .  > 4 9 y ' l b * , « ' ) n c ,
where x io  the  unique s o lu t io n  to  (P. 1) and C i s  as befo re .
Thu above assum ption guaran tees  s t r i c t  convexity  in  th e  neighbour­
hood o f x ,, a  so lu tio n  to  (P. 1 ). Hence x la  unique. Pironneau and
Polak [18] flh.iw that, th i s  a lgo rithm  has l in e a r  convergence. The r e s u l t  
i s  given  here  t o r  com pleteness. The p ro o f’can be found in  !. 18.1 ,
Theorem 6 .2 : I.ut {x^} be a sequence generated by the above a lg o r­
ithm in  so lv in g  problem (1M ) .  Suppose tha t the assum ptions made uc 
the beginning  ol the chap te r and (11) a re  s a t i s f ie d .  Then x
l in e a r ly  an k > ®, f"(x ^ ) v l'"(x  ) l in e a r ly  as k -> » ,  in  accordance, 
w ith  th e  fo llow ing  bounds: tilven any y .  (0 ,1 .), th ere  e x is ts  k ^ (y ), 
Cw(y> > 0 such that
| [x^  - xti| | l f 1 - Xn (l-y) J'.O,<Y> v k a kn(y)
-  . " ( . h :  ( i  x  ' " ( y  -  f e ' ) ) » ^
whore m° 1b ileVii.od in  (U)>
r 1 = min { < A,e > ; x1£1(x*) = 0 , I  » 0 ,
$  X1, -  1 , X > 0 ,  X u lt""1 },
a “ ( 1 , 0 , 0 , . . , .  ,0 ) e r®4,1,
L S max { 1, j. = 0 , . , .  ,m }, where
M1 "  max { { | -  2 i I : x cBCx*,e')}.*
The M odified A lgorithm  i s  not implomGntnblH com putationally  because 
o f Che exact m in im ization req u ired  in  Step 3, Pironneuu and P.olak [ 183 
c o n s id e r th e  ap p lic a tio n  o f a Golden Section  Search to  the fun c tio n  
d^ i R ->■ R defin ed  by
dh = min ( £ °(xk) -  f ° (x k + , -  £1(xlt * u X x ^ ) ) , i  = 1,-m }
to  f in d  two p o in ts  u(xk) , |i ' (*k ) w ith  (x^) > n(x^) > 0  such thoe 
Cu(xk) ,y ' ( x k) J  con ta in s  th e  maximizer of d ^ , and much th a t
dh^CX fc)) 2 BCu'CXjj) -  t (xk ))< V l'° (x k y ,h (x k ) - ' ,
where |i > 0 , d(i i«  juflt the  d ia tan ce  fu n c tio n  defined in  (1 .7 )  along 
th e  v e c to r  h(xk ) . I t  i s  proved in  (18) th a t  th e  algorithm  s t i l l  conver­
ges to  the unique Boiutiiiu to  lhc> probk in , and that, i t  doom so l in e a r ly .
7. A METHOD OF CENTRES ALGORITHM WITH ARBITRARY PARAMETERS:
Hoshi.no 110].
F iacco  and McCormick C5.1 , [6] proposed a  d is ta n ' fu n c tio n  in  
C '(x ^ ) which i s  de fin ed  by
% ( d  ■ ( f ° b y  -  £°(x) ) -1-  J  ( )"* (7 .1)
and they used th i s  Q -funCtion fo r  t h e i r  S equen tia l U nconstrained 
M inim ization Technique (SUMT). I t  can be seen th a t  i f  th e  fu n c tio n s 
f  (x) , i  ™ 0 , . . .  ,m a re  convex then Q. (x) i s  Convex.
I f  we were to  consider the in v erse  of th e  Q -func tion .then  we 
would have a concave fu n c tio n  in  C ( x fc) which would be id e n t ic a l ly  
ze ro  fo r  a l l  p o in ts  x tF r(C '(x % )J - A lso , i t  would take  on p o s i t iv e  
v a lu es  fo r  a l 1 x e ( C ( x ^ ) ) 0 . We th e re fo re  consider th e  new d is ta n c e  
fu n c tio n  defined  by
W x ) ) "1= V  " ft>Cx) ) l " J  C £ i ( x )  9 x e  CC, (xk ) ) °
= 0 V x r F r ( C '( x k) )  (7 .2)
where ct^ i s  a p o s i t iv e  a rb i t r a ry  param eter, used to  a c c e le ra te  the 
r a t e  of convergence. O utside C '(x . J i t  i s  convenient to  l e t  d^(x) 
be the fun c tio n
t  i - i ..........«  n  o  «
Remarks.
( i )  Let f 1(x ) ,  i  = 0 , . . .  ,ai be convex fu n c tio n s . Then (7 .2 )
im p lies  th a t  d%(x) i s  a convex fu n c tiin  in  C '(x ^ ) . There­
fo re  any maximum of d^(x) in  C '(x^) i s  th e  g lo b a l maxi­
mum. When x i s  in  C ' ( \ ) ,  thou d^(x) given by (7 .3) is
n o t le s s  than th a t  given by ( 7 .2 ) ,  and the fu n c tio n  which 
i s  defined  to  be th e  sm a lle st o f concave fu n c tio n s , is  
concave ( i . e .  no p o in ts  o f in f le c t io n  ) .  Thus th e  ex tension  
to  d^(x) g iven  by (7 .3 ) p reserv es  th e  concav ity . This 
concav ity  p ro p e rty  i s  h e lp f u l ' fo r  th e  unconstra ined  maxi­
m iza tio n , f o r  i t  perm its p o in ts  o u ts id e  C (x ^ )  to  be 
accessed in  th e  course of a l in e a r  sea rch , a lthough  the 
centres  a re  confined  to  C '(x ^ ) .
( i i )  dk (x) =» f° (x k ) -  f ° (x )  when f° (x k ) -  f° (x )  s -  a^f^Cx)
dk (x) = -  a kf 1 (x) when -  a ^ ^ x )  $ f° (x k) -  f 0 (x)
and -  okf 1 (x) < -  J (x)
j  = 1 , . . , i - l , i + l , . . ,m.
T herefore  the magnitude of the  d is tan ce  fun c tio n  tends to 
vary  le s s  than (1 . 8) fo r  which th e re  a re  dangers of over­
flow  and underflow , fh is  i s  d e s ira b le  fo r  num erical t r e a t -
( i i i )  The d e r iv i t iv e  of «k (x) is  continuous a t  the boundary
p o in ts  o f C ( x k > where only one of the  func tions 
f ° (x k) -  f ° ( x ) , f 1 (x ) ,  i  = l , . . . , m  i s  zero ,
Consider th e  B a r r ie r  ( in te r io r  pen a lty  ) fu n c tio n  of th e  form
Br W  -  f ° M  -  ( f ' M  ) ‘ <7 .4)
desc rib ed  by Fiacco and McCormick U 1 , where r  denotes a p o s itiv e  
c o n tro l l in g  param eter. Lot the f 1 (x ), i  « 0 , . . . , m  be convex fu n c tio n s .
Br (x) i s  a  convex fu n c tio n  w ith  B (x) = ” , fo r  any x e F r(C ), Then 
th e re  e x is t s  a p o in t x e c  m inim izing (7 .4 ) over C fo r  any r  > 0. 
This i s  due to  th e  second term in  th e  exp ression  which p re se n ts  i t ­
s e l f  as a b a r r i e r  in  o rd e r ho prevent v io la t io n  of th e  c o n s t r a in t s .
In  ad d itio n  to  convexity  assume th a t  A l, A2 are  s a t i s f i e d ,  and 
th a t  th e  fu n c tio n s  f 1( x ) , i  “ have continuous f i r s t  o rder
p a r t i a l  d e r iv i t i v e s .  Then th e  g rad ien t o f d^(x) vanishes a t  th e  
c en tre  xfc+1. whence
Then i t  can be show n,t153, th a t the  sequence {r^} generated in  th is  
manner i s  a m onotonic, non in c rea sin g , n u l l  sequence.
Hoahino c o n sid e rs  ok given by
(7 .5)
O bviously th e  p o in t  xJc+1 so lves th e  equa tion
(7 .6 )
f o r  r  g iven  by
(7 .7 )
“k = r k ( r ° <xk + l) "  £° (Kk) 3. ^  ( e l ( “ fc+l> 5
( 7 . 8)
where forms a  n u ll  sequence, Then
(7 .9 )
A lgorithm .
0 . Set k  = 0 .  S e le c t jc e C.
1 . Compute a  so lu tio n  \ +1 e C’ O y  auch th a t
where dk (x) i s  given by (7 .2 ) and (7 .3 ) ,  and & by (7 .8 ) .  
(From remark ( i ) ,  the  so lu tio n  which maximizes d^Cx) w il l  l i e
2 * I£  dk (xk+1) -  0 , s e t  x* -  xk+1. Stop.
O therw ise s e t  k « k+1 and r e tu rn  to  Step 1.
The convergence oE th i s  algo rithm  to  an optim al so lu tio n  fo llow s 
from th e  p ro o f of Theorem 2 .1 ,  o r ,  a lte rn a t iv e ly ,c a n  be deduced from 
th e  d isc u ss io n  befo re  the algo rithm  and Theorem 8 in  P iaceo and 
McCormick f 6 i .
G eneral r e s u l t s  about the  convergence ra te  of th e  Method of 
C entres u sing  the d is tan ce  fun c tio n  (7 .2 ) a rc  not known. However, 
under th e  a d d itio n a l assum ptions;
( i )  f * ( x ) , i  •» 0 , . , .  ,m arc  l in e a r  fu n c tio n s ,
( i i )  on ly  one v ec to r x so lves the problem,
( i i i )  th e  e f f e c t  o f in a c tiv e  c o n s tra in ts  on dk (x) i s  ignored .
In  fa c t  th i s  e f f e c t  tends to  zero as th e  so lu tio n  is  
approached.
Then Hoshino [9 1 a s s o r ts  th a t :
( ! )  „i,an ^  1 . given by (7 .8 ) ,  then the g e m t r l e  l l a t .n e e
from to  xk+1 i s  g re a te r  than or equal to  tim es
th e  minimum geom etrical d is ta n c e  from to  a c o n s tra in t ,
( i t )  A ll th e  ce n tre s  l i e  on a fixed  s t r a ig h t  l in e .  This can 
he used to  a c c e le ra te  convergence,
( i i i )  I f  i s  kept constan t fo r  a l l  the m axim izations, and
i s  g iven  by ( 7 .8 ) ,  then  th e  geom etrical d is tan ce  from the 
c e n tre  to  th e  s o lu tio n  x decreases by th e  fa c to r  .
l / d + r ^ )  on each i te r a t i o n .
Im plem entation of th e  a lg o rith m .
I t  can be seen  th a t  a major drawback to  implementing th e  above 
a lg o rith m  i s  th a t  a t  oach i te r a t i o n  uc should lik e  to  se t
where i s  con stan c . However, th is  expression  contains f  »
i  ■ 0 , , , .m. But i s  as yet unknown and th is  would r e s u l t  in  many
t r i a l s  fo r  d i f f e r e n t  a ^ 's  to  determ ine th e  value (7 .1 0 ). T herefore , 
i n  p lace  of ok wo uacs th e  q u an tity
Then the ad d itio n a l assumptions ( i )  , ( i i )  , ( i i i )  g ive,I 9 1,
V ^ k - i  “ V v ^ * '
i f  \  > v i  tU<™ "k > ,xit 1 ' V r  iHul i r  “k '  V i
“k < ®k ' V r  So "k el,,m|i,!a 8iowcr th0n lV  ™8 ia
mate r e la t io n  between nnd
So a c c e le ra te  convergence, compute a  p o in t where th e  boundary 
o f th e  f e a s ib le  reg io n  i s  cu t by th e  l in e  through *. and See
Step 3 of the G eneral Method of C entres a lgorithm .
For a more d e ta i le d  d e s c r ip t io n  of th e  above r e s u l t s  and some 
a c tu a l programming r e s u l t s ,  the  read er should co n su lt [10 ]. The te s t  
r e s u l t s  in  [10] show th a t  th e  Method of Centres algo rithm  using  the 
d is ta n c e  fu n c tio n  defined  in  (7 .2 ) ,  (7 .3 ) has a marked improvement 
in  the r a t e  o f convergence over an algo rithm  using th e  d is tan ce  
fu n c tio n  defined  in  (1 .8 ) .
To a c c e le ra te  convergence, compute a p o in t where th e  boundary
o f th e  f e a s ib le  reg io n  i s  cu t by th e  l in e  through and x ^ ,  See
Step 3 of the G eneral Method of C en tres algorithm .
For a more d e ta i le d  d e s c r ip tio n  of th e  above r e s u l t s  and some 
a c tu a l programming r e s u l t s ,  the  read e r should consu lt [10 ]. The te s t  
r e s u l t s  i n  [ 1.0] show th a t  th e  Method of C entres algo rithm  usin g  the 
d is ta n c e  fu n c tio n  defined  in  (7 .2 ) ,  (7 .3 ) has n marked improvement 
in  the r a t e  of convergence over an a lgo rithm  using  the d is tan ce  
fu n c tio n  defined  in  (1 .8 ) .
8 * EQUALITY CONSTRAINTS AND IH£ METHOD OF CENTRES; Hoshino ClOl.
C onsider th e  problem described  by 
minimize £°(x)
(P .4) su b je c t to  f l (*) s 0 ,
f 1(x> = 0 ,
C le s r ly  th e  i n t e r io r  o f th e  f e a s ib le  r eg ion  defined  by the c o n s tra in ts
i s  empty, and so (P .4) cannot be handled by our Method o f C entres in
i t s  p re se n t form.
In  o rd e r  to  so lve (P .4 ) ,  Pietrykow ski [171 minimized th e  poten­
t i a l  fu n c tio n
p (x ,p )  = v f° (x )  + X P"a( f ’'(x ) ) + I  I f 1 (x ) | (8 .4)
i= l i=mi+i
where u i s  a param eter and where
poa(T ) » t , t  • 0
0 ,  i  < 0 . (8 .5)
One d isadvan tage  that: (9.41 has from the com putational p o in t o f view
i s  th a t  p<x,ii) i s  n m t-d lffe re n tin l.le  at: some p o in ts . To overcome 
th is  d i f f i c u l t y ,  Hnshino ho .l ronsidcrfl th e  ad d itio n a l c o n s tra in t
f ^ x )  -  0 i  "
( 8 . 6 )
f i (x) r ~ f '^ C x )  1 » m+mj+1,.. .  ,2m.
(8 .1 )
i  = 1 , . . , ,mi (8 .2)
i  = raj+1, . . ,m. (8 .3)
Consider so lv in g  (P .4) w ith  th e  ad d itio n a l c o n s tra in ts  by 
m inim izing
p< x,u> -  max C y f° (x ) + f l (x) ) 
i» l , . ,2 m
« H f°(x) + max( £l (x) ) .  (8 ,7)
Theorem 8.18 Let Cue Iu n c tio n s  f 1 (x ) , i  "  be continuously
d i f f e r e n t i a b l e  am i l e t  Chu g r a d i e n t  v e c to r s  Vfi (x ) , i  *> i  m be
l in e a r ly  indopcndunt. I'hvn th e re  in  a r e a l  number u > 0  such th a t  
f o r  0 < |i < v , th e  (ninimtim p o in t x(u) of p (x ,v ) co inc ides  w ith  
th e  s o lu t io n  x* o f (i’ , 4 ) .
P roof! F i r s t l y ,  suppose x(p) l i e s  in  the i n te r io r  o f the in fe a s ib le
re g io n . Then th e re  i s  an r  > 0 such th a t  every x cNe (x (u )) belongs
to  th e  in f e a s ib le  reg io n . Prom the* d e f in i t io n  of x(ii)
>if°(x) ♦ mux( f \ x )  ) > »f°{x(»)} + m»x{ f j (x (v )) ) .  (8 .8)
H(x) i: { n m (  I 1 (x(tO) ) -  max( £1(x) ) ) /  | |x (u) -  x | |
takes  i t ' i  maxiimim vuhu- at' x ' ,  V x, N, {x(u))» which i s  denoted by M. 
Now from ( 4 . 6 ) and t.ho imlcpcndcncc of the v cc to rs  Vf1(x ) ,
T liori'fo ro , from (« .» )  wu have tha t
u (  ( " w  -  < r* ( « W )  ) -  « =  ( ' ' W
I...
As £ (%) i® d i f f e r e n t ia b le ,  th e re  e x is ts  constan t fi such th a t
( | f  (x) -  f  (x ( |j) ) [  ) f  \ |x { |i)  -  xj j s  U f o r  x eue (x ( t0 ) .
I f  we choose M such th a t  p « M/M s u ,  then pM <M  which 
c o n tra d ic ts  ( 8 .9 ) .  T h e re fo re , x(ii> i s  n o t in te r io r  to  th e  f e a s ib le  
reg io n  fo r  p < u .
I t  fo llow s th a t  when 0 < p < y then  the v e c to r  x(p) minimizes 
p ix ,p )  and a lso  s n f i s f i e s  th e  co n d itio n  max ( £* (x (p )) ) .= 0*
i . e .  x (p ) minim izes f ° (x )  su b jec t to  the c o n s tra in ts .
We have shown above th a t  i f  we minimize p (x ,p ) , the  so lu tio n  
w il l  a ls o  be a s o lu tio n  to  Q ',4 ).
M inim izing p (x ,p ) given by (6 .7) i s  equ iv a len t to  c a lc u la tin g
an x and s c a la r  o to
minimize t)
su b je c t to  0 5 p£°(x) + f 1 ( x ) , i °  1 , . . .  ,2m.
0  = 0 -  p f ° (x ) .
Then the problem becomes
minimize f ° (x ,0 )  a p f" (x ) + 6 (0 .10)
su b je c t to  f ^ x )  - 0 ^ 0 , I  “ I , . . . , 2 a .  (8 .U )
to  which th e  Method o f C entres can be applied  d ir e c t ly .
to  a .  d u * ™ ,  ^
( « k . , . , ^ )  1 m .  ( ^ , Y
th e  d is ta n c e  fu n c tio n  \* x ,e i)  defined  by
«fcCdk C=E,0)) ” at(.Cf0 Cxk ,fik) -  f° (K ,0 )) V  I  ,(0 » f i (x )) .!  (8 .12)
i= l
The above re s« 3 ta  w ill  enable the  Method o f Centres to  be 
a p p lied  to  so lv e  a t a r  w ider range of problems than has been 
r e a l i s e d  p rev io u s ly ,
CONCLUSION.
We. have seen th a t th e  method of cen tres  i s  a technique which 
computes th e  le a s t  value of £(x) su b je c t to  (1 .2) i t e r a t i v e ly .
Each i t e r a t i o n  seeks a v a lu e  of x th a t maximizes a d is tan ce  fu n c tio n . 
I t  i s  found , in  g e n o ri 'l , th a t the convergence.by the method of cen tres  
i s  ra th e r  slow . N e v e rth e le ss , i t  hue been found to  g ive  accurate  
s o lu t io n s .  Another a t t r a c t io n  i s  c le a r ly ,  except in  th e  case of 
e q u a l i ty  c o n s tr a in ts  d iscussed  in  the la s t  ch ap te r, the fa c t  th a t  a t 
each i t e r a t i o n  wo have a f e a s ib le  so lu tio n  to  th e  problem.
C lea r ly  th e  r a te  of rmwergvnce i s  dependent on cite choice of 
d is ta n c e  fu n c tio n .  Thin i s  an a rea  of considerab le  in te r e s t .  Tor the 
th e o re t ic a l  method of c en tres , Hoard f i l l , |'12;| proposed the use of 
th e  d is ta n c e  fmicti.imfl defined  in  equations ( l . ’O and (1.® )■ 
P ironnem i and Polak | 181 have in v e s tig a te d  th e  ra te  o f convergence of 
t h i s  a lg o rith m . M if f lin  11W and Uvnel and Ih w d  l'?.l have considered 
th e  advantages of in tro d u c in g  param eters in to  equations (1 .9 ) ,(1 .1 0 )  
in  an e f f o r t  t o  improve convergence.. Hnmrti f W) considered th e  method 
o f v e n tre s  a lg o rith m  u sing  sim pler upper bounding func tions fo r  the
d is ta n c e  fu n c tio n . He then  p a r t ic u la r iz e d  th i s  algorithm  to  o b ta in  
th e  l in e a r iz e d  method of c e n tre s  of C l3 ] , and a lso  r e la te d  th e  method 
o f c e n tre s  to  the well-known methods of Zoutendijk  [.23], Rosen [21] 
and Frank and Wolf [ 7 l .  Pironneau and Polak [181 showed th a t  fo r  a 
c e r ta in  example, th e  algo rithm  o£ 13 d id not converge l in e a r ly .  They 
proposed a m o d ifica tio n  to  th e  algo rithm  which had the e f f e c t  of 
improving the. convtirgeace,
Hoshino C103 extended the Q -function ' o f F iacco and McCormack [5 ] , 
C63 by in tro d u c in g  a param eter The r a te  o f convergence o f the  
a lg o rith m  has been in v e s tig a te d  in  the l in e a r  case by Hoshino | 9 ].
The ex ten sio n  to  th e  n o n lin ear convex case and more gen e ra l fu n c tio n s 
i s  an a rea  fo r  fu r th e r  re se a rc h . D iffe re n t choices fo r  may a lso  
h e  s tu d ied  from th e  view point of in v e s tig a tin g  Che ra te  o f convergence, 
and p o ss ib ly  o b ta in in g  a b e t te r  <$k fo r  com putational purposes.
Polak  C l9l has considered  search ing  fo r  'd e s i r a b le 1 p o in ts .  This 
enab les  c e r ta in  hypotheses which we made to  be relaxed  or d iscarded .
He has shown chat th e  algorithm s of f  111, [,12], F.13] converger to  a 
d e s ira b le  p o in t even when a 'go lden  se c tio n  sea rch 1 i s  used,
Bui-Trong-l.iou and Guard L VI t re a te d  the method of cen tre s  in  
abffracfc sp aces . Pohik , Mufcni, and Pironneau [2Ql hove considered the 
method of c en tre s  in  so lv ing  optim al ro n iro l problems.
F in a l ly ,  i t  has been a turn filial, a c e r ta in  c la s s  of problems with 
e q u a l i ty  c o n s tr a in ts  can be transl'ormed in to  equ iva len t problems w ith 
in e q u a lity  c o n s tr a in ts .  This not only broadens the. i 'ic ld  of ap p lica ­
b i l i t y  of th e  method of c e n tr a l  co nsiderab ly , hut a lso  means th a t  
i n t e r io r  p en a lty  fu n c tio n  methods can be applied  d i t e j t i y  to  so lve 
c e r ta in  problems w illi oq u n liry  c o n s tra in ts .
:em ( Polak and Pirormeau [1 8 ]).
Consider th e  problem
minimize £ (x)
* 1 )  ,  ( 1 J J
su b je c t to  £ (x)  i  o ,  I  -  I , . . . , a
Assume th a t  th e  f  i Rn •* R a re  convex and continuously  d if fe re n ­
t i a b l e  fo r  a l l  i .  Then th e  dua l to  ( P . l )  i s  given by
max ( in f{  f° (x )  + [  u1f i (x) )> (2.A)
uiO x i " l
where u eR°.
Now suppose th a t  ( P . l )  has a t le a s t  o ie  so lu tio n  and th a t  A2 
i s  s a t i s f i e d .  Then
a) ( i )  problem (2 .A) has a t  le a s t  one s o lu tio n ,  (3 .A)
( U )  max { in f  f f 0 (x) + J  u1f i (x) )> -  min { f ° ( x ) :  f 1 ^ )  £ 0,
uZO x 1=1
i  -  1  m },(4.A )
( i i i )  fo r  any so lu tio n  u to  (2 .A) and so lu tio n  x to  ( P . l ) ,
f D<x*> -  win ( f ° W  + I  >, (5.A)
b) A v e c to r  u > 0 in  R® i s  a so lu tio n  of (2 .A) i f f  th e re
e x is t s  x% C such th a t
( i )  f° (x * )  + 1 =* min { f°(K ) + iii f ' , (*) 1, C6.A)
( l i )  ul f x (**) “ 0 , i  * l , . . . , m .  -A)
Sore th a t  i f  x find u *  o s a t i s f y
, £ °(« )  * J  «l ’ f l (x) -  0 ,  (S.A)
then  x i s  a s o lu t io n  to
• I n  { f ° (x )  + ;  I V b )  ) .  (S .A )
T hus, i f  th e re  e x is t s  a so lu tio n  x to
then  f o r  any x a so lu tio n  to  problem ( P . l ) ,
f ° (x * )  -  max { f^ (x ) + I  u ,’f 1 (x) | 7 f°(x ) + f  u^7f^<x) -  0 }.
uhO i» l  i= i
* (11.A)
T h is  theorem i s  a p a r t ic u la r  case of th e  strong  d u a l i ty  theorem 
s ta te d  in  ’G eoffcion , A ., D ua lity  in  N onlinear Programming, Working 
Paper No. 150, Univ. o f C a l i f . ,  Loa A ngeles, Western Management Science 
I n s t i t u t e ,  August 1969'.
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1 9 7 5 .
'A b strac t.
The theo ry  req u ired  fo r  th e  p roof o f th e  Haim-Banach Theorem 
i s  developed. T his theorem in  i t s  geom etric form leads to  the 
s e p a ra tio n  theorems fo r  convex s e t s .
The theory  of conjugate  fu n c tio n s  and so ts  i s  then developed. 
F en c lic l 's  D u a lity  Theorem i s  d e riv ed , making use o f th e  Separating  
Hyperplnne Theorem, Lagrange M u ltip lie rs  a re  d is c u s se d , and the 
Soperating  Hyperplane Theorem i s  then  used to  develop a g lo b a l 
d u a lity  theory  fo r  co n stra in ed  op tim iza tio n  problem s.
Gateaux and Krechot d i f f 'r f i n t i a l s  a re  next d e f in e d . Y enchel’ s 
Theorem i s  then employed to  d e riv e  th e  Kuhn-TucV.pr co n d itio n s fo r  
co n stra in ed  o p tim isa tio n  problem s, F in a l ly ,  a Dual Theorem and i t s  
cottvarae aru prvnuutwl fo r  a c lans  oE tunc tionn  s a t is fy in g  c e r ta in  
c o n s tra in t tjual i f  ira t  ionn .
1. INTRODUCTION.
In  m athem atical programming, a d u a l i ty  theorem g ives a r e la t io n ­
sh ip  between a co n stra in ed  m in im isation  problem and a constra ined  
m axim isation problem. The two programming problem s, one o£ which is  
c a lle d  th e  p rim al and th e  o th e r th e  d u a l,  a re  r e la te d  in  such a way 
th a t th e  ex is ten ce  of u so lu tio n  to  one of th e se  problems ensu res  the 
ex is ten ce  of a so lu tio n  to  the  o th e r .  Furtherm ore, i f  a so lu tio n  
e x i s t s ,  th e  optim al fu n c tio n  v a lues  fo r  th e  two problems a re  eq u a l.
I t  i s  our in te n t io n  to  develop n d u a l i ty  theo ry  fo r  convex non­
l in e a r  programming, u sing  a fu n c tio n a l an a ly s is  approach. F u n c tio n a l 
a n a ly s is  i s  the s tudy  of v e c to r  spaces r e s u l t in g  from a merging of 
geom etry, l in e a r  a lg eb ra , and a n a ly s is .  I t s  appeal (U a un ify in g  
d is c ip l in e  stems p r im a rily  from i t s  geom etric c h a ra c te r . Most o f the  
p r in c ip a l  r e s u l t s  in  fu n c tio n a l a n a ly s is  a re  expressed as a b s tra c tio n s  
of i n tu i t iv e  geom etric p ro p e r tie s  of o rd in ary  3-1) space.
The fo llow ing  U chap te rs  fo llow  the p re se n ta tio n  given by 
LuanbcrRer I 1 8 1 f a i r l y  c lo s e ly ,  fn th e  next chapter d e f in i t io n s  of 
v ec to r sp aces , convex s c ; s ,  tran sfo rm a tio n s , Bsnach spaces and H ilb e rt 
spaces a re  g iven . The th i rd  chap te r i s  concerned w ith  th e  development 
of dual sp aces , and th e  c e n tra l  m athem atical r e s u l t  o f th i s  e ssay , the 
Hahn-Bnnue.h Theorem, is  proved, Viiiri re s u l t  i s  used In  prove the 
sep t-ra tin g  th e o re m  fo r  convex se t s .
A dtflcuauiuu of convex and concave i'u n o liim a ls , conjugate  convex 
find conjugate concave fu n c t io n a ls ,  and conjugate  s e t s ,  fo llo w s. The 
S epara ting  Hyporylrmo Theorem i s  then  used tv  prove T onchc l's  D uality  
Theorem. In  the f i f t h  ch ap te r Lagrange m u lt ip l ie r s  nru covered b r i e f ly ,
and th e  S ep ara tin g  Hyperplane Theorem i s  used to  prove th e  Lagrange 
D uality  theorem fo r  g lo b a l co n stra in ed  op tim iza tio n .
C onstrained  op tim iza tio n  fo r  d i f f e r e n t ia b le  fu n c tio n s  i s  covered 
in  th e  l a s t  ch ap te r . Gateaux and F reche t d i f f e r e n t i a l s  a re  defin ed  
and th e i r  r e la t io n  to  subgradiencs I s  d iscu ssed . F u rth e r  p ro p e r tie s  
of conjugate  fu n c tio n a ls  a re  deriv ed  which a re  used in  a d e r iv a tio n  
o f a g en era lized  Kuhn-Tucker theorem fo r  convex fu n c tio n s  s a t is fy in g  
S l a t e r 's  c o n s tra in t  q u a l i f ic a t io n .  The Kuhn-Tucker co n d itio n s a r e  then 
used to  e s ta b l i s h  a d u a lity  theorem. The converse theorem i s  a lso  
d e riv ed , p rov id ing  th a t  the dual problem s a t i s f i e s  c e r ta in  c o n s tra in t 
q u a l i f ic a t io n s .  F in a l ly ,  i t  i s  shown th a t  i f  the prim al problem has 
a q u a d ra tic  o b je c tiv e  fu n c tio n  and l in e a r  c o n s tr a in ts ,  i t s  dual 
problem can bo transform ed in :o  a m axim ization problem in  a f i n i t e -  
d im ensional E uclidean  apace,
2. LINEAR SPACES.
2 .1  The D e f in itio n  of a Vector Space.
A v ec to r apace X i s  a a e t o f elem ents c e lle d  v e c to r s ,  to g e th e r  
w ith  two o p e ra tio n s . The f i r s t  o p e ra tio n  i s  a d d itio n , which a s so c ia te s  
w ith any two v ec to rs  x , y t X a v e c to r  x+y < X. The second op era tio n  
i s  s c a la r  m u lt ip l ic a t io n ,  which a s so c ia te s  w ith  any v e c to r  x r X and 
any s c a la r  a a v e c to r  nx. The s e t  X and op e ra tio n s of ad d itio n  
and s c a la r  m u lt ip l ic a t io n  s a t i s f y  th e  fo llow ing  axioms:
( i ) x + y * y + x commutative law,
( i i ) ( x  + y ) + » « x + ( y  + z ) a s s o c ia tiv e  law,
( i i i ) th e re  e x is ts  0 ,• X such th a t x + O ^ x ,  V x r X ,
(iv ) n ( x + y ) “ nx + uy,
(v) ( a +•$ )x « ax + Sx d is t r ib u t iv e  lav
(* i) ( a x B )x  ^ u( fi x x ) ,
( v i i ) 0 •< X -  0 , 1. x x -  X, V X' X.
! Snbsuacea, L inear Combinations and L inear Muni fo ld s .
2 .2 .1  Q cd^nkvin : A nonempty r.uhsrt. M of n v e c to r  space X i s  sa id
to  be. a siibspace of X i f ,  fo r  u , l< C, x , y . M -  nx * Py '  M,
fi'i.tei * '• M.
2 .2 .2  Let M and N be snbspneeii oi n v ec to r space X. Then
M o N is  a mibspnre of X,
P ro o f; M n N j4 ^ , since  f) i s  con tained in  subspae.ea M. N.
x, y . M n X  > x ,  y , M and x,  y N
"> ax + By r  M and ox + By'" N, 01, 6 c C 
• 'ix h liy M ii N.
2 .2 .3  D e fin ic io n : The sum of two su b se ts  S and 1 in  a v e c to r
space , denoted S+T, c o n s is ts  o f a l l  v ec to rs  of Che form s + t ,  
where s r  S, t  c T.
2 .2 .4  Lemma: Let M and N be subspricea of a  v ec to r space X. Then
M+N i s  a subspace o f X.
P ro o f! C lea r ly  G"" M+N.
Let x ,  ycH+N. Then th e re  e x is ts  nij., Kgf M, such th a t
x -  + n ^ , y = m2 + n^. T h erefo re ,
ax * By = o( m1 + Oj ) + 8( m2 + n2 )
-  ( am^ + + Bn.^  )
= mo * no> where m < M, n ^ ' N,
= m + ti, where oi - M, n , N.
2 .2 .5  n e f in i t io n : A l in e a r  com bination o f th e  vec to ro  x ^ , x2 , . . . ,
in  a v ec to r spaer? i s  a sum o t the  form + . . .  + ®nxn >
2 .2 .6  P c f ln i t io n : A nvvcssary and s u f f ic ie n t  co n d itio n  fo r  the a c t o f
v ec to rs  x ^ , X j , . . . ,  xn to  he l in e a r ly  independent, i s  th a t  tht> 
exp ression  % = 0  * -  0 V k =
2 .2 .7  D e f in i t io n; Let S be n subtiet o f th e  voutor space X, Then 
the s e t  [.S J, the  subapace Rflncrated by S, c o n s is ts  o f a l l  v ec to rs  
in  X which a rc  l in e a r  combinations of v oc to rs  in  S.
N ote; ( i )  That CS] i s  a subspace fo llow s from th e  face th a t  a 
l in e a r  com bination of l in e a r  com binations i s  a l in e a r  com bination.
( i i )  C S3 i s  th e  sm a lle st subspace c o n ta in ing  S, in  the sense
th a t i f  M is  a subspace con ta in in g  S ( i . e .  i t  must co n ta in  a l l
l in e a r  com binations from S), then M con ta in s  CS].
2 .2 .8  D e f in i t io n : A v ec to r space X i s  th e  d i r e c t  sum of two sub­
spaces M and N, i f  every v ec to r x , X has unique re p re se n ta ­
tio n  o f the  form x = m * tt, m.; M, n N , So ta tionv  X = M 6 8.
2 .2 .9  D e f in i t io n : The t r a n s la t io n  of a subspace i s  sa id  w  be a 
l in e a r  m an ifo ld ' A Knerw w nnifuld can be w r itte n  as
V = xQ + M = { x ; x »« x + y ; y  M >.
A l in e a r  m anifold i s  not « l in e a r  subspace, at 0 i s  not neces­
s a r i ly  a member of i t .  Por the basii- concepts of a v ec to r space , an
e s ta b lish e d  s tan d ard  i s  Ha^inos [7 1 .
2 .3  Convoxicy and Cones.
2 .3 .1  D e f in i t io n : A se t  K in  a l in e a r  v ec to r spacti i s  convex i f ,  
given X j. K > aXj + K, 0  i  a  & 1 .
. Note th a t subspaces and l in e a r  rcunufolds ;ivu convex. TUv empty 
se t  is  considered to  be convex. TUu in  IJ ow in g 'n 'su l t  i s  e lem entary.
2 .3 .2  Lemma: Vet (1 • rod K bi> cimvvx motm in  n v ec to r Kpncr. Then
( i )  nK = f x : x = tic, k < K ( is  convex fo r  any sc a la r  n.
( i i )  K + G i s  convex.
2 .3 .3  Lemma: Let C be a c o lle c tio n  of convex s e t s .  Then ^  K
is  convex.
P roo f: Let ti = O  K. I f  G ■= * ,  then we have th e  r e s u l t  t r i v i a l l y .
L e t g^, Bgf G’ and "  : <W a 5 1.
Then , gg c K fo r  a l l  K C. Since K is  convex, 
ag j + ( l -o )g 2 . K fo r  a l l  Ks-C.
Thug a g j + (1 -0 ) 8 2 ' C.
2 .2 .1  D e f in i t io n ) A s e t  C in  a l in e a r  v ec to r space is  sa id  to  be
a  cone w ith  v e r te x  a t thp o r ig in  i i  x c  C a x e  C V re 2 0 .
k  none w ith  v e r te x  p i s  defined  as a t r a n s la t io n  p + C o f a
con*.' C w ith  vu rn -x  a t  th e  o r ig in .
2 .4  aornu?d Sparf* .
2 .4 .1  D e f in i t ion: A iu>riTii*d lin u a r  v ec to r space (X,|  | • | {) i s  a re a l
or complex l in e a r  fspmu’ X and a fu n c tio n  j | • | j i X > R
lia tis fy iu i;
( i )  | |x j  J ^ 0 « x . X nnd | | x | |  "  0 i f f  x = n,
( i i )  | M l  “ h l - l M I  * *■ X, K. H o r c ,.
( i i i )  | |x •' y | j £ | |x | j ■*• | |y | | V x, y , X.
2 .4 .2  Iit-mma: In a normoU 1 invar up act' | |x |  | -  I | y | | i .  | |x  -• y | |  fo r
any Lwd viM.’to) n x , y.
Proof? | | x | |  -  | | y | |  = | | x  -  y ► y | |  -  | | y | |
s | |x  -  v| | + \\y\\ -  I |yj I '• i (x -  y | | .
'i. r) Open nnd C losed Set s.
2 .5 .1  D e f in i t io n : Let P be a su b se t o f a nonned space X. p 6 P is
an in t e r io r  po in t o f P i f  th e re  i s  an u > 0 such th a t  a l l  
v e c to rs  x t N (p ,e) ^  { x : | | p  -  x j |  < c } a re  a lso  members of P.
P ^ { p ; p i s  an i n te r io r  po in t o f P }.
2 .5 .2  D e f in i t ion: A se t P i s  open i f  P ~ P.
2 .5 .3  D e fin it io n : A po in t xc  X i s  sa id  to  be a c lo su re  p o in t o f a
s e t  P i f  given r  ■» 0 ,  th e re  is  a po in t p i  P sa tis fy iiiR
l |x  -  H I  < f •
P -  f x i x is  a c lo su re  po in t of V >.
2 .5 .6  D e fin itio n : A se t P i s  c losed  i f  V P.
Suppose P is  u se t  .oil!.ained in  a l in e a r  m anitoid V. p . P is  
an in t e r io r  po in t o f P r e la t iv e  to  V i f  tlu v e  i s  an , » 0 such 
th a t a l l  vet i.or:: x . V sal isl'y ing  | j x  -  p | |  «. t a re  a lso  members of
P. The s e t  P is  sa id  to  lie open r e la t iv e  to  V i f  every po in t in  P
i s  in in t e r io r  point of I' r e la t iv e  to  V.
If V i s  I lie r ] nr oil l in e a r  man! fo ld  generated by P , i . e .  the
intiT iieef.loti of a l l  e loncl l in e a r  maui fo ld s  coutalniup, P . then  x
is  a r e la t iv e  i n te r io r  c o in , nt P i t  It i s  nn in te r io r  point, o f V 
r e l a t i v e  to  maui fold V. Siniihu mt'anitip, in pivcn to  r e la t iv e ly  
c lo se ii, e tc .
I2.6 Tj-_ans/oi'raa_Lj n rifi.
Z .6 .1 IH ifi.nit.ion: LeL X and Y be l in e a r  v ec to r spaces and le t  
D be a aubsel: o f X. A ru le  which itSHoeiat-.es w ith  every nlement 
x r D an elemenc y i Y is  sa id  to  be a f.ransform acion from X to  
f  w ith  domain D. i . e .  ’1’ : I) r  x  Y .
I f  y varrcBpondti to  x under T w r ite  '• " 'x ) .
2 .6 .2  _I^vnn_i_t_imis I f  fo r  every y <'• Y th e re  i s  a t  moKt one x< 1) fn r 
which T(x) “ y , tho trjinsforn i/itinn  T is  sa id  to  be one-to-one.
2 .6 .3  De f im tn m i I f  i"i>v cvt-ry y- Y tln-rv i s  ml le a s t one x. I)
such tlu it Tf,x) -- y , T i s  «s»id fo  In- on to .
a . f t .4 D p tin it.im i; A 11 antili'tmut ton froni ;i v ec to r spare  X in to  the
«p;u<' dl" roal f vtrnijiiex) sv a la rs  i-« r.aid to  be a fu n c tio n a l.
2. . S i A U ;nu;f nt'tivit inn T ntavpitiR a v e r t  o r Hpan: X
i ni ■> .-i v . n t . r  sipinv Y i-< t. a id  to  he iim -ur i f  fo r  every x . ,
X, 'iiui .'il I fiivilari: l<1» n., we have
? J>. h iX’f  i iii I inn : A I ri-n;il-)nn,u ion T ui/ippiv.K a nomcd space X
in to  n nnnnvrl Hpaee Y in eon! imu,tin a t  :  , X i i  fo r  every
A > 0  Htieh I. ivit
II* Xo | | r ■ | |T(x) -  T(Hu) | | •:
!;
2 .6 .7  Lemmas L e t (X ,| I '  I i ) and , 11 * 11 ) be normed spaces and '
T : X Y be a l in e a r  o p e ra to r . Then T i s  continuous ">
sup { I h x l  t : x c  X, I M  | £  1 > < " .
P ro o fs T i s  continuous. T herefore  i t  i s  continuous a t  6 . Let s > 0,
Then th e re  e x is t s  6 > 0 such th a t
I lx  -  0 | I < S =--» { iTx T0| I < « ,  
so 11 x | i < fi =» 11 Txj i < e ,
L e t a c X w ith  | [ z | |  S 1. Then i
| | ( 6 / 2 ) z | |  £  6/2 < 6 ,  S
so  l |T ( ( 6 /2 ) Z) | !  < t .
Hence | |T z | |  < 2e/S .
Hence sup { | | t x | |  : x c  X, | | x | f  £ 1 )  £ 2e /d ,
2 .6 .8  C o ro lla ry : I f  T : X Y i s  a l in e a r  o p e ra to r , and i f  T i s
con tinuous, d efin e
1 | t | | = sup < i |Txj j s x i:X, | |x |  | £ 1 }
= in i1 1 M : | |T x | |  s  M |jx | | ,  V x r X ) .
Then | |T x | |  £  | |T | M  |x! | V x,-X .
P ro o f: I f  x < X,  x ^ 0 , | | x / ( |  |x |  j)  11 s  1. Then
i h x l l  S ISxiiHup < j lT /U  s a-: X : | | z |  | S 1 >.
. i . e .  in i  { M * | |T x | |  S m | | x | | ,  ¥ x,.:X )
■£. eup { | |Tx | | i x ‘'X  •. i j x l l  s  1 3.
I f  x l X ,  x ? e , | | x | |  £. 1. Then I |Tx| | £ H.
i . e .  sup { | |Tx | | i xc  X : | |x | | £  1 )
< in f  { M : | |Tx| | S M j|x |i  ¥ x e X ) .  |
2.7  Banach Spaces.
2 .7 .1  D e f in i t io n ? A sequence (x  ) i n  a normed space i s  s a id  to  be 
a Cauchy sequence i f  | |x ^  ~ \ i I  ^  0 as n , m *  e . i . e .  g iven 
s > 0 , th e re  e x is t s  N such th a t  | | x n -  xm(I < e V n» m > N,
Note; In  a ntrmed space every convergent sequence i s  a Cauchy sequence, 
however, a Cauchy sequence may not be convergent.
2 .7 .2  D efin i t i o n : A space in  which every Cauchy sequence has a l im it  
(and i s  th e re fo re  convergent) i s  s a id  to  be com plete.
2 .7 .3  D e f in i t io n ! A si.t k in  n normed space X i s  s a id  to  be 
compact i £ ,  g iven  an a rb i t r a r y  sequence tx  ) in  K, th e re  i s  a 
subsequence {xn } converging to  an element x * K,
N ote: In  f i n i t e  d im ensions, compactness % to  being c losed  and bounded,
b u t th is  i s  not n e c e s sa r ily  tru e  in  a gen e ra l normed space.
2 .7 .4  D e f in i t io n! A complete normed l in e a r  v ec to r space i s  c a lle d  a 
Banach space.
2 .8  Miib or  t  _Sp_3 uea.
An H ilb e r t  space i s  a sp e c ia l  form of normed space having on 
in n e r product defined  which ia  analogous to  th e  dot p roduct of two 
v e c to rs  in  a n a ly tic  geometry.
2 .6 .1  D e f in i t io n ; An in n e r product, on a l in e a r  apace X i s  a 
fu n c tio n  < •, •> i X x X C (or R ), s a t is fy in g
( i )  <x,x> >. 0 and <x,x> = 0  i f f  x  -  6 ,
( i i )  <ax1 + 6x2 ,y> » + 6<x2 ,y>,
( i i i )  <* ,)»  ■ <yTx>.
Then (X,<♦,■>) i s  c a lle d  an in n e r  product space.
Notes ( i i )  above th a t  f o r  f ix ed  y ,  th e  fu n c tio n  <x,y> i s  l in e a r
2 .8 .2  Lemma ( The Cauchy Schwarz In e q u a lity  ) :  L e t (X,< •,♦>) be 
nn in n e r  product apace. Then
|< x ,y ? l s. I M M i y l l  V x ,  y c  X where | | * A x ,x>
and l<x»y>| = i 1*1|* I | y | |  i f f  y -  Bx, B r ®, x f @ .
Proof! There 1b on a 1 € such th a t  |n |  = 1 and |<x ,y> l = a<x»y>. 
Then < tax  + y ,t« x  + i .  0 V re a l  t ,
-  t 2 | | x | | 2 + <tnx,y> + <y,tax> + | | y | j 2
- t2||« ||2 t 2tl«,j>| * |]y|]2.
lienee th e  d isc rim in an t s 0 ,  so
h x .y - 'l '"  & l | x | | 2* i |y l l 2 .
and the d isc rim in an t a 0 i f f  th e re  i s  on unique r e a l  ro o t t  .
T herefore  |< x ,y> | » ||*||*l|y|l ifi?
< to«x + y,i:0r«x + y> « 0 i f f  
c ax + y « 0 , i . e .  y =- 6x.
2 .8 .3  D e f in i t io n : A complete in n e r product space i s  c a lle d  an  H ilb e r t  
space H.
2 .8 .4  D e f in i t io n ; I f  x , ye  H, and i f  <x,y> = 0 ,  then x i s  o rth o ­
gonal lo  y and we w rite  x j_ y .
I f  M i s  a nonempty su b se t o f H, w rite
Mi ^ { x e H ; x i y  V y e M ) .
2 .8 .5  Lemma: I f  M i s  a nonempty su b se t o f H, th sn  M1 i s  a c losed
l in e a r  subspaca of
P ro o f: i s  a  l in e a r  space;
X y  a ,  a '  G
i*> <ax1 + Sx^ »y> = o<Xj,v> + 6<*2 »y> *■ 0 i f  ycM . 
T herefo re  «x^ + SXgt M-1.
M-1, i s  c lo sed :
Let (xn ) < MJ' and l e t  11 xn - * i i "4‘ 0 • x c H. I£ y fM , then 
j<x,y.~| « |<x,y> -  0 | ■=■ |<x -  x^,y>|
s | | x  -  xn | | » | | y | |  Cauchy's in eq u a lty
So x  r  M1 •-> M1 ctnA Bd,
M11 » H1 :
Let x r M.
Then ycMA * <x,y> = 0 ,  so <y,x> =■ 0.
So x  <:
M n H 1 c (o ) .
U  x uM 0 Ma, then <z,a> « 0 .
2 .8 .6  Lemma: Let H be a H ilb e r t  space , and l e t  E be a c losed  
l in e a r  subspace. Then H = E ffl E*.
P ro o f: E n E1 -  ( 0 }.
L et x 6 H and l e t  z « E s a t ia fy in g
| jx  -  s | |  « i n f ( | |x  -  y | | : y e E }.
Show x -  y c K1 . I f  y « E ,
11* ~ z | I 2 £ j [x  -  z -  a y | | 2  as K i s  a c lo sed  l in e a r
as E i s  a c lo sed  l in e a r  subspace. Hence
||K  -  B| [ 2 < I |x  -  z | | 2  -  2Re Ct<x -  z ,y>  + | o | ZI | y | P .
L e t a ® t<x -  z ky>, t '  R. Then we have
0  5  ( t 2 | J y j [ 2 -  2 t  ) jex -  z ,y > |2
and because t  i s  an a rb i t r a r y  r e a l  number,
<x -  z,y> » 0 ,
T h e re fo re , x -  * «K .
For a  g en e ra l d isc u ss io n  o f fu n c tio n a l a n a ly s is , th e  read e r 
should  r e f e r  t o  th e  e x c e lle n t in tro d u c tio n  by Simmons [2 5 3 •  O ther 
im portan t re fe re n c e s  include. Dougins [31 , R iesz and 8z-Nagy [2 1 3 , 
Ounford and Schwartz K elley  and Nnwioka [1 6 3 , and t i i l l e  and 
P h i l l ip s  [ 9 3 .
3 . DUAL SPACES.
The modern theo ry  o f o p tim iz a tio n  in  normed l in e a r  spaces i s  
la rg e ly  cen tred  about th e  i n t e r r e l a t i o n  between a  apace and i t s  co rre s ­
ponding d u a l -  th e  space c o n s is tin g  of a l l  continuous l in e a r  fu n c tio n ­
a l s  on th e  o r ig in a l  space . In  th i s  chap ter we consider th e  g enera l 
co n s tru c tio n  of dua l spaces and develop th e  c e n tr a l  theorem o f th is  
e ssa y , th e  Hahn-Banaeh Theorem.
3 .1  L inear F u n c tio n a ls .
I f  X and Y a re  normed sp aces , we l e t  l(X,Y) o r  B(X,Y) 
denote  th e  s e t  of continuous l in e a r  o p e ra to rs  from X in to  Y.
3 .1 .1  D e f in i t io n ; I f  X i s  a normed space , le t
X -  MX,®) i f  X i s  over f
-  b(X,R> i f  X i s  over R.
X i s  c a lle d  th e  dua l o f X, and i t s  elem ents a re  continuous
l in e a r  fu n c tio n a ls .
The v a lu e  of th e  l in e a r  fu n c tio n a l x*i X* At th e  p o in t % < X 
i s  denoted by x*(x) o r by <x,x >,
3 .1 .2  D e f in i t io n : An isom otry ; X X i s  a fu n c tio n  such th a t
| |Tx -  Ty| | = | |x  -  y | | V x , y eX.
We now show th a t  in  an H ilb e r t  space , bounded l in e a r  fu n c tio n a ls  
a r e  g enera ted  by elem ents o f th e  space i t s e l f ,  and th a t  a l l  bounded
l in e a r  fu n c tio n a ls  on an H ilb e r t  space a re  o f t h i s  form.
3 ,1 .3  Thaoram ( R iesz ) :  L e t H be an H ilb e r t  space, and fo r  each 
y i n  H, d e f in e  £y by f y (x) -  <x,y>. Then th e  map  ^
y + f y  : ii -»■ H i s  an iso m e tr ic  con jugate  l in e a r  o p e ra to r  ( from 
H onto H ) .
P ro o f: For each y , f y  i s  a l in e a r  f u n c t io n a l ,  and
| f y (x ) | ■ j< x ,y> | ii | |x |  |* |  |y |  | (Caufiby Schwarz),
llfy!l * liyll-
lfy(y)| * <y,y:' " llyli2. So I| f y l ! a 1 lyl I ■
T herefore  | | f y | |  '■ | | y | |  and so the map i s  iso m e tr ic .
f a y+gz (x) ■ < x ,ay  i' Bz> = a<x,y> + 6<x,z>
= a f y + so the map i s  conjugate  l in e a r .
L et £ cH , and suppose f f @ .
Let  E ™ ker  f  ( e { x < - H i f ( x ) = 0 } ) .  Then H -  E 6  E ^ by
Thtiorem 2 .8 .6 ,  and E f6 {0} becausc E i1 H,
Let ?. ( i1 6  > rK l . Wu Hhall show th a t f  ■ f az fo r  some O': $ . 
I f  t h i s  holdti, then
f ( z )  « f  g (») °  °  5 | i = l i 2 .
Let r.i 11, Then tlm n 1 ifl n w . K, P cC , such th a t  x « w + 8 2 . 
Then £(x) “ p f(z )  berauac f(w ) = 0
= S 'i | |8 | i ‘1 by choice uf n
ng,u?i> bc.cauec w J. z 
« <x ,a8> “ f R2 (x ).
3 ,2  The Hahn-Banach Theorem.
Most o f th e  theo ry  of d u a l spaces r e s t s  on th e  Hahn-Banach Theorem, 
which a s se t te  th a t  any fu n c tio n a l defin ed  on a l in e a r  subspace o f a 
normed l in e a r  space can be extended l in e a r ly  and continuously  to  the 
whole space w ithou t in c reas in g  i t s  norm.
3 .2 .1  D e f in i t io n ; L e t f  be a l in e a r  fu n c tio n a l defin ed  on a  subspace 
M o f a v e c to r  space X. A l in e a r  fu n c tio n a l F i s  sa id  to  be an 
ex ten s io n  of f  from M to  N i f
( ! )  F i s  defin ed  on subspace H = M,
( i i )  Fx =" fx ,  ?  x sH ,
3 .2 .2  D e f in i t io n ; (a) A r e l a t i o n  R on a  nonempty s e t  SI i s  said  
to  be a p a r t i a l  o rder i f
( i )  x R x V x c f i
( i i )  x R y ,  y R z => x R z .
(b) A p a r t i a l l y  ordered s e t  S2 i s  sa id  to  be t o t a l l y  o rdered
i f  x ,  y e fi x R y o r  y R x . '
(c ) An elem ent xe fi i s  sa id  to  be an upper bound fo r  a su b se t 
F of £2 i f  x R y.' V y e  F,
(d) An elem ent xe B i s  s a id  to  be maximal i f  y e n ,  y R x
3 .2 .3  Z o rn 's  Lemma: I f  each to t a l l y  ordered su b se t o f a p a r t i a l l y
ordered  s e t  has an upper bound, then  th e re  i s  a maximal elem ent
3*2.4 The Hahn-Banach Theorem:- Let X be a  r e a l  l in e a r  norraed space
and Y ' be a  subspace of X, and l e t  p : X R be a fu n c tio n  ;■
s a t i s f y in g  -
( i )  p ( x + y ) < p(x) + p(y) V x ,  y sX  |
( i i )  p ( ax ) -  ap (x ) V a  i  0 . |
I f  f  i s  a l in e a r  fu n c tio n a l on Y s a t is fy in g  f(y )  1  p (y ) , I
V y 6 Y, th en  th e re  i s  an ec ten sio n  ?  of f  to  X th a t  s a t i s -  |
f i e s  F(x) £  p(x) V x i n  X. 1
3 .2 .5  Lemma: The theorem i s  t ru e  i f  X -  Y + Rx .
P ro o f: We want an Fq : X R l in e a r  th a t  s a t i s f i e s
F0(y + oxo) i  p(y + aico) V a f iR ,  V y in  Y. (3 .1 )  ^
D iv id ing  by |a j  , a f  0 , we o b ta in  th e  equ iv a len t co n d itio n
F,(-y * x^) s p(-y + xo> (o > 0)
P0 (y -  x0) S p(y -  xo) (a < 0 ) ,  V ye Y
(renaming -  y -  y / | a | , y = y / j o | ) .  This i s  eq u iv a len t to  I
Fg(Xg) S  £ (y) + p(xo -  y) .j.
(3 .2 )  1
and f (y )  '  p(y -  x&) i  Fo (xo)
because F i s  to  be an ex tension  o f £. Thus we can choose F -j
to  s a t i s f y  (3 .1 )  i f f  th e re  i s  a r e a l  number F^(x^) th a t j
s a t i s f i e s  (3 .2 ) .  >
I f  th e re  i s  a r e a l  number B = F^(x^) s a t is fy in g  ( 3 .2 ) ,  we d e fin e  j
; X =■ Y + Rx0 * R : y + axQ *  f (y )  + a K ^ )  ' j
i
and th i s  i s  l in e a r  and s a t i s f i e s  (3 .1 ) by (3 .2 ) .
The in e q u a l i t i e s  (3 .2 )  hold fo r  some r e a l  F (x > i f f
sup t  f(y>  -  p (y  -  x0) : y*Y  } 4 in f  { f (g )  + p(%^ -  z ) ! « « % ) .
So we must show
f ( y )  -  p (y  -  XQ) & f ( z )  + p(ko -  s )  V y ,  ze Y.
C onsider f ( y )  -  f ( z )  -  £(y -  z)
< p(y -  s)
s  p (y  xo> + p(xo -  y ) .
P roof of theorem ; L e t SI = a e t o£ a l l  ex tensions g o f f  to  l in e a r  
subflpaees Dorn g 3  Y s a t is fy in g  g (z ) < p ( a ) ,  V z in  Dorn g.
D efine g1 £ gg i f f  Dorn = Dorn gg, and g1 ia  an ex ten sio n  (*) 
o f gg. Then $1 i s  a p a r t i a l l y  ordered non-empty se t  th a t  s a t i s ­
f i e s  Che co n d itio n s of Z o rn 's  Lemma,
L et ¥ be a  to t a l l y  ordered su b se t o f Cl, Let
Z -  u { Dorn g : g e y  }.
Then Z i s  a l in e a r  subspace of X because V i s  t o ta l ly  
o rd e red . D efine gQ $ Z *  R by
g (z ) * g (z) i f  z e Dom g fo r  g c Y.
g i s  w ell d e fin ed , by (* ) . Then g^ i s  a l in e a r  fu n c tio n a l and
g (e) S p (z) V z in  Z -  Dom ge ,
F u reher, g i s  in  fi and i s  an upper bound fo r  V.
L et F be a  maximal element o f Q which e x is t s  by Z o rn 's  Lemma. 
I f  Dom F i6 X, then we can c o n tra d ic t th e  m axivnalitj o f F by 
app ly ing  th e  lemma w ith  £ = F and Y * Dom F .
3 .2 .6  C o ro lla ry ; L e t f  be a bounded l in e a r  fu n c tio n a l d e fin ed  on a
subspace M o f a r e a l  nomsed v e c to r  space X, Then th e re  ie  a 
bounded l in e a r  fu n c tio n a l F defined  on X which i s  an ex tension  
o f f  and which has norm equal to  Che norm of f  on K,
Proof t Take p (x ) -  | j f j  |^ |  |x ) j i n  th e  Hahn-'Banach Theorem.
3 .2 .7  C o ro lla ry ; I f  X i s  a normed l in e a r  apace and x i s  a  non­
ze ro  v e c to r  i n  X, then  th e re  e x is t s  a fu n c tio n a l f o in  X
such  th a t  £0 (x0) “  l i x0 ll  and l l £0 l! "  I -
P ro o f: L e t Y * {ax } be th e  l in e a r  subspace o f X spanned by xq
and d e f in e  f  on Y by f(mx^) -  o | | . C le a r ly , f  i s  a func­
t i o n a l  on Y such th a t  f(%^) * | | x o l |  end | | f | |  = 1.
By th e  Habn-Banaeh Thecrem, f  can be extended to  a fu n c tio n a l 
f  in  X w ith  the req u ired  p ro p e r tie s .
Among o th e r th in g s ,  t h i s  r e s u l t  shows th a t  X spp e ra te s  th e  
v e c to rs  i n  X; fo r  i f  x end y a re  any two i t  v e c to rs  so
th a t  x -  y l1 9 ,  then  th e re  e x is ts  a fu n c tio n a l f  in  X such th a t
f (x  -  y) f  0 , o r e q u iv a le n tly , f (x )  t  f ( y ) .
3 .3  The Second Dual Spa ^ -
Let x e x  . < x ,x  > denotes th e  v a lue  o£ th e  fu n c tio n a l x* a t  
Che p o in t x e x .  Row, given  k e X, f(x * ) = <x,x*> d e f in e s  a  fu n c tio n a l 
on th e  space X . The fu n c tio n a l f  defined  on X* i s  l i n e a r ,  s in ce
f(# x 1 + Px*) *> <x,ax* + 6x*> « a<x,x*> + 6<x,x*>
-  a f(x * )  * 6f (x * ) .
Furtherm ore , s in ce
I f (x * ) | -  |<x,x*> | .s | | x | i - | l x * U ,
i t  fo llow s I | f | I  4 | | x | | . By C o ro lla ry  3 .2 .7 ,  th e re  i s  a non zero  
x e X such th a t
<x,x*> -  i I x |I * t I * * |I  ,
i l f l l  ■ l l x l l .
Thus, depending on whether we consider x o r x* f ix e d  in  <x,x*>, 
bo th  X and X d e fin e  bounded lip e o r  fu n c tio n a ls  on each o th e r ,
-which -m otivates th e  symmetric n o ta tio n  <x,x >.
Since th e  con jugate  space X* of a novmed l in e a r  space X i s  
i t s e l f  a normed l in e a r  v ec to r space , i t  i s  p o ss ib le  to  form a dual
space (X ) o f X .  We denote t h i s  space by X * , and c a l l  i t  the
second d u a l space of X. Each p o in t in  X g ives r i s e  to  a fu n c tio n a l
x** in  X**. I f  x* sX *, then <x*,x**> i s  c a lle d  th e  n a tu ra l  mapping
o f X in to  X**. i . e .  * : X X* i <Kx) * x** maps members o f X 
in to  th e  fu n c tio n a ls  they g en era te  on X through th e  geom etric  no ta ­
t io n .  T his mapping i s  l i n e a r ,  norm p re se rv in g , b u t,  g e n e ra lly , n o t on to .
3 .3 .1  D e f in i t io n : A normed l in e a r  space i s  r e f le x iv e  i f  X *  X**.
3 .3 .2  Example: Any H ilb e r t  space i s  r e f le x iv e .  H » H* -  H \
3 .4  The S ep ara tio n  Theorems.
There io  a major conceptual d iffe re n c e  between the approach taken  
in  th e  rem ainder o f t h i s  chap te r and th a t  taken in  th e  p receding  sec­
t i o n .  L inear f u n c t io n a ls ,  r a th e r  than  being  v is u a lis e d  as elem ents of 
a  d u a l sp ace , a re  v is u a lis e d  as hyperp lanee generated  in  th e  prim al 
space . Luenberger p o in ts  out th a t  t h i s  d if fe re n c e  combines th e  r e l e ­
van t a sp e c ts  o f both th e  prim al and the dua l in to  a s in g le  geom etric 
im age, and the reb y  f re e s  our i n tu i t io n  o f th e  burden of v i s u a l is in g  two 
d i s t i n c t  spaces .
3 .4 .1  D e f in i t io n : A hyperplane in  a normed space X i s  th e  se t 
t  x 6 X : <x,x*> = o } f o r  some a e f f ,  x* e X*.
Luenberger: A hyperplane H in  th e  l in e a r  v ec to r space X i s  
a  maximal p roper l in e a r  m anifo ld , i . e .  l e t  H be a l in e a r  
m anifold such th a t  K X. Then i f  V i s  any l in e a r  m anifold
co n ta in in g  H, e i th e r  V = X o r V -  H.
The geom etric  form of th e  Hahn-Banach Theorem, in  i t s  s im p lest 
form, says chat g iven  a convex se t  K co n ta in ing  an in t e r io r  p o in t,  
and given  a p o in t x0  not in  K, th e re  i s  a c losed  hyperplane co n ta in ­
in g  xq , b u t d i s jo in t  from X.
We in tro d u ce  a su b lin e a r  fu n c tio n a l in  th e  space th a t depends on 
th e  shape of K.
3 .4 .2  D e f in i t io n : L e t K be a convex wet in  a normed l in e a r  v ec to r 
space X, and suppose K. Then Che Minkowski fu n c tio n a l p of 
K i s  defined  on X by
p(x) A in f  { r  : x / r  e K, r  > 0  }.
I f  K were th e  u n i t  sp h e re , u  a poxuC such th a t  j ] x oj |  "  1, 
then  f o r  every  x.« K,
p lan e  d i a jo in t  from th e  i n t e r io r  o f th e  u n it  sphere ,
In  th e  g en e ra l ca se , p (x) d e fin es  a k ind  o f  d is tan ce  from th e  
o r ig in  to  x  measured w . r . t .  Kj i t  i s  th e  f a c to r  by which K must be 
expanded so as to  in c lu d e  x,
3 .6 .3  Lemma: Let K be a convex s e t  co n ta in ing  0 as an i n t e r io r
p o in t .  Then th e  Minkowski fu n c tio n a l p o f K s a t i s f i e s
( i )  “  > p(x) 2. 0 ,  V x c X,
( i i )  p (ax ) » ap (x ) fo r  a  > 0 ,
( i i i )  p(x^ f  x 2) s  p (x1) + p(x2) ,
( iv )  p i s  continuous,
(v) K “ ( x : p (x) s i } ,  K = { x ; p(x) < 1 }.
P ro o f: ( ! )  S ince K con ta in s  a sphere about 6 , given x , th e re  i s  
an r  > 0  such th a t  x / r c K .  T herefore  pOO < “  V x.
Obviously p(x) a 0 .
( i i )  For <* > 0.
by th e  Hahn-Banach Theorem, i . e .  { x $ <%,
p(ax) = in f  { r  i a x / r c  K, r  > 0 }
« in f  ( a r '  : x / r '  eK , r '  > 0 } .
-  u in f  { r '  : x / r 1 eK, r»  * 0 } = a p (x ).
( i i i )  Given x^, Xg, e > 0 , choose r ^ ,  r . such th a t
p(x^) < r i  < p(xj_) + e» i- " 1>2*
By ( i f ) ,  P ( y . / r . )  < 1, „  K. L .t  ,  -  r ,  » r y
By the  convexity  of K,
(V r ) < V ¥l ) + <r 2/ c H x 2 / r 2) = (x j * x2 l / r  t  K.
Thus p (x l  + x 2 / r )  s  1. By ( i i ) ,
P<xl  + *2) * r  < pC x^ + p (x2) + 2e, 
g iv in g  th e  r e s u l t ,  as e i s  a r b i t r a r y ,
( iv )  L e t t  be  th e  ra d iu s  of a c losed  sphere cen tred  e t  0 and 
con ta ined  in  K. Then fo r  any x s  X, e x / | |x j  j <*K, thua
pCex/l |x |  | ) i  1 . By ( i i ) ,  p ( i )  j  | x | | , i . «  p ia
continuous a t  6 . Prom ( i i i )
p(x) * p(x -  y + y) i  p (x  -  y) + p(y)
p(y) = p(y -  X * X) s  p(y -  x) 4' p (x ) ,
o r -  p(y -  x ) S p(x) -  p (y) s  p(x  -  y)
from which c o n tin u ity  on X fo llow s from th e  co n tin u ity  a t  9 .
(v) Follows from ( i v ) .
3 .4 .4  M azur's Theorems Let K be a convex s e t  having a nonempty 
in t e r io r  in  o r e a l  normed l in e a r  v ec to r space X. Suppose V is  
a l in e a r  m anifold in  X co n ta in ing  no in te r io r  p o in ts  o f K. 
Then th e re  i s  a c lo sed  hyperplane in  X con ta in ing  V but
c o n ta in in g  no i n t e r io r  p o in ts  o f K, i . e .  th e re  i s  an element
x* cX*, and a con stan t c such th a t <v,x > -  c V v e  V and
<k,x > < c V kc  K,
P ro o f , By ap p ro p ria te  t r a n s la t io n ,  assume 0 i s  an i n t e r io r  p o in t o f 
K. L et M be th e  subspace of X generated  by V. Then. V t e a
hyperp lane in  M and does n o t co n ta in  0 , i . e .  V i s  a t r a n s ­
la t i o n  o f s  aubapace N in  M, aay V « x  +
Now xq  ^ N, because 0  ^ V, so C*o N] •« M, For x e M,
x “  a x Q + n ,  n  e N , d e f in e  l i n e a r  fu n c tio n a l £ on M by
£ (x ) =• « .  Then V » ( x ; f ( x ) ■ j  >,
L e t p be th e  Minkowski fu n c tio n a l o£ K. S ince V con ta in s  no 
in t e r i o r  p o in ts  o f K, f ( x) - I s  p (x ) ,  V x eV.
F or @ > 0 »  £(ax) - a s  p (ax ) by homogeneity
o < 0 , f (« x )  j  0  s . p (ax) V x a v ,
T hus, £ (x) x  p(x) V X 6 M.
By th e  Hahn-Banach Theorem th e re  is  an ex tension  F of f  from 
M to  X w ith  f (x )  s  p (x ) . L et H -  £ x i F(x) -  1 >. Since 
F (x) $ p (x ) on X and s in ce  by Lemma 3 .4 .3  p i s  co n tinuous,
F i s  con tin u o u s, F (x) < 1 fo r  x «K. Therefore  H i s  the  
d e s ire d  c lo sed  hyperp lane.
3 .4 .5  D e f in i t io n s A c lo sed  hyperplane K in  a normed space X is
sa id  to  be a support (o r supporting  hyperplane) fo r  the convex 
s e t  K i f  K i s  contained  in  one of the closed h a lf  spaces
determ ined by H and H con ta in s  a p o in t o f K,
3 .4 .6  Theorem ( Support Theorem ) :  I f  x i s  not an i n t e r io r  p o in t
o f a  convex sec %. which con ta in s  i n te r io r  p o in ts ,  th e re  i s  a 
c lo sed  hyperp lane  H co n ta in ing  x such th a t % l i e s  on one 
s id e  o f H.
3 ' 4-7 ( E id a lh e i t  S epera tion  Theorem ) :  Let K^, be
convex s e ta  i n  X auch th a t  ^  has i n te r io r  p o in ts  and K2
contains no i n t e r io r  p o in ts  o f K^. Then th e re  i s  a c losed  hyper-
p lao e  H o p e r a t in g  K% and t y  i . e .  th e re  i s  an x*cX * such
th a t  sup <x,x*> s  in f  <x,x*>. 
xfi x  6k2
In  o th e r  w ords, and K2 l i e  in  opposite  h a lf  spaces determ ­
ined by H,
Proof? L e t X ■» Kj -  Kg, then  X con ta in s  an i n te r io r  p o in t,  and 6 
i s  n o t one o f them. By th e  Support Theorem, th e re  i s  an x* e X*, 
X* |i 0  such th a t  <x,x*> s  0 fo r  x eK.
Thus f o r  x 1 eK1 , x2 eX2 , <x,x*>_< <x2 , x V  
i . e .  th e r e  i s  a r e a l  number c such th a t
sup <x,x > < c s  in f  <x,x >. 
x f KI  X f  Kg
The d e s ire d  hyperp lane i s  H ”  { x s <x,x*> ■ c ] .
3 .4 .8  Theorem.! I f  K ia  a c lo sed  convex s e t  in  a normed sp ace , then 
X i s  equal to  th e  in te r s e c t io n  o f a l l  th e  c losed h a lf-sp a c e s  th a t 
co n ta in  i t .
The above theorem i s  o f te n  regarded as the  geom etric foundation  
o f d u a l i ty  theory  fo r  convex s e t s .  By a s so c ia tin g  cloned hyperplanes 
(o r  h a lf-o p a e e s)  w ith  elem ents of X , th e  theorem expresses a convex 
s e t  in  X as a c o l le c t io n  of alementn in  X .
4 . CONJUGATE FUNCTIONALS AMn m itt ^  '
In  t h i s  s e c t io n  we consider convex and concave fu n c t io n a ls ,  from 
which we o b ta in  a  g lo b a l theory  o f o p tim iz a tio n . Thin development i s  
based on th e  geom etric  re p re se n ta tio n  o f a non linear fu n c tio n a l in  
textile o f i t s  g raph , and b u ild s  on th e  theory o f convex s e t s .  The in t e ­
r e s t in g  th eo ry  o f con juga te  Exmctionale produces a d u a l i ty  theo ry  fo r  
a c la s s  o f  o p tim iz a tio n  problem s.
A, I Convex and Concave T u n c tio n a le .
4 .1 .1  D e f in i t io n :
( i )  A r e a l  valued fu n c tio n a l £ defined  on a  convex su b se t C
o f a l in e a r  space i s  convex i f
f<ax1 + ( l - a ) x 2) s  txFCXj) + ( l - t O f ^ ) ,  V x2 sr V. and a c ( 0 , l ) ,
( i i ; i  I f  s t r i c t  in e q u a lity  holds whenever x^ f  x^ , then f  i s
s t r i c t l y  convex.
(L ii)  k  r e a l  valued  fu n c tio n a l g defined  on a convex s e t  i s  sa id
to  be ( s t r i c t l y )  concave i f  -g  i s  ( s t r i c t l y )  convex,
De f i n i t i o n ? A proper convex fu n c tio n a l f  on a v cc to r space X 
i s  an everywhere defined  convex fu n c tio n a l w ith  v a lues  ( - * ," ]  
n o t <tll id «n fica31y  +« , i . e .  f (x ) < *» fo r  me le a s t  one x r  X, 
and f  (x) > -n  Eor every x <:X.
A f in i te -v a lu e d  convex fu n c tio n a l defined  on a nonempty convex se t 
u in  X can always be extended to  a p roper convex func iooa l on X by 
a ss ig n in g  th a  v a lu e  t o  i t  o u ts id e  o£ G.
*•1-3 P,g | ,if tiE ion . Let f  be a fu n c tio n a l on th e  v ec to r space X.
( i )  I f  th e re  e x is t s  an xe X such th a t
f (x )  -  rain^ £(X},
then x i s  a g lo b a l minimum fo r  f .
( i i )  I f  th e re  ex iaes  an x e X  such th a t
x e N ( M )  cX »  f (x )  z  f (S ) ,
than  x i s  a lo c a l minimum fo r  £,
4 • I • 4 I.etnmas Let f  be a convex fu n c tio n a l defined  on a convex 
su b se t C of a normed space. Let y = in f  f ( x ) , Then
< i) The su b se t 51 of 0 where £(x) = u ,  i s  convex,
( i i )  I f  ii i s  a lo c a l minimum of S'., then f ( s )  "  |j and , hence
x i s  a global minimum,
( i )  L i't x2 <• H, Than fo r  0 j  a 6  1
f(« x l  + ( l- i i ) x z) a aJf(x1) + ( l - a ) f ( x 2) ■ p.
A lso , K j, x 2 - C ax1 + ( l - a )x 2 c C 
T hcrefo rn , f (n x 1 * ( l - a ) x 2 ) i  M*
Honce r(« x l  + ( l - a ) » 2) °  U-
( i i )  Suppose cha t N iff a nciithbournvod about x in  which x
mitiitnizea f .  Vor any x ^ 'C  tiher>- e x is ts  such th a t
x » ax * ( l -« )x 1 fo r  some, a ,  0 s  a s 1.
Then f (x )  < C(x) S o£<i) + ( l - « ) [ ( x ^  
i . e .  f ( jc ) S ,f ( X j ) -
Me now reduce th e  s tudy  of convex fuc.tlon.ats to  th e  study of 
convex s e t s  by co n s id e rin g  th e  reg io n  above the graph of th e  fu n c tio n a l-
4 .1 ,5  D e f in i t io n ; L e t £ be a convex fu n c tio n a l defined  on a convex 
s e t  C c X, where X i s  a v ec to r space. Define Lf ,C3 by
Cf,C3 -  { ( r ,x ) e R  x X s Xc C, f (x )  i  r  } .
Example: F igure ^ .1
4 .1 .6  Lemma: [ f , C ]  ia  a  convex se c .
fraat-. L e t <r2 ■■Kz)e  C H ,C] ,  a i  0 i  » S 1.
a ( r 1 ,x 1) * ■ («r l  *
« * ,  a  L.
.
t t e j  * ■ «£<*!> *
< « r 1 + < l-« )^2 *
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We now d isc u s s  th e  p ro p e r tie s  of the  s e t  [ f ,c ]  .
4 .1 .7  Theorem: I f  f  i s  a convex fu n c tio n a l on th e  convex domain C
m  a no raed  space X and C has a nonempty r e la t iv e  i n t e r io r  C,
then  th e  convex s e t  [ f ,c] has a  r e l a t i v e  i n te r io r  p o in t (*0 >x 0) 
i f f  f  i s  continuous a t  the  p o in t x e C.
P ro o f: Assume th a t  f  i s  continuous a t  a p o in t x e C. Note th a t
v ( [ f  ,C]) , th e  l in e a r  m anifold generated  by [ f  ,c] i s  equal to
R x v (C ). Given e , 0 < e < 1, th e re  i s  a 5 > 0 such th a t  fo r
x e N (x o ,6 ) n V(C) we have x c C  and |f ( x )  -  f (x  ) |  < e .
Let r Q ■ f (x Q) + 2. Then th e  p o in t (r o >*0) f  [f»cl  i s  a  r e l a t i v e
i n t e r io r  p o in t o f [ f ,c ]  , s in ce  ( r ,x ) e  [ f ,c ]  fo r  | r - r o l < 1
and x s N(xo ,6) nv (C ).
Now suppose th a t  t r o ,xp)  i s  an in te r io r  p o in t  o f [ f  ,c]  . Then 
th e re  i s  c > 0 , fi > 0 such th a t fo r  x tN (x ^ ,6 ^ )n  v(C) and 
j r - r  | < r. we have r  a £ (x ) . Thus f  i s  bounded above by 
f<x0)+ s0 on th e  neighbourhood $Kx0 ,5 o) n v ( c ) .
W ithout lo ss  of g e n e ra l i ty ,  assume xq = 0 ,  f (x ^ ) ■ 0 . For any 
e ,  0 < e < 1, and fo r  any x € t!(xo »e50) n v (C)
£{x) -  f ( ( l - e ) 0  + e ( l /e )x )  s ( l - s ) f ( e )  + e f ( ( l / e ) x )  s  eeo
where i s  the  bound on £ in  N(xo ,6o) n v(C) • F u rth e r ,
0  -  f ( e )  -  f ( ( U l+ e ) x  ♦ (1 -  l / l+ O  (“I /O * )
A ( l / l+ s ) f ( * )  + (1 ~ l / l+ e ) i ( ( - l / e ) x )  •
So £(*) S 2 -e*0- Therefore for x eN(xo,eSo)r v(C>,
we have |f(*)| i c«0. Thus f  is continuous at *0 .
<4,1.8 Theorem; k  convex fu n c tio n a l £ defined  on a convex domain C 
and continuous a t  a s in g le  p o in t in  the r e la t iv e  i n t e r io r  C of 
C i s  continuous throughout C.
P ro o f; W ithout lo se  of g e n e ra l i ty  assume f  i s  continuous a t  6 e G 
£ (e) * 0 . By r e s t r i c t i n g  our a t te n tio n  to  v(C ), we may assume C 
has i n t e r i o r  p o in ts  r a th e r  than r e l a t i v e  i n te r io r  po in ts.- 
L e t y be an a r b i t r a r y  p o in t in  C, Since C i s  ( r e la t iv e ly )  
open, th e re  i s  a 8 > 1 such th a t  By cC. Given e > 0 ,  l e t  5 > 0 
be such th a t  | j x | |  < <5 im plies | f ( x ) j  < e . Then fo r
f(z>  s  i/B£<ay) + (1 -  VB>f(x)
< 1/B f (6y) + ( ] -  1 /a ) : .
Thus r. i s  bounded above in  th e  sphere )]z  -  y | | < d  -  1'/ 8)S. 
T h e re fo re , f o r  r  s u f f ic ie n t ly  U rg e , th e  p o in t ( r ,y )  i s  an
z -  y + Cl -  l /8 ) x  = l/SC to) + ( 1 -  i/B )x 
f o r  some x e C  w ith  [ |x [ ]  < <S. Thus z c C and
i n t e r i o r  p o in t o f [ f ,C j .  Thus, by Theorem 4 .1 .7 ,  !  is
.nur-us a t  y .
4 .2  Conjugate Convex F unc tiona ls .and  Support F u n c tio n a ls ,
We now in v e s t ig a te  th e  dua l re p re se n ta tio n  of th e  s e t  [ f  ,Cj in  
term s ..£ c lo sed  h y p e rp lan es . From th is  we o b ta in  a very g enera l d u a l i ty  
p r in c ip le  fo r  o p tim iz a tio n  problem s,
4 .2 .1  D e f in i t io n ; L e t £ be a convex fu n c tio n a l defined on a convex 
a e t C in  a  normed space X. The conjugate a e t C i s  defined  as
x eC
and th e  fu n c tio n a l £  con jugate  to  t  i a  defined  on C by
4 .2 .2  D e f in i t io n :
L£*,C*D ^  { ( s ,x * ) e R x X* i x*c X*, f t t x  ) 5 s  >-
4 .2 .3  L eroa:
( i )  f*  i s  a convex fu n c tio n a l and C i s  a convex a e t .
( i i )  [f* ,C *3 i s  a c lo sed  convex subse t oE R x X .
P ro o fs ( i )  L e t % lX  , and o : 0
-  f (x )  )
.  .up  { «< -  f (*> > * H ' “ K
-  £(x) ) >
5 aflup ( -  f (x )  ) + ( l-a )su p ^ (  <x,
( I D  L.L i "  '  "
"  1 * . .  m .  *
.  ,  A / ) ,  -  ' w -
i  *  ®. Then V i ,  V x « C ,
- , W .  t " " ' *  '  +
4 .2  C onjugate CfflveaJP unctionals.and  Support Functional.a.
We now in v e s t ig a te  th e  dua l re p re se n ta tio n  of the  s e t  [ f  ,0} in  
term s of c lo sed  hyperp lanes. From th is  we o b ta in  a very g enera l Q uality  
p r in c ip le  fo r  o p tim iza tio n  problem s.
4 .2 .1  D e f in i t io n ; L e t £ be a convex fu n c tio n a l defined  on a convex 
s e t  C in  a normed space X. The conjugate s e t  C* i s  defined  as
C “ { x*e X* : sup ( <x,x*> -  f (x )  ) < » }.
and th e  fu n c tio n a l £* conjugate  to  £ i s  defined  on C by
f*(x*) ^ sup ( <x,x*> -  £(x) ) .
4 .2 .2  D e f in i t io n ;
[f* ,C * ] S { ( SlX*) e R x X* : x*c  X*, f t(x * )  S a >.
4-2-3  I » ;
( i )  f A i s  a convex fu n c tio n a l and C i s  a convex s e t .
( i i )  i s  a c losed convex su b se t of R x X .
P ro o f; ( i )  L et x* , x* v.X*, and 1.
sup C r x,MX, + (l-cOx.s- -  £<x) ) 
x f  C A
-  sup C « ( <X,X^ -  f (x )  ) 4. ( ! -» ) (  « 4 >  -  £Cx) ) 1 
5 osup ( <x,x*> -  CIS) ) + ( l - a ) m Y  ^ ' 4 "  -  H x}  ) "
( i i )  Let { (a i ,x*)}  be a sequence from l / . C * ]  auch th a t
( e . ,x t )  +  ( s / )  «  1 Ttlan V V x G C -
L ' Z <X,X > -  f ( x ) ,
, c.  T t m a * .  .  .  ( ^   ^  ^ ^
4 . ! .3  P r f t n i t m n ; Given any conv-x l e t  0 c I ,  d efin e  I<») = 0 on C. 
a .  d « i  . . t  c .  a . q  1 .  ^  u .  [ y y ]  A . , .
H(X ) » SUp -qx.x*? 
and th e  domain C* i s  th e  s e t  o f v ec to rs  f o r  which 
sup < x ,x  > < » .
C a ll  h (x  ) this support fu n c tio n a l o f th e  s e t  C.
We w r ite  [ f ,C ]  “ C f »C j . We now e s ta b l is h  a re la t io n s h ip  between the 
con juga te  fu n c tio n a l and se p a ra tin g  hyperp lanes, On R x X, c losed 
hyperp lanes a re  rep re sen ted  by 
s r  + <x,x > k
where s ,  k snd x detarm ino the hyperplane. A hyperplane i s  non- 
v e r t i c a l  fo r  th e  d e f in in g  l in e a r  fu n c tio n a l (s ,x * ) i f  s f O .  We 
r e a t r i c t  our a t te n t io n  to  n o n v e rtic a l hyperp lanes, and w ithout any 
fu r th e r  lo s s  of g e n e ra l i ty  we consider only those l in e a r  fu n c tio n a ls  of 
th e  form ( - l ,x  ) .  Any n o n v e rtica l c losed  hyperplane can then  be o b ta i­
ned by a p p ro p ria te  choice of x and k.
Now as  k v a r ie s ,  the so lu tio n s  ( r ,x )  o f <x,x*> -  s: -  k des­
c r ib e  p a r a l l e l  hyperp lanes in  U ^  X (See Fig 4 .2 ) .  Now £ (x ) i s  ' 
th e  suprenum of the valuew of k fo r  which the hyperplane in te r s e c ts  
C f .c l .  Thus <x,x* -  r  -  £*(J*) i s  n support hyperplane o f [ f .C ] ,
Figure I).?.
The1 most im portan t in tp rp re ta t io n  of th e  conjugate fu n c tio n a l Cor 
a p p l ic a t io n  to  o p tim iza tio n  problems is  th a t  i t  measures the v e r t ic a l  
d is ta n c e  from the o r ig in  tn  the support hyperplane, i . e .  the  hyporplane
■;x ,x  > -  r  * f (x ) i n te r s e c ts  the v e r t ic a l  ax is ( x = 0 ) a t
( -  r. ) .
Remark : Given the p o in t ( s ,x  ) ,■ If  ,C 1, aesoctau* the h a lf-sp ace
c o n s is tin g  o f a l l  (r,.x) R x X s a t is fy in g
Then the net a s so c ia te s  those (n o tm -rtic a l)  ha lfspaccs
th a t co n ta in  the se t I I '.C i. lienee L r*,C*'J i s  the dual ro p rc so n ts tio n  
o f | f ,C  1.
h . 3 Conjunati- Concave Pun c t jo na I s .
‘ ^"  vt 11 n ('<'ru' ,lv,‘ fu nc tiona l R dt-fined on a convex
su b se t D of n v ec to r sp ace , define
[>.,1)1 “ f ( r ,x )  : x i:0 , r  s  g (x) }.
4 .3 .2  l£nmu: I.K.D 1 i s  a convex so t.
P roo f; S im iln r to  th iit fo r  f. 1,0.1.
4 .3 .3  D cL io ij'ion ; Let g be a concave fu n c tio n a l on the convex s e t
D. The conjiigere s e t  1) i s  defined  as
D “  ( x • X ; in f ( <x,x*> -  g(x) ) > -  « )
and th e  fu n c tio n a l r cimjvp.atc to  g i s  defined as
i:*(x ) A in i ( • x,x*-» -  g(x) ) .
I t  can In- v e r i f ie d  tha i 13 is  convex and g is  concave. W rite
r B.D i6
X;x:e: Our run a I ion does not disLiiiRuish com pletely between convex and
tirncave luncl ionali;. I t  must he made c le a r  which is  being  employed ivi
any g iven  (our ex t.
The hit crpveUit i-m of coueave conjuRiite functionals i s  s im ila r  to 
th a t fo r convex von juR.'ilv lim vtiona In . The hyperphine -.x.x*: "  # (**)
support a th e  s e t  I r ,1) 1. Kurt.hei-morc, -  r ‘ (x ) is  llie in te rc e p t of 
th a t hyperphine w ith  t he ve rt i.vnl ax is .
4 .4  Dual QpLimizaLion Problems.
« .  , h .  c k o r ,
f  k  .  w r  M M .  . . t
fu n c tio n a l ovor convex so t !), We seek in,- t
op tim iza tio n .
We wish 1 ■> tin d  th e  minimal v o r t ic a l  B epcrntion botwevn tho so ls  
(Sec P is .  4 . ') ) .  This is  equ iv a len t to  f in d in g  the maximal v o rtic a l, 
s t-pera iio ti nl two p a ra l le l  hyperphmoH supporting  l i'.C.l and I g ,I ) l .
Thorn1'"  > g "(x .1 -  f (x ) is  th e  v o r t ic a l  so p c ra tio n  of the two
hyperv.rf- .
4 ,4 .1  Theorem ( Poncho I D uality  Theorem ) ;  I.cl f ,  g he convex and
concave I'unvt.imis ro sp o o tiv e ly  on tho convex s e ts  0  and n in  n
normed space X. Let C nO con ta in  p o in ts  in  the r e la t iv e  i n ie r io r  of
(< nnd  U . j „ ,  I I r  I ,ir  , a .
« . in  tinvr* nonem pty i n t e r i o r .  L e t
M - r .  t b .  m  t k  r i m t  1 , w U m w  b ,  , ; , o \
I !  b ,  _ _  c l , , ,
-  ( -  , W  )  .
" "  " ' V  -  « W  ) -  .
P ra o t: »y d e f in i t io n ,  ,  x* ,; C*n 6* , xe Cn D
f  (X ) i  <X,X*> -  f ix )
8  (X ) a; X,x% -  8 (x ).
f (x )  -  g (x) k (*{x*) -  £*(**),
in f  ( f ix )  -  k ( x) ) :» sup ( k*(x*) -  £*(x*) )
x 'lU U )  x*cC *t\D *
Now, the i-.mivvx soi ( f™u,Cl i«  a v e r t  lea ] diRplaccment of C £, G3 . 
fty ile fh u H cm  of y , thi> until T f -p .c l  and L«,n] have d is jo in t  
r i l l a t iv e  i n te r io r , , ,  however a r b i t r a r i l y  c lo se . Since one of these 
s e t s  hn» tionninpty i n t e r io r ,  th e re  in a c losed hyperplane in  R x X 
aeptira tin ts them. Tliia hyperplnt.e cannot bo v e r t ic a l  othorwi.ee i t s  
v e r t j  e.al p ro je c tio n  cm X would aepera te  C and D.
This u o n v e riic a l hyfierphiitc can bo rep resen ted  an
[ , . u j
° "  -  « W  ) -
Likewise-
° "  r f c '  i  -  / ( , ; ) ,
T h e re fo re ,
U “ g*(x*) -  f* (x * ),
i . e .  th e re  i s  an x* . C*n D* *uch th a t
Cifl) C £(' ^  ~ StX> J -
T h erefo re  tho eq u n lity  in  the theorem i s  proved.
I f  tht- infimim y i s  auhievnd by some xo t: C nD, then  (g(x ) ,x  ) e
f and (g(x()) ,x (i) H gh on th e  sep e ra tin g  hyper-
In  app ly in g  th i s  thi'urton to  minimize a convex fu n c tio n a l f  on a 
convex diiiiini n I) ( tin- se t I) represaEiting c o n s tra in ts  ) ,  take C = X 
and /■ o in  th in  thvom n.
C onjunatp funvi ivn;iii; on f in itu -d im cnsion iil tipaces wore introduced 
by Ki-ndii'l ( 5 j ,  Kor an pxi't’lli-ttl: pn-Rontfition of th is  to p ic ,  co nsu lt 
K iirlin  ( t i )  ■ Some (-xton.tinnii and r e la te d  di.acussiona a re  to  bo found 
in  R ockufi-lln r [2l] , lUidHlr.im [2o] and Whinston [2fij . K nrlin  fl3j -  [is] , 
Luenbi-rRHr f|H j dcmoiirit r a te  how Uiv well-known Min-Max Theorem, of 
speoifil importanvo in tianu; Theory, van bu. dorivvd fmm l-’unch e l'e  Dual­
i t y  Theorem, Jo t n ;f le x iv t-  Hpare«.
n h a li make uuv of tho Kenchi’l  D uality  Theorem la t e r  on in  
th i s  v.finny to  o b ta in  a d u a l i ty  thoory Cor a c la sn  of o p tim iza tion  problems.
5 * THE GLOBAL THEORY OF COKSTRAINED OPTIMIZATION AND DUALITY.
'tha general o p tim iz a tio n  problem tr e a te d  in  th i s  essay i s  to  
m inimize a fu n c tio n a l £ w ith in  a g iven  subset o f a v ec to r space . 
Lagrange m u lt ip l ie r s  w il l  dominate our a t te n t io n ,  as they somehow 
always unscram ble a d i f f i c u l t  co n s tra in ed  problem.
Although wc have encountered Lagrange m u lt ip l ie rs  a t  s e v e ra l 
p o in ts  i n  th e  l a s t  c h a p te r , they were t r e a tH  as the r e s u l t  o f c e r ta in  
d u a l i ty  c a l i 'u l t io n s . I t  w il l  be seen  th a t  th e  Lagrange M u ltip lie r  . can 
be i . .. .  4.. uf;iad as a h yperp lane . As a r e s u l t ,  i t  sany be suspected  th a t  
th e  theo ry  i s  s im p le s t and most e leg an t fo r  problems invo lv ing  convex 
fu n c tio n . Indeed th i s  i s  so . In  ih is  c h a p te r , we th e re fo re  consider 
a g lo b a l o r convex theory  based on the geom etric in te r p r e ta t io n  in  the 
c o n s tr a in t  space where th e  Lagrange m u lt ip l ie r  appears as a so p e ra tin g  
hyperpiano.
5.1 P o s i t iv e  Cones and Convex Mappings.
5 .1 .1  D e f in i t io n : Let P be a convex cone in  a v ec to r spacc X. For 
x , y  -.X, w rite  x 2  y ( w .r . t  P) i f  x -y  fP .  The cone d e fin in g  th is  
r e la t io n  i s  c a lle d  th e  p o s i t iv e  conn in  X. The cone N = -  P i s  
c a lle d  the nefifttivt- cone in  X and we w rite  y 4 x fo r  y-xCN .
5 .1 .2  D e f in i t io n : Givnn a normed spacv- X tofle ther w ith  n p o s itiv e  
convex cone P «■* X. D efine ii corresponding cine P® in  the dual 
space X by
P® A { x*r X* t <x,x*> a. 0 ,  V xc P }.
5 .J .3  lemma; L e t the  p o s itiv e  cone P in  th e  normed space X be
c lo sed . I f  x <: X s a t i s f i e s  <xlX*> Z 0  V x* a 9 ,  then x i . 0 .
P ro o f: Assume x ^ P. Then by the a sp e ra tin g  hyperplane theorem,
th e re  i s  a x c X such th a t  <x,x*> < <p,x*> V p ep .
S ince P i s  a cone, <p,x > can never be n eg a tiv e , otherw ise
!i > <«P,x*> f o r  some a > 0 , Thus x*cP® . A lso,
i n f  <p,x*> » Q, so <x,x*> < 0 .
5 .1 .4  D e f in i t io n : Lot X be a v ec to r space and Z be a v e c to r  space 
having  p o s i t iv e  cone P. A mapping G : X Z i s  sa id  to  be
convex i f  th e  domain SI of G i s  a convex s e t ,  and i f  fo r
a  : 0 < a  < 1,
G(ax1 + ( l - a ) x 2) & oG(x^) + (l-o )C (x2) , V x^, x2 < n.
5 .1 .5  Lemma: Let G be a convex mapping as defined  above. Then fo r
every z • Z the  s e t  { a : x«  Q ; G(x) 5 z > i s  convex.
P ro o f-. Lot v { x : x 6 R : G(x) a # } .
Then w%. + ( l -u )x 2 v ;z because a i s  convex. For a i 0 < a < 1,
‘ G(«Xj + ( 1-a)Xg) i  ctGCx^ + (l-ft)G (x2)
£ v.z * ( l - « ) z  "  B'
5 .2  Lagrange M u l t ip l ie r s .
Consider th e  problem
minimize f ( x)
s u b je c t to  0(30  s  0 , x « G .
n i s  a convex su b se t o f the v ec to r space X, f  i s  a r e a l  valued
convex fu n c t io n a l  on 0 . C i s  a convex mapping from 0  in to  th e
normed space 2 , having p o s i t iv e  cone P,
Imbed th e  above problem in  the fam ily of problems
minimize f  (x)
s u b je c t to  C(x) S z , x ?  A, where ze Z.
D efine r c Z as
F -  ( z i There is  an x« A w ith  G(x) £ z },
i . e .  th e  s e t  o f r, such th a t  th e  problem has a t  le a s t  one f e a s ib le
5 .2 .1  Lemma: f  i s  a convex s e t .
P ro o f ; Let z^ f r .  i . e .  th ere  e x is ts  x 1> x2« A w ith  GCXj) i  Zj
and G(Xg) < Zg. Thvn fo r  0 < a < I ,
G(ox1 + ( l - a ) x 2) £ oz^ + (l-"a)z2 .
5 .2 .2  D e f in i t io n ; On the s e t  d efin e  th e  prim al fu n c tio n a l w 
(which may o r may not be f i n i t e )  as
, ( » )  -  I n f  { l (x )  t » « c  . «<») < « >•
The original problem can Chen be regarded as determining the 
v alu e  (ii(6 ) .
5 .2 ,3  Lemma; The fu n c tio n a l u i 8 convex.
P ro o f; (1)(az1 + ( l - a ) z 2)
"  iv%£ { f(x> ; x i: B ; G(x) s M . + (l-o ,)z2 >
in f  { f (x )  ; x -  QXl + (l»«)x2 , £2, XgC I) ;
G(x1) s  z l t  ti(x2) s  e2 }
S  a in f  { f(x^) : fi , G(x^) s  z 1
+ ( l - a ) in f  { f (x 2) : x2 c fi : C(x2) 5  z2 }
< wh.U^) + (l-a ) to (z 2) .
5 .2 .6  Lemma: The fu n c tio n a l w i s  d ecreasin g , i . e .  i f  S
th en  .lifXj) 2  ifl(z2) •
P ro o f; w(Ej) = in f  { f (x )  : s  fQ : G(*) s. 2 j  >
2  in f  f f (x )  : x cn  : G(x) 1  } -  m(a2) .
F in’io ; !>■)
Since w i s  rravex  i t  has a supporting  hyperplane a t  2 = 9 ,  and 
ly in g  below ui over a l l  z . By adding an ap p ro p ria te  l in e a r  fu n c tio n a l 
< * . V  t0  wC*)* th e  r e s u l t in g  com bination <r(z) + < avz*> i s  minimized 
a t  z “ 6 (See F ig . 5 .1 ) .  The fu n c tio n a l z* i s  th e  Lagrange m u lt ip l ie r  
fo r  th e  problem ; th e  tangen t hypetp lane i l l u s t r a t e d  in  T ig . 3.1. 
corresponds to  th e  elem ent (1 ,?.*) v a  x Z*.
Lagrange m u l.tip lio ra  fo r  problems having in e q u a lity  c o n s tra in ts  
were f i r s t  t r e a te d  e x p l ic i t ly  by John f  12] and Kuhn and Tucker t l 7 ) .
5 .2 ,5  Theorem: Let X be a l in e a r  v ec to r space , Z a normed space,
ii a  convex su b se t o f X and P th e  p o s itiv e  cone in  Z. Assume
P co n ta in s  an i n t e r io r  p o in t.  Let
f : ft ••>• R, G : $1 Z , £ , G convex.
Assume th e re  e x i s t s  x } •:n fo r  which G(x^) < B. ( i . e .  B(x.^) i s  
an  i n t e r io r  p o in t o f N r- -  P ) , Let
v0 » in f  f ( x ) ,  su b je c t to  x -  il, G(x) s  0 . <5.1)
Assume p < » . Then th e re  ifl an element «0 S S in  2 such th a t
Vo = in f  f fOO + ^GU) ,?.0> 1. (5 .2 )
Furtherm ore, i f  th e  infiaum: is  achieved in  (5 .1 )  by an R,
G(xp) s  D, i t  i s  achieved by in  (5 .2) and
• c ( ! .„ ) .V  “ 0 . <5' 3)
P ro o f: Tn R x Z, d efin e
,  .  ( ( . . . )  ,  ,  .  ( ( . ) . .  t »(») °
Ii . ! ( T ,, )  . S I',, i 7 -  ' ' '
.  .  I  W  «
By d e f in i t io n  of A con ta in s  no in t e r io r  p o in ts  of B. Mow,
N con ta in s  an in t e r io r  p o in t , th e re fo re  B con ta in s  an in te ­
r i o r  p o in t . Applying th e  sep a ra tin g  hyperplane theorem, th e re
e x is t s  0 f  ( r o ,z*) R x Z* such th a t
f o r  ( r ^ ,Z j ) i  A, ( r ^ . Z j ) B ,  From the n a tu re  of B i t  fo llo v a
th a t  r () a 0 , k0 S 0 . Show th a t  r  » 0 .
(y o, 0 ) r  B, thereEorc
V  * < z ,z o'  »• r ou o V ( t . s k  A.
Suppnsu th a t  = 0, Then, in  p a r t ic u la r ,  <0(x^) ,z*> z. 0 and
z 0 i6 0 .  S ince G(x.j) i s  an i n te r io r  p o in t o f N, i . e .  < 0 ,
and z* i  0 ,  i t  fo llow s tlvat <G(x1> ,20> < 0 ( i f  <G(x1) , z 0> z  0
^  i O  l>y U-mma 5 .1 .3 ) .  C o n trad ic tio n ,
T h e re fo re , r  » 0 . Take r  = 1 (w ithout lo ss  of g e n e ra l i ty ) . Then
Mn  i. inC i t *  )
r  in f  ( f  (x) + <G(x),z*> )
i  ini' fCx) =- iifl.
C(X)^0
i , R, lln -  im  t  f(x> =g (x> ,b*> ) .
r f  tiHT,. c x is i s  an X(1 fluvh th a t (Kx^) a 0 , va = f (* 0) t then
ur! f(Kn) + ^  £(V  =
imd h e w  ^ ( x ^ )  , z Q> »
am. ^ , . .  ^ ^
^  " *  - " w w . a  u ^ .  _ u w w
i T T  / I  "*" » W W .  1 .  n » n « l « l .
5..> .6 S t e l a e  '-« t the c o n d itio n , o l  T l ,,„ « „  5 , 2 .5  be . . t i . f i e d
;imi assume. Mint x
A “ cs the  constra ined  miminum. th en  th e re
'  "  " o ' "  " " h  th e  U p m , l n
L h . / )  -  r w  .  < 0 ( i ) , . ' ,
has a saddle  p o in t,  i , t..
L^Xo 'b -' s  L(ltD>a*) l-Cx.z*) ¥ x-. 1, /  i  0.
! = & '  " S  ' " )  « M h ^ ) .  m ,
i ' ( x V S ) -  t , (xo ,a* )
« U (x ^ ) ,m \ -  <(;(x(}),8*>
<= •ti(x uJ ,z  ■ -j 0, by (5 ,3 ) .
An uifiiali 1 y vonM r;tin l o f ihv iorm II(x) “ 0 , w ith H(x) i  Ax -  b 
wliori' A i X • Y in I'qaiv.-ijimt cvi two convex In e q u a lit ie s  H(x) £ 0 
and -  !!(x) ^ am! run hv j.ncludod in  llu: co n stra in c s  G(x) 5 Q, 
llowt-vur, thi'/ii> f.tiiunt hv hichuivd ( .r iv ia lly  in th e  above theorem as 
t lii 'iv  ni'Vci i.'xint!' r .| which unf'inrit'S  I!(Xj) < 0 ami -H(x^.) < 0 
(Sim* Lucnbi-rf't i- ) .
II ah..111,1 1,.. r n n *  tilM  »<■ «■<• p rim arily  t m m t m i  »iti> th e  p a r t  
p i n , ,*  I ,, u * n m  i» iU il .l i« r.i  In D uality  theory . Tim. i t  i s  not our 
i n te n t io n  t„  g iv e , o f e x p lo i t ,a l l  tile g e e .e tr ie  p ro p e rtie s  of the 
i m m m  m u l t ip l ie r s  and o£ the problem, in  th is  essay.
5*3 E“fL±iiZ-
Consider again  t h ,  W c  convex p ro g r— ing problem
minimise f(x )
 ^ o b j e c t  to  G(x) < 6 ,  x r.a .
f ,  (•-, U a rc  ronvox. Ah p re v io u s ly , define
«»(») = in f  I f (x )  : g (x) s  z ,  x< a ) ,  
and lo t  u « w(0) .
i'Sgiuv
»(f i . - ' ( i i a f  Mi 1 lie lii.ixiimiw iiirrri;i>p| w ith I lie vvrui ct
fill I'lonv'.l liyjnTplant'u  lyinp, below w (Sf-.- F jp , ti .;;);  th a t
tu-iw- del vimi m.-il by tin- I.ni-rnvi’i' iiiuIt i[il i vi' ul thv ;>rnbti>m.
D i-fiici' ( in- h im .'U » n n l ^ c o i r i ’HiioudJug to  ( '> .4)
d< I i i»'d 1 u i l)i,’ |iinii I. i Vv rniiv in  % <i«
* (/* )  -  in f  ( f M  + , k*;* ) .
(5 .4)
il ax is  o£ 
hypt'rpJane
5 .3 .1  Lempa: The dua l fu n c tio n a l i s  concave and can be expressed
) = in f  ( ui(z) + <z,z*> ) .  
z r  r
P ro o f ; a : 0 < a < 1. z*, z*c z*.
* (0 7 * + ( l- a ) z * )
* in f  ( f (x )  + <G(x) ,uz* + )
x ,• i! 1 2
£ in f  ( u f(x )  + a<G(x),b*> ) + in f  ( ( l - a ) f (x )  
x t:i1 x B *
+ (l-a)<G (x) ,z 2
■ a* (Bj) + ( l - a ) 4 ( z * ) .
For any ss* i .  0 ,  z e F,
jiCz*) « in f  { £{x) * <G (x) , k*> )
£  in f  ( f (x )  + <z,z*> i G(x) s z , % fO )
=■ u(f-) + <z , z ■>.
Novi, fo r  any x^. $1, w ith  "  G(x^) 
f  (x^) + '
in i' ( f (x) + : 0 (x) i  aij, *'• SJ )
™ + ,-V.5 >-
Thtin.'fori’
*(**) a i n i  f »<«) + ^  )
y. - r
I h e re io rc ,  j> i s  e s s e n tia l  ly th e  conjugate fu n c tio n a l o f w. 
A lthough th e re  i s  a s ig n  d isc rep an cy , the  concepts a re  the eame.
( l , z  )  Mt x 2 d e te m in p s  a fam ily of hyperplanes in  R x 2 , each 
Uypucplaxve SR tialyh iB  r  + : ,* *  = k . For k = th is  hyperplane
su p p o rts  Lhi' 8«v ftu ,1' ] ,  th e  reg ion  above th e  graph of ui. Furthermore 
a t  z a O , r n $ ( z ) ;  hence <|i(z ) i s  eriual to  the  int;ere&pt o£ th i s  
hyperphm ti w itli i:lui w r t i c n l  a x is ,
5 ,3 .2  Thiaorom ( LagmiRf. D ua lity  The-irora ) :  Let X be a v ec to r 
Bpacu, Z hi- .1 uor&cU Hpnce, fi a convex eubavt of X, f ,  G 
convex, «uvl\ th a t  £ : U' X > 8 ,  G : X 2 . Suppose th e re  e x is ts  
au.-h th a t  P ( x J  < 0 and th a t
Ho «= in f  i rt,x) : G(x) < 6 , x<-. fi }
in  I 'in i tv .  Then
ini i ( x )  - max M e*) ' (5 .5)
an,! I In* m.txii'iidn mi I he rip h t i:= aehiiwud by nmic xo a 6. 
f i  ill . ,iu liiim u Hit the  l e f t ,  ia achieved by Komv X()< Si, then 
>:*•],■ '' 0 •m,i s „
i (s)  * - (KiO x ' «• .
fnf ( f (x )  > ‘ )
i  in i ( I (x) > -  )
X ' H 
(;(x).5.d
< in f  i'Cx) '  U„-
i . e .  Rvix i)i (z ) < ji .
C " . " . ! , .  A i d .
S iv , .  I I , ,  tll= i ,
Tiu-orem 5,2,5.
S in-y „ i ,  „ („ ) .  „ (z) „ „  ,  ,  (1- „
a.lLt>rii;uivu .syimuiaric formulation el (5.5) i s
min 01(g) c ma]!; $ (2* ),
5,')..) iyc.i»iip.Ies Aa a simple app lication  of the d u a lity  theorem, wa 
c a lcu la te  the dual o f t he quadratic program1
mhumiBv jxTl) x -  bTx
subjoet to  A x i  c ,
where a < R11, to  he- determined, b 1 Rn , e R m, A is  an m * n 
o a ir ix ,  am! I) is  an n > n p o s it iv e  d e fin itu  symmetric matrix, 
Aii.-iiirntii- tliere i a an x sa tis fy in g  Ax j. c , the problem i s  
vepiival.-ul to
tfiiix min { 1 -  iJx + Xl ( Ax -  c ) 1.
i'lie miuimiz.nt ion over x is  um-iuistrained and attained by
x - i f ! ( V -  A1! ) .
Subfililu ting  th is  above, the problem becomes
max I - JA*P A - xrd - jb1!) *b I,
Aril-)
where I’ = A if^A1 , d 0 -  A Q 1b.
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Thus th e  dua l i s  a lso  a q u ad ra tic  programming problem. Note th a t  
th e  d u a l problem  may be much e a s ie r  to  so lve than th e  prim al problem 
s in c e  the c o n s tr a in t  s e t  i s  much sim pler and th e  dimension i s  sm aller
The approach p re sen ted  in  th i s  chap te r, which req u ired  no d i f f e r -  
e n t i a b i l t y  assum ptions, was developed by S la te r  [2 6 J and extended to  
in f in ite -d im e n s io n a l spaces by Hurwitz f l l j .  In  f a c t ,  our p re se n ta tio n  
c lo s e ly  fo llo w s H urw itz, For some in te r e s t in g  ex ten s io n s , see Arrow, 
Hurwitz and Uzawa f l J  . In  the  absence of convexity  c o n s tra in ts  and 
an in t e r i o r  p o in t , i f  th e  hyperp lane does e x is t ,  th e  Lagrange technique 
fo r  lo c a t io n  o f the optimum s t i l l  a p p lie s . See Gould i  6 J ,
6. ™ _ ^ ^ J j g M Y C T ^ LSmiM ED OPTIMIZATION km DUALITY.
H is to r ic a l ly  tin- loc.il theory o£ Lagrange m u lt ip l ie r s ,  s ta te d  in  
d ir to v n m -ia l form, p red a te s  the g lo b a l theory  presen ted  in  th e  la s t  
ch ap te r by alm ost a cen tu ry . I t s  w ider range of a p p l ic a b i l i ty ,  and i t s  
g enera l ccmvonjence f o r  most problem s, continues to  make the lo c a l 
th eo ry  th e  b e t to r  known and most used of the two.
6 .1  (lateaux and I 're rh e t D if f e r ent i. ila  .
Let X be a v ec to r space , Y a normed space, and t  a tra n s -  
f o m u tio n  defin ed  on a domain 1) < X, w ith  range R o y .
6 .1 .2  D e f in i t io n : Let x ■ D and le t  h be a rb i t r a ry  in  X. I f
dT(x ,b) = l i m  1  ( T(x + #h) -  T(x) )
e x is ts : ,  i t  i s  c a lle d  th e  Gateaux d i f f e r e n t ia l  o f T a t  x w ith 
increm ent h . I f  th e  lim it --x isis fo r each h .  X, T i s  sa id  to  be 
i-ateaox d i! f e m u  iu b le  at x.
f i )  n  malcvH fit’iioe to  consider the  above lim it only i f  x+vth, 1) 
to r  a l l  it, m iff I c icn r ly sm a ll. The lim it in taken In  the 
us,uni ijviim- of norm convergence iu  Y,
i ixed x I), h regarded as a v a r ia b le ,  th e  Gat eavx 
i i i . i orenl i a l  <lef itiea a t vauitfnm atim i from X to  Y. In the 
case of T l in e a r ,  CT(x,h) -  T (h ).
( i i i )  by f a r  th e  muni I rcp irn i a p p lic a tio n  of th is  d e f in i t io n  is
1 .  l b  W W . T l " l "  "
fo rm ation  reduces to  a fu n c tio n a l on X. Thus i f  f  i s  a 
fu n c t io n a l  on X, the Gateaux d i f f e r e n t ia l  o f f „ i f  i t
f i fU .h )  = d f  (x ah) j
and fo r  each f ix e d  x* X, 6 £(x ,h ) i s  a fu n c tio n a l w .r . t ,  
th e  v a r ia b le  h c X.
The Gateaux d i f f e r e n t i a l  R eneratizes the concept o f the d ire c ­
t io n a l  d e r iv i l i v e  fa m il ia r  in  f i n i t e  d im ensions. The ex is tence  of the 
Gate -ux d i f f e r e n t i a l  i s  a ra th e r  weak requ irem en t, however, s in c e  i t s  
d e f in i t io n  re q u ire s  no norm on X; hence p ro p e rtie s  o f the Gateaux 
d i f f e r e n t i a l  a re  n o t e a s i ly  r e la te d  to  c o n tin u ity . When X i s  normed 
a more s a t i s f a c to r y  d e f in i t io n  i s  Riven by th e  F rechet d i f f e r e n t ia l .
f t . ] ,2  D e f in i t io n ; Let T be a tran sfo rm atio n  defined  on an open 
domain D in  a normed space X and having range in  a norme.l 
space Y. i f  f- .r  f ix ed  x ■: H and h ,  X there  e x is t s  5T (x ;h )cY  
whirl, i s  l in e a r  .nd continuous w . r . t .  h such th a t
lim I lT(x»li) -  TCx) -  dT (x ;h) |. |  _ n
I N I *  "  i | b | |
Then T ifi s a id  to  bn Frvchot d i f f e r e n t ia b le  a t  X and 6T(x;h) 
is  s a id  to  be th e  Prcvhct d i f f e r e n t ia l  o f T at % w ith rn c re - 
inci.t h .
u ,  . . .  ,W  ' r - ' "  - <
. b . ,  ^
« T („ W  .  I  c .  T,
Thus, as x vanes over D, fct/j cocrespondence >: > defines a 
D k t .  th. «,n»d 1 1 « «  tU.
.form ation i s  c a l le d  th e  F tech c t d e r iv ie iv e  T ' o f T. Thus we have, 
by d e f in i t i o n ,  iST(x;h) « <h,T ' (x )> .
U e£iD i.tion: In  the  sp e c ia l  ease where th e  o r ig in a l transform a­
t io n  i s  a fu n c tio n a l £ on X, we have fif(x jh ) -  < h ,£ '(x )>  
where £ ’ (x) *■ X fo r each x. The element f ' (x) i s  c a lle d  the 
g ra d ie n t «if f  a t  x , and i s  denoted Vf (x) ra th e r  than  £ ‘ Uc).
6 .1 ,4  lemmai I f  th e  t ra n s fo m a tio n  T has a F rechet d i f f e r e n t i a l ,  
then  i t  i s  unique.
P ro o l: Guppose bo th  6T (x;h) «md 4 1T (x; h) s a t i s f y  the requirem ents
to  be Fri-i-het d i f f e r p n t i a l s .  Then
| | aT U ;I.)  -  A 'TCxjh)!! < | |T (x ;h ) -  T(x) -  W (x ;h ) |j
+ t |T (x ;h )  -  T(x) -  6 'T ( x ;h ) t | .
„v , j.VIXxsh) -  <S 'T (x;h)|| -  o( | jh | | ) .
S in n ; v r(x ;h ) -  r-'T (xih) i s  bounded and l in e a r  in  h i t  must 
be ze r» .
f i . I . 'i  l ie f i i i i l io n :  Lvl. 1 be •' convex funfttional defined  ' n a normed
.M U , : .  A . . U — it  1 . W W W W .  " W a - I .  '
"  "
-  r ( ^ )  » *  » ' ' '
Dmnut# the sot cl subEtadivnts o£ C at it Uy 3t:Cs).
« , . «  IT '  ^  ^  ^
«  T « W t .  a .  a .  U  ^ 1  M [h .
p ™ T : L.C , "  b .  .  . t  n _
f ix )  -  f (« o) b v X.
L et x = xQ + Xh. Then
1/X( f ( x o+Xh) -  f (x ) ) i  <yiX*>
f o r  every y mid X > 0 . Taking th e  lim it as X *  0 through 
p o s i t iv e  values
& <y;x*>
and by d e f in i t io n
<y|Vf(x )> s <y;x*> 
fo r  a l l  y . For th i s  to  hold Vf(x } = x*.
R M krt: i f  t hiifi a g radient. Vf(x) a t  x in  th e  sense o f Bateaux 
i>t' l-'r- viift , then the two prev ious leranias g ive {;.) " (V f(x )},
flow, ir.mt th e  d .d 'iu it ions of f* and a f (x ) ,  x * i 3 f(x) i f f
f (x) + f ‘V(x*) i  -x ,x  (6 , 1)
Suhtjradienl u "I the  roii./nve fu n c tio n  g hnvo analogous p ro p e rtie s  
(w ith th e  d e f tn in g  iiu v ju a lity  in  (6 . 1) re v e rse d ) .
6 . l . t i  l.emia: x?f « ;i(Xf) fo r  X > 0.
P ro o f: Follow:! im m ediately from tin d e f in i t io n  of m ibgradien t.
6.2  The Kuhu-rTuckor C o n d itio n s .
T. .M b  Lb. WU LW
o p t i . i z t t i o n  P ro b le m  t h a t  »o 1„ „ ,  b e m  c o n . i d . t l n g ,  wo . h . u  f o l lo w  th e  
^,r«ch  u.ml b, rw . ». d«u m*. ^
D ua lity  Theorem.
f i l 2 a  £i-LLnl r j " , lV A v.onvex fu n c tio n a l h i s  the in d ic a to r  o f a 
convex s e t  t: in  X i f
h(x) = 0  x i C
ft.2 .2  Theorami Let f  and g he a proper convex and proper concave 
fu n c t io n a ls  r e s p e c t iv e ly .  Assumt- thac e i th e r  f  o r g i s  co n ti­
nuous a t  Komi* p o in t wIuto thyy a re  both f i n i t e .  Then x i s  a 
p o in t wheiv f  -  b ach ieves i t a  minimum over X i f f  8 f(x )  and 
■ *g(x) have hoihi1 x in  common. Moreover, such v ec to rs  x are 
fhtui ].r<'vi:".u1y thy p o in ts  whuro g* -  f* achieves i t s  minimum 
over X* .
I'j '.-m?: Lot A { K : i ( x )  '  "> >
B I ic : p{x) * I .
M«>m, hy as.'iumpt ion Chore t-x is ls  an A n B wh';re f  nnd g
a rc  both I i i i i I c  anti ntio r .  nontinudus; say Thus
ii i  i (xn) -  , (%,) " “‘i
 .......... r o n l i m i i l y  of it ..>«>« t l u l  II it * .  I ' l i m 'f o i o ,  Itoii,
T l .m r , - .  4. I . ;  w  h m -  t b *  U , » l  l . «  n .m r .p ty  n . U t i , .  i n t o r i o r .
Now we have
« ' . « '»  .  « , . ,* >  -  f W  ,  , , i
g (x  )  «  u ^ i y  <X,X > -  g ( x )  } £  < ,,% *» ~ g (x )  V x c X ,
I . e .  ' ( * )  * i  g W  + g*(**).
Now, from (6 .1 )  and i t s  concave analogue, x * c 3 £ (x ) , x*e 3g(x) 
i f f  f (x )  + £*{5*) a <x,x*> £ g(x) + g*(5*).
i - e -  ' f (x )  + = g (x ) + S* U * ).
The co n c lu sio n  fo llow s from F en ch e l's  D uality  Theorem and the 
above ilia cu asio n .
6 .2 .3  Theorem: Let Ej and *,e proper convex func tions on the
v e c to r  spiH’f  X. Assumu th a t  e i th e r  f j  o r f ,  i s  continuous
a t  some p o in t where they  nrv  both f i n i t e .  Then, ¥ x e X , ¥ x < X
Ci ) (  f l  + £2) \ x A) -  min { f * (x *  -  + ^ ( / )  = ** c X* J ,
( i i )  f ,  > f 2) (x )  «• + a f2 (x ).
Proof i • ( i )  Fur any fixed  x* <■ X*, dof'im*
ffx )  = i 2 (x ) ,  fi(x) -  -  J 'j(x )-
Then by d e f in i t io n ,
/ ( . " ) . / ( . " ) .
Our W M - I " .
k t  a .  US i .  -  ( ^
h « . .  .  h « .  , n « d  t h .  . q . i n l c t  , u
( i l )  (1)  o d  ( « . l ) . / « l ( ( ^ ^ )  | H
' i " '  * v  * ' ! ( « ' - « " )  *
h r  . " r  %'. ^  ^  n d  ^  t u .  i .  ,  r .
* f ' h * -  «") r  < % ,/ -  A ,  r  ,  < r , . \ ,
mid by (6 . 1) ag a in , X*'. s (  t ) .  ^  ) ( , )  i f f  th e re  = x i ,ts  ao.e 
K < X such th a t  x* - z* '- 3 f1 (x) and / t  :,r? ( , ) .
Lot f  be a p roper convex fu n c tio n a l defined on the v ec to r space 
X. Let g ^ , gg , . . . ,  be convex fu n c tio n s  defined  on th e  v ec to r 
space X which a re  everywhere f i n i t e ,  continuous and Gateaux d if fe re n ­
t i a b l e .  D efine
D S ( x : g j(x )  5  0 , V i  = }.
We assume th a t  th e  problem s a t i s f i e s  the follow ing  c o n s tra in t 
q u a l i f ic a t io n  which se rv es  to  exclude s in g u la r i t i e s  which might o th e r­
wise occur on th e  boundary of th e  convex domain D.
6 .2 .4  D e f in i t i on ( S in t e r 's  C o n stra in t Q un lific  tio n  ) :  A p o in t 
x - » s a c ie f ie a  S l a t e r 's  c o n s tra in t q u a l i f ic a t io n  i f
g, (x) < 0 V i r- 1 , . .  .m.
6 .2 .5  Theorem ( The Kutm-Tuckcr Thaorom ) :  Suppose th 6t  S i s
f i n i t e  a t  some po in t s a i is fy in g  S la te r 's  c o n s tra in t q u a li­
f i c a t i o n .  Then x i s  n po in t whore f  a ch iev  e a i^nimum on D 
i f f  th e r e  e x is t s  Lagrange m u lt ip l ie r  X , RB which s a t i s f ie s
<i> -  I  \  Vf. ( I )  , 
i= l 1 1
X, R.(x )  =. 0 fo r a l l  i ,
U i i )  X. x o fo r  a l l  i .
P ro o f; D efine th e  convex in d ic a to r  fu n c tio n s h{(x) by
h j(x )  = 0  i f  ^ ( x )  5 0 ,
h .(x )  = »• i f  g^Cx) > 0 .
ih 'f i iw  $ (x )  * f i^ x )  + . . .  f hm(x ? .
Ih en  minimiainp, f mi l> i s  th e  same as m in in iaing  f  + j; on X.
i . e . .  Minimise i ( -p,) cm X, where -  g is  a p roper oncave 
funvtii'nnS f i n i t e  on I).
Now, ii t in- point X(( where 1 i s  f i n i t e  and g. (x(>) c o ,  i 
i - i  the nm. l io n s  r ., h ,  are  a l l  f i n i t e  and
Ih 'is  hv Tie-..i cm I , . . ! .2 ami I lie eoiu-.ivv analogue 'f  Theorem 6 .2 .1 ,
t ' a r h ie v .- .  l i e  mi.Htiim mi D a I. r  i f f  K x )  c o n ta in s  an
elem en t of -  W  . . .  ” •
Now x. 1 6h. (::) i i  I
h.Cx) ... * x -K l x t  - fo r  a l l  x < X.
e  « , a  » » ,  i . « .  : i » .  « * .
" "  " i  i i M ^ w w w i k , «
i \ a . ( o i  , , w < o ,
' \ W  .  « * ,  A  ,  x ,  * o  » u  & @ . o .
«  X i s  .i normul v e n o r  •p ace , and f  and g a n  continuouB 
and d i tE e r t t i t i a b l r  in  : hv fienso nf I'rechvL, thpn , p roviding th e  o ther 
aoimmptions oi th e  thco rp*  h u ld , mo van v r tk e  t he conditions- of the  
theorem  as
vi (x ) + } X. V r. (x ) <= (i
l - l  '  '
>. t:. (x) -- o
■Jhev 1" .Ii]l w.ri- iln  ivi-d I nr f lu  r.mi % -= u" by Kltht! and
I' l lr/'f 11/  I, i t  tun:;) hi- Ui;h if viii1 tum.fi<>nn ,iru, I'l'vvhet
d if ifir iii/i iy b ii , ! In- < "iv-l ra in ! n iw lil ii at inn  tli.it we hnvn used it) the 
above- t.lifinvir, i ;; l i i i r ly  r tn f  r i.vf iv c . Tin.' Kuhn-Tut'ker inTi'iiaiiry non- 
d i tu n is  t in- nj'l j i  v ..iu  In- dvi tw -l I n f n lit": u  m ivrv il cJhiin n!
1 11!... ! i„h:i (i . V . , .'C„n'<.,;ii y in not ri'u .iiv .'d) tiaiinfyJut: a .-I'lnict-il
! ra in l. ii-.,,! i i  icai it.ii ( I . ' i . - . t I ( i f r u  r ion u/ Sl.-tti/r'/i c o n /m ^ in l
'fiuil i f ic a l  i.oi i:ii[il!<-!; 11»> ;,.ii i ni nr-l i *m ,.r the rfh ixw i fumiirninL 
rH K ilil'icn tinn ). IUiw.'v.t, r-tmvi-xhy in rcquii'vd fo r  flu- vnmli t i<mn t»  
hi- au fl i r im il  ,
6 .3  The Dua l  Problem .
deJinod  over th e  nettled v ec to r apace X, uh ich  are  d i f f e r e n t i a b l e  
In  th e  aense o f P reeh o t. The d e r i v a t i v e ,  »M ch are  elem ent, o f X*,
a re  dem ited by Vf (x) and (x ) , i  « \ ......... ..
The prim al problem which we s h a l l  vo.asidcr ia  to
To develop  th e  dua l problem  to  th e  prim al problem above, and to  derive 
the d u a l i ty  theorem s, wo s h a ll  fo llow  th e  approach taken by R i t te r  [2 2 3
f .3 .1  Theorem: Suppose f ( x ) , g ^ (x ) , i  = 1 , . . . ,m are  convex d if f e r -
o n tiab l,-  fu n o tio n s on X. Tf th e re  e x is t s  an x rX sa tis fy in g  
S la tu r 'i i  c o n s tr a in t  q u a l i f ic a t io n  and x i s  cn optim al so lu tio n  
of th e  p rim al problem , then th e re  e x is t s  X <• Rm such th a t  (x,X)
La ait op tim al s o lu t io n  of th e  dual problem
m inim ize f (x )
s u b je c t to  g .(x )  i O ,  i  =
( 6 ,2 )
(6 .3)
(6 . 6)
. |.e , % be an optim al so lu tio n  to  the  primal problem. By the 
Kulm-Tiu’k e r  theorem , there  exiatH  X «. R such I hat
Vi (5) + L  Vfij M  -  0
L  Rj (i=) -  0 , V i ,
' A  -  [ g )  ,  ^
, »  ^  A .1  P 4 «  ( « ^ ,  .  & « . f r .  u .  « » W t ,
mid i!i f  f c r c ia ia h i  M ty  of £ t h.ii
l '(x ) -  l.(x) i  -'x-x.V f (x)-.
, V x i  by ( 6 .3 )
"  ”  > i <*-x.V K i <x)>
"  ^ i ^ (x> ) Ijceausn gj ere
convex, V i 
* Ai SjCx) since - g.(x) & 0, V i.
» o  WI b,'!W, lo r  -my .iu .i! io a a ib h *  p o in t  ( x ,A ) , th a t
i‘u ’> ■ ^  tlj iiO  ,vi t'(?) =' f ( s )  + J  A. g ,( s c ) .
Thi- -iis.ivt i iiinri-iii i .in c i l l l .  iu1 d-'i'ivi-ii I’vcn i i wo w en; t o  r e la x
VUIiM iM ini Ifit.il i i i< ,11 io n .
in  'in i, i i !• i,;,i ,-it> I i :,h H ie m ,111 w n t  I bat. I lie  i-xi »t oui'e o f  a :sol-
i ‘»i I." I in' ibi i < firniijei-t imj‘1 !i :. I In- i'k is i v in v  o f  a iinlni io ti t o  th e
itiiiil i-n.l; i.Mi, i lie iio'H.iio ft' , i )  Ivin t o  .'i,it N f y  » v e n  d in  kind
non:.i > of ol <| 1 - l i t  ii nt (on.
3,;> (Jniivi i a jjji u o i i i l  i. .it j.m  oi lb-' lluul rv-.l.lvin: Lot (x.A) bo
an oj'C i ui.t 1 no lo tion , ol tin- -In;. I yroiilem. Thou, i t  in impponwl thn 
I but to ,  b i ,  l a  j t * ,  i l-i-r- oxi.vt -J in  v n -tu i able maj,jiiny,H
W '  ' I ] " ] ) '  '  -  ' ..........  I f  ^  t k ,
x ana i{! ri-fil" . |: t iv p ly 3 imuh chat
" y y - ' u " ] '  _
liiitiB H tiH  th v  v m u li li^ n s  (6 , 3 )  , ( 6 . 4 )  t-ot. A<r l >
( i i )  i f , .
( I l l )  ^  I'., (x) V i j j t V )  -  S .E .S )  to r  «n«. 5, > -  1 .
i «  ' '
Thts w e  r a i n  v M U N w t l m  1* n t M t o l  11 th e re  e x i . t s  «
 y  »  w W ^ , „
"  " " " " " d *  » , ...........( » .  % : - ( ( i , .................. r , i
i  ' rJ  j.v iJu.il fu .i.';jbli‘ t a r
K ' ' \ ,  1 ) . «  0,  j -• 1.
' ' i “ ; ‘ ' " - ‘ i ......... .............................................
l " ' l i , i r - - i v  I lh-ir lUt'tU'  JJ.lt i '1 lv  t.llv i-ihldit ii
O. I . I  rill i ti.ii I ! x ) , Ii; lit) , i I , . . . .m  a rt' imiivvx,
•Ul i 1,1 i,ill],- lum-i i a X. 1.1 (x,X) tii a itolutiim  to  I hv
il'i.il jiriii/h'iii i!t I iin il in •■iiuai imi.-i <(i.S) f “  (ti.^ i), whi<'h nat j.-il iv 
I lie1 < ohm i iiinl iju H i 1 i . ;it imi 1 n r tin- -hvil prnblvm, f lii'n x in  ,n 
<ijif/rti.<I rin / 'if / <m !:<> I. hr j-rjju/jj j>i.iblcm, and i Iv  i-xtivniv v.iltich
■ivi- .
yrM .n  !.«•' j ,  1 A } s ■ be an a r b i t r a r y ,  but fixed  index, 
tin. mapping* of th e  connf-rainf: qualiC it-ai.ion of d ie  dun:
* a j>  '  £ ( W } + h  t i j (X.i) 8 i (h j U j ) )  + XjE.Ch.CX. :
i^J
Thun
1 ' ( X  . )  -  i j ' U  j )  >» V i J ' ( \  . )  ( X  .  -  X . )  +  u ( | k .  -  X , |  )
( I v-.-ciJe.t!) » B (i) )(i - 1 ) *
j . - i  »J J i  J J J
* «
\ . )  i s  dual f e a s ib le ,
*• ( ^ .  * 1)?». I s l  . *• > . ) + i>(|X . -  Xj | ) ,  1
c o n v - i r a h i t .  i " i i  ( U S ) .
Him't' ! x ,U  iH -i nuKimam, i!  follow a (.hat
•- i  I . ' r . C s X A .  •• L >  +  u ( t A .  -  X .
1 i
T bM .f .n .,  x ir. -i Ic-h .iM .' P<’h,l. r..v ttm  l-rimal i»r,ibh-i
'  f W  : X * ,
|,'(iv jii 'im ri1 I i‘ii;( ib  11' poin t x , w  h a v o , - rin i t.itt
and tli f f ureiitiaJH’ H i y <>! 1 «
I problem
, by dual 
( X . ) ,
I).
fCx) -  f (x )  i  <x-x,Vf(x)>
-  -  T 
'  -  I  \
2  ^  ^ i '  S ^ (s ) “  g^(x) ) by convex ity
Hetice, fo r  any prim al f e a s ib le  p o in t x ,  we have th a t 
f (x )  a f (x )  * £ L  g . ( i )  -  f ( x ) .
The d u a l i ty  theorem evolved from Dorn [2 3 , Wolf [29 ], Hansen [8 ] ,  
Huiird [ i n ] ,  and Mangaaacian f  19.J.
6 .3 .4  Example: C onsider a prim al problem which has the fo llow ing
sp o cia l form (see  Example 5 .3 .3 ) ;
miinmizy j(A x)x -  f  (x) (6 .5 )
s u b je c t to  £ .(x )  g a^, .I ® l , , . . , m ,
where f atul t .  .tee cwfl iziuoue l in e a r  fu n c t io n e ls ,  are  
rea l ennBtauta mid A i s  a bounded l in e a r  opera to r mapping X 
onto X . Suppose th a t  A has th e  p ro p e r tie s
( i )  A 1 e x is t s  and i#i hnundvd,
( f i )  (A x^x^ « (AKj JXj fo r  any p a ir  I ,
( i i i )  (Ax)x i  0 Cor any x c X.
The* l a s t  p roperty  a s s o r ts  th a t (6 .5) i s  a convex fun c tio n .
Thin probli-m i s  o f p a r t ic u la r  in te r e s t  because i t  tu rn s  out th a t 
th e  dun I problem i s  equ iv a len t to  an m-diiueneional q u ad ra tic
m axim ization problem in  a Euclidean space. Thus, the  so lu tio n  of 
the prim al problem may be ob tained by th e  com putational so lu tio n  
of a f in i te -d in e n s io n a l  m aximization problem.
Thu dual problem i s  as follow s:
m axim ize  i(A x )x  -  f ( x ) + J  % jf.(% ) -  % ( 6 .6 )
aub je tit La Ax * I  A f  » f ,  A. > 0 , i  « (6 .7)
i= l i  1 l
The ex p ressio n  (6 .7 ) fo llow s from (6 .3) s ince  £ .(x )  and
f(x )  a rc  l in e a r ,  and th e re fo re  £ .(x )  * f ,  f (x )  = f .  Because
vf (6 .7 )  th e  o b je c tiv e  fun c tio n  (6 .6 ) i s  eq u iva len t to
-  l(A x)x -  [  A . (6 .8 )
i-1
Since A 1 e x is t s ,  (6 .7 ) y ie ld s
* -  A-1  -  J  A.A-1 ^ .  (.6.9)
S u b s titu tin g  th i s  in to  ( 6 .8 ) ,  and using th e  fa c t th a t  p roperty
( i i )  o f A im p lies  th a t i . (A™1^  )== f .  ( A ^ f . )  ,  we have th a t 
thf- Vuuil problem can he w r itte n  aa
maximise -  }’ n.A. -  i I  C..A.X, -  jf(A  
i« l  1 1 i , j - l  11 1 J
rm bjcvt to  A. & U, i  ~
r' c . .  ™ i ' . (A" l f j ) ,  
r .  <i. « f  (A j i \ )  .
Let >v Km be th e  optim al s o lu tio n . (6 .9) d efines  a mapping whose 
e x is ten ce  was shown to  be su ff ic ien t, fo r  th e  dual constrain t.
q u a l i f ic a t io n  of Che dua l problem to  ho ld . T herefo re , Theorem
6 .3 .3  a p p lie s  and
x -  A- 1 f  -  I L a " 1! .  
i s  an optim al so lu tio n  of th e  prim al problem.
7. CONCLUSION.
D ua lity  theory  i s  o f considerab le  i n t e r e s t ,  and has many a p p lic ­
a tio n s  in  th e  f ie ld s  o f constra ined  o p tim iza tion  and co n tro l theory .
For c e r ta in  problem s, i t  i s  o f te n  a good d ea l e a s ie r  ro  so lve the dual 
problem than  i t  i s  to  so lve the prim al problem, and , p roviding 
c e r ta in  assum ptions a re  s a t i s f i e d ,  th e  so lu tio n s  a re  equal. In  the 
Iasi, su c tio n  i t  was shown th a t  i f  the  prim al problem has a quad ra tic  
o b je c tiv e  fu n c tio n  and l in e a r  c o n s tra in ts ,  i t s  dual problem can be 
transform ed in to  a m axim ization problem in  a f i n i t e  dim ensional 
E uclidean space . The d u a lity  theorem then  g ives d i r e c t ly ,  th e  so lu tio n  
in  the  o r ig in a l primal problem. This case i s  th e re fo re  of considerab le  
in te r e s t  because of i t s  p o te n tia l  a p p lic a tio n  to  continuous programming 
problems and problems of oplim al con tro l theory .
D uality  theorems supply th e  b a s is  fo r a number of com putational 
p rocedures . These p rocedures, I ike. th e  d u a lity  theorems them selves, 
o f te n  ran be j u s t i f i e d  <n:iy fo r  convex problem s, but in  many cases the  
bn/iie idea  ran be m o d iiu d  ho as to  be e f fe c tiv e  fo r  o th e r problem s,
The pen a lty  fun c tio n  method emergrs as a p a r t ic u la r ly  n ice  implement- 
at ion of th e  prim al-dual philosophy.
In  t h i s  essay  we have attem pted to  provide a rigo rous mathemat­
ic a l  trea tm en t o f d u a l i ty  theo ry  fo r  convex constra ined  op tim ization . 
Much of th e  th eo ry  developed in  t h i s  essay was ob tained from 
Luonberfier [181, A g rea t d e a l o f th e  m a te r ia l th a t  we have discussed 
i s  a lso  covered in  th e  bonk by S to e r and W itzgall [2 7 ] . In ad d itio n , 
i t  in c lu d es  a very  g enera l extonoion  of F en ch e l's  D uality  Theorem, 
from which sev e ra l o th e r  d u a l i ty  theorem s, including  R o ck e fe lla r 's  
ex tension  o f F e n c h e l 's  Theorem, are  deduced.
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A b s t r a c t .
T h e  b a s i c  o p t i m a l  c o n t r o l  p r o b l e m  f o r  a  s y s t e m  d e s c r i b e d  
b y  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  i s  d e f i n e d .  A n  a l t e r n a t i v e  
f o r m u l a t i o n  t o  t h e  b a s i c  o p t i m a l  c o n t r o l  p r o b l e m #  w h i c h  i s  
r e q u i r e d  t o  e s t a b l i s h  P o n t r y a g i n ' s  M a x i m u m  P r i n c i p l e ,  i s  d e v e l o p e d .  
A n  h i s t o r i c a l  d e v e l o p m e n t  o f  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  
t h e  o p t i m a l i t y  o f  a  c o n t r o l  s y s t e m  i s  g i v e n .  T h e  p r o o f s  o f  t h e  
M a x i m u m  P r i n c i p l e  b y  P o n t r y a g i n ,  B o l t y a n s k l i ,  G a m k r e l i d z e  a n d  
M i s c h e n k o ,  H a l k t n ,  a n d  B r y a n t  a n d  M a y n e  a r e  t h e n  d i s c u s s e d  i n  
s o m e  d e t a i l .
1 .  INTROD U CTIO N .
T h e  m o d e m  t h e o r y  o f  c o n t r o l  i s  n o t  o n l y  o f  i n t e r e s t  t o  
m a t h e m a t i c i a n s ,  b u t  h a s  a l s o  a t t r a c t e d  a t t e n t i o n  i n  m a n y  o t h e r  
d i v e r s e  f i e l d s  o f  i n t e r e s t .
I n  c o n t r o l  t h e o r y  o n e  i s  i n t e r e s t e d  i n  a  p r o c e s s ,  i . e . ,  
t ’ o m e  a c t i o n  o r  m o t i o n  w h i c h  c a n  b e  i n f l u e n c e d  b y  c e r t a i n  c o n t r o l s  
o . 1 p o l i c i e s .  T o  a n a l y s e  t h e  p t o c e s s  i t  i s  n e c e s s a r y  t o  f o r m u l a t e  
a  s t r u c t u r e  c a l l e d  t h e  d y n a m i c s  o f  t h e  p r o c e s s ,  o r  a  l a w  w h i c h  
g o v e r n s  t h e  c h a n g e  o f s t a t e ,  t ' h i s  p r o v i d e s  t h e  m e a n s  w h e r e b y  o n e  
c a n  d e t e r m i n e  t h e  s t a t e  x ( t )  f o r  t  >  t Q  p r o v i d e d  t h e  s t a t e  
i s  k n o w n  f o r  t  s  t  ,  I t  i s  u s u a l l y  r e q u i r e d  t h a t  s o m e  g o a l  b e  
a c h i e v e d  b y  t h e  p r o c e s s  t h r o u g h  a  p r o p e r l y  a p p l i e d  c o n t r o l  p o l ­
i c y ,  i . e . ,  t h e r e  i s  s o m e  o b ; » c t i v o .  T h i s  i s  u s u a l l y  s p e c i f i e d  a s  
t h e  a c q u i s i t i o n  o f  s o m e  c l f c s i r o d  s t a t o '  t a r g e t  f o r  t h e ,  p r o n e s s .  O n e  
q u e s t i o n  w h i c h  a r i s e s  n a t u r a l l y  i a  w h e t h e r  o r  n o t  m e a n s  f o r  i n f ­
l u e n c i n g  t h e  p r o c e s s  a r e  s u f f i c i e n t l y  s t r o n g  t o  a l l o w  t h e  a c h i e v e ­
m e n t  o f  a  s p e c i f i e d  o b j e c t i v e .  I f  s u c h  m e a n s  e x i s t ,  t h e n  w e  h a v e  
■•i p r o p u r l y  f o r m u l a t e d  c o n t r o l  s t r u c t u r e .
I n  c o n t r o l  p r o b l e m s  t h e r e  n r o  g e n e r a l l y  s e v e r a l  w a y s  i n  
w h i c h  t h e  o Y j o e t l v o  C o r  a  p r o c e s s  m a y  b e  a c c o m p l i s h e d .  W i t h i n  
t h e  n p t  o f  p o f i n i b i l i t i o n ,  t a k i n g  i n t o  a c c o u n t  i m p o s e d  c o n s t r a i n t s ,  
i t  m a y  b e  d e s i r a b l e  t o  s y o t e m a t i o n l l y  c h o o s e  t h e  ' b e s t '  a p p r o a c h  
w i t h '  m u p c c i t  t n  n o m e *  p e r f o r m a n c e  c r i t e r i o n .  I f  w i t h  r e s p e c t  t o  
s o m e  p e r f o r m a n c e  c r i t e r i o n  o n e  w e e k s ,  i n  t h e  s o t  o f  a l l  p o l i c i e s  
f o r  n c h i n v l n y  ; m  o b j e c t i v e ,  t h e  o n e  t h a t  i s  b e s t ,  t h e n  t h e  f o r m ­
u l a t i o n  i n  a n  o p t i m a l  c o n t r o l  p r o b l e m .  T h e  c o n t r o l  p o l i c y ,  i f  i t
e x i s t s ,  w h i c h  s o l v e s  t h e  o p t i m a l  c o n t r o l  p r o b l e m  i s  k n o w n  a s  
t h e  o p t i m a l  c o n t r o l  ( p o l i c y )  f o r  t h e  p r o b l e m .
T h e  c o n d i t i o n s  w h i c h  a  c o n t r o l  i s  r e q u i r e d  t o  s a t i s f y  i n  
o r d e r  t o  b e  o p t i m a l  a r e  o f  c o n s i d e r a b l e  i n t e r e s t .  T h e s e  c o n d i ­
t i o n s  c a n  b e  d e r i v e d  f o r  a  c e r t a i n  c l a s s  o f  p r o b l e m s  u s i n g  a  
c l a s s i c a l  v a r i a t i o n a l  a p p r o a c h .  H o w e v e r ,  a s  t h e  p r o b l e m  b e c o m e s  
i n c r e a s i n g l y  c o m p l e x ,  t h i s  a p p r o a c h  b e c o m e s  i n c r e a s i n g l y  d i f f i ­
c u l t  t o  a p p l y ,  a n d  i n  c e r t a i n  c a s e s  c a n n o t  b e  u s e d  a t  a l l .
I n  t h i s  e s s a y  w e  a r e  i n t e r e s t e d  i n  t h e  n e c e s s a r y  c o n d i t i o n s  
f o r m u l a t e d  b y  P o n t r y a g i n  a n d  h i s  a s s o c i a t e s ,  a n d  c a l l e d  
P o n t r y a g l n ' s  M a x i m u m  P r i n c i p l e .  T h e s e  c o n d i t i o n s  a r e ,  i n  g e n e r a l ,  
n o t  s u f f i c i e n t ,  a n d  a r e  l o c a l  i n  n a t u r e .  A n  o u t l i n e  o f  t h e  
h i s t o r i c a l  d e v e l o p m e n t ,  o f  t h e  v a r i o u s  s t a t e m e n t s  a n d  p r o o f s  o f  
t h e  n e c e s s a r y  c o n d i t i o n s  i s  g i v e n .  I n  t h e  r e s t  o f  t h e  e s s a y  w e  
a r e  c o n c e r n e d  w i t h  c o n t r a s t i n g  the p r o o f . o f  t h e  M a x i m u m  P r i n c i p l e  
b y  P o n t r y a g i n  e t  a l  l ' 5 2 ] ,  w h i c h  i s  b a s e d  o n  t h e  c o n s t r u c t i o n  o f  
t h e  c o n v e x  c o n e s  o f  M c S h a n o ,  w i t h  t h e  p r o o f s  o f  H a l k i n ,  [ 2 5 ] ,  
i ' 2 7 . 1 ,  a n d  B r y a n t  a n d  M u y n e  [ I . ] ] ,  w h i c h  a r e  b a s e d  o n  t h e  c o n ­
s t r u c t i o n  o f  c o n v e x  s o t o ,  a n d  a r e  g e n e r a l i z a t i o n s  o f  t h e  p r o o f  
b y  h a  S a l i c  [ 3 8 ]  f o r  t h e  l i n e a r  s y s t e m .
2 .  T H E  C O N T R O L  P R O B L E M . .
C o n s i d e r  t h e  s y s t e m  d e f i n e d  b y  t h e  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n
x ( t )  =  f ( x ( t ) , u ( t ) , t )  ( E )
w h e r e  £ :  R n  x  ( i  x  C t Q , t ^ 3 - f -  R n ,  a n d  f i  e  R m  d e n o t e s  t h e  c o n t r o l  
s p a c e .
U  i s  s a i d  t o  b e  t h e  c l a s s  o f  a d m i s s i b l e  c o n t r o l  f u n c t i o n s
e a c h  u  e  U ,  u  :  C t 0 , t f ]->- f i ,  i s  a  b o u n d e d
( i n  t h e  s e n s e  o f  L e b e s q u e )  f u n c t i o n ,  a n d  
( 1 1 )  U  i s  c l o s e d  u n d e r  j u x t a p o s i t i o n  a n d  t r a n s l a t i o n .
A s s u m e  t h a t  f o r  e a c h  u < ; U  a n d  e a c h  x Q  c  R n  t h e r e  e x i s t s
o n e  a b s o l u t e l y  c o n t i n u o u s  f u n c t i o n
x ( t , u ( « ) )  =  x ( t ; t 0 , x o , u ( « ) )
s u c h  t h a t
x ( t , u ( t ) )  =  f ( x ( t , u ( t ) ) , u ( t ) , t )  a . e .  t  e  C t 0 # t f 3
a n d  ( 2 . :
I f  a t  l e a s t  o n e  s o l u t i o n  x ( * , u )  o f  ( 2 . 1 )  e x i s t s  o n  a l l  o f
D e f i n e
S *  ^  (  S  c  R n  i  S  i s  c l o s e d  K
T h e n  a  c o n t r o l  p r o b l e m  c o n s i s t s  o f  t h e  f o l l o w i n g  f i v e  I t e m s :  
a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  ( E ) ,  
a  c o n t r o l  r e g i o n  f l ,  
a n  a d m i s s i b l e  c o n t r o l  c l a s s  U ,  
a n  i n i t i a l  p o i n t  x  ,  
a n d  a  t a r g e t  G ( - )  o n  [ T ^ p T . ] .
F o r  m a t h e m a t i c a l  r e a s o n s  w e  c o n s i d e r  m e a s u r a b l e  c o n t r o l s .  
H o w e v e r ,  m e a s u r a b l e  c o n t r o l s  i n  g e n e r a l  a r e  d i f f i c u l t  i f  n o t  
i m p o s s i b l e  t o  i m p l e m e n t  p h y s i c a l l y .  T h u s  t h e r e  m a y  e x i s t  s o m e  
m e a s u r a b l e  c o n t r o l  s t e e r i n g  s o m e  p o i n t  t o  t h e  r e q u i r e d  t a r g e t ,  
b u t  n o t  a  p h y s i c a l l y  ' r e a s o n a b l e '  c o n t r o l .  F o r  t h i s  r e a s o n  i t  
i s  o f t e n  o f  i n t e r e s t  t o  c o n s i d e r  r e s t r i c t i n g  U  ( e . g .  t o  p i e c e -  
w i s e  c o n t i n u o u s  f u n c t i o n s )  o r  r e s t r i c t i n g  f t  ( e . g .  t o  a  f i n i t e  
n u m b e r  o f  p o i n t s ) .
T h e  p r o b l e m  o f  e x i s t e n c e  a n d  u n i q u e n e s s  o f  s o l u t i o n s  t o
( 2 . 1 )  f o r  a  g i v e n  b o u n d e d ,  m e a s u r a b l e  f u n c t i o n  u ( ‘ )  i s  
d i s c u s s e d  i n  C o d d i n g t o n  a n d  L e v i n s o n  C 1 5 ] .  i f  t h e  f u n c t i o n  f  
s a t i s f i e s  t h e  C a r a t h e o d a r y  c o n d i t i o n s  o n  [ t ^ t ^ ]  t h e n  f o r  
e a c h  g i v e n  i n i t i a l  c o n d i t i o n  x ( t 0 , u )  =  x Q ,  t h e r e  e x i s t s  a  
s o l u t i o n  x < ‘ , u )  o f  ( 2 . 1 ^  o n  [ t o , t f 3 .  I n  t h e  u s u a l  f o r m u l a ­
t i o n  o f  t h e  c o n t r o l  p r o b l e m  i t  i s  r e q u i r e d  t h a t  ( E )  h a g  
u n i q u e n e s s .  I f  i t  1 b  a s s u m e d  t h a t  f  I s  e i t h e r  l i n e a r  i n  x ,  
o r  c o n t i n u o u s l y  d i f f e r e n t i a b l e  i n  x ,  o r  l o c a l l y  L i p s c h i t z ,  
t h e n  e a c h  o f  t h e s e  a s s u m p t i o n s  i m p l i e s  t h a t ,  p r o v i d e d  ( E )  h a s  
a  s o l u t i o n ,  t h a t  s o l u t i o n  i s  u n i q u e .
5T h e _ O p t i m a l  C o n t r o l  P r o b l e m .
F o r  e a c h  u e U  a n d  u n i q u e  r e s p o n s e  x ( • , u )  t o  u ( « ) /  d e f i n e  
J  =  J [ ? u ( . ) 3  -  / t f  f ° ( x ( t , u )  , u ( t )  , t ) d t  
w h e r e  £ ° :  R n  x  g  x  [ t 0 , t f ]  +  R .
T h e n  a n  o p t i m a l  c o n t r o l  p r o b l e m  c o n s i s t s  o f  a  c o n t r o l  p r o b l e m  
t o g e t h e r  w i t h  a  c o s t  f u n c t i o n a l  J .
G i v e n  a n  o p t i m a l  c o n t r o l  p r o b l e m ,  l e t  A 6  a { ( E )  , f i ‘, U , x o , G )  
b e  t h e  s e t  o f  a l l  c o n t r o l s  u e U ,  d e f i n e d  o n  a l l  g u b i n t e r v a l s
[ t g f t ^ ]  o f  s u c h  t h a t  u { « )  ' s t e e r s  x 0  t o  t h e
t a r g e t ' ,  i . e . ,  s u c h  t h a t
X( V e G ^t f i •
T h e n  a  c o n t r o l  v c A  i s  o p t i m a l  ( w i t h  r e s p e c t  t o  A )  i f
s  J C u ( - )  3  V  u c t i .
T w o  o f  t h e  m a j o r  p r o b l e m s  o f  c o n t r o l  t h e o r y  c a n  n o w  b e  
p o s e d  s
( i )  E x i s t e n c e  :  W h e n  d o e s  A c o n t a i n  a n  o p t i m a l  c o n t r o l ?
( i i )  N e c e s s i t y  :  W h a t  p r o p e r t i e s  m u s t  a n  o p t i m a l  c o n t r o l
T h e  e x i s t e n c e  o f  o p t i m a l  c o n t r o l s  o c c u p i e s  a  s p e c i a l  p l a c e  
i n  t h e  l i t e r a t u r e .  F o r  a  g e n e r a l  d i s c u s s i o n  t h e  r e a d e r  s h o u l d  
c o n s u l t  L e e  a n d  M a r k u s  i ; 4 1 3  r f o r  e x a m p l e .  A s  i n  t h e  c a l c u l u s  
o f  v a r i a t i o n s ,  t h e  e x i s t e n c e  o f  a  c o n t r o l  u c &  w h i c h  m i n i m i z e s  . 
j £ u M  .1 i m p l i e s  t h e  v a l i d i t y  o f  c e r t a i n  e q u a t i o n s  -  n e c e s s a r y  
c o n d i t i o n s .
f t a  A l t e r n a t i v e  f o r m u l a t i o n  o f  t h e  O p t i m a l  C o n t r o l  P r o b l e m -
T h e  f o r m u l a t i o n  o f  t h e  o p t i m a l  c o n t r o l  p r o b l e m  g i v e n  a b o v e  
i s  n o t  c o n v e n i e n t  f o r  t h e  d e r i v a t i o n  o f  t h e  M a x i m u m  P r i n c i p l e  
t h a t  w e  s h a l l  p r e s e n t  i n  l a t e r  s e c t i o n s .  W e  g i v e  a n  e q u i v a l e n t  
f o r m u l a t i o n .
C o n s i d e r  t h e  n o n - a u t o n o m o u s  ( t i m e  d e p e n d e n t )  s y s t e m
x ( t , u )  == f  ( x ( t , u )  , u ( t )  . t )  ,  x ( t 0 ) =  x o ,
w i t h  c o s t  f u n c t i o n a l
J C u ' j  -  |  f  £ 0 ( x ( t , u )  , u ( t )  , t ) d t .  
fco
D e f i n e  a n  a d d i t i o n a l  p h a s e  c o - o r d i n a t e  x °  b y
x ° ( t )  =- /  £ ° ( x ( t , u ) , u ( t ) , r ) d T ,  t e C t 0 , t f 3 .
t o
W e  o b s e r v e  t h a t
x ° ( t 0 , u )  -  0 , x ° ( t £ , u )  -  a c u ( t f ) 3 f
x ° { t , u )  »  £ ° ( x ( t , u ) , u ( t ) , t ) ,  t e  t Q » t £ 3 .  
C o n s i d e r  t h e  v e c t o r s  x ,  f  w h e r e  
X -  ( X ° , X ) ,  1  -
T h o n  t h e  a b o v e  e q u a t i o n s  c a n  b e  c o m b i n e d  t o  f o r m  t h e  s y s t e m  
x  «  f ' X . U / t ) .
T h e  I n i t i a l  c o n d i t i o n  f o r  t h e  s y s t e m  i s  g i v e n  b y
5 ( t 0 ,u )  = * * =  ( O 'V
w h i l e  t h e  f i n a l  s t a t e  i s  g i v e n  b y
x ( t f , u )  =  .
W e  a r e  n o w  r e q u i r e d  t o  f i n d  t h e  a d m i s s i b l e  c o n t r o l  u e A ,  
i f  i t  e x i s t s ,  w h i c h  t r a n s f e r s  t h e  g i v e n  i n i t i a l  p o i n t  x _  t o  
t h e  p o i n t  x f  s o  t h a t  t h e  i n t e r s e c t i o n  o f  t h e  t r a j e c t o r y  x ( » )  
w i t h  t h e  l i n e  L  d e f i n e d  b y
L -  (  ( e , X £ ) : 5 e. It }
h a s  t h e  s r a a l l e s t  x °  c o - o r d i n a t e .  S e e  F i g .  2 . 1 .  I t  i s  c l e a r  
t h a t  t h e  a u t o n o m o u s  o p t i m a l  c o n t r o l  p r o b l e m  c a n  b e  f o r m u l a t e d  
i n  t h e  s a u t e  w a y .
F i g u r e  2 . 1  
x "  ' ' S J  -  x ° ( t f )
T h e  R e a c h a b l e  S a t : .
W e  s h a l l  o f t e n  c o n s i d e r  t h e  c o n t r o l  p r o b l e m  w i t h  e i t h e r  t Q  
o r  t f  f i x e d  i n  a d v a n c e .  F o r  a  f i x e d  t ^ ,  f i x e d  i n i t i a l  c o n d i ­
t i o n  x Q a n d  f o r  e a c h  t  >  t ^  w e  d e f i n e  t h e  r e a c h a b l e  s e t  a t  
t i m e  t  b y
« ( t )  4  (  x ( t « 0 , t 0 , u < . ) )  ■. u c V, t g  f i x e d  } .
T h e  r e a c h a b l e  c o n e ,  t h e  s e t  o f  a l l  p o s s i b l e  p o i n t s  l y i n g  o n  t h e  
g r a p h  o f  a l l  r e s p o n s e s  t o  c o n t r o l s  i n  U  f o r  f i x e d  t 0 ,  i s  
d e f i n e d  b y
B . C .  6  {  ( t , W ( t ) l  :  t  a  t 0  ) .
I f  u  < v  a n d  t 0  <  t  <  t ,  a s s u m e  t h a t  t h e  r e s t r i c t i o n  o f  u ( - )
to  t t 0 , T l  b e l o n g s  t o  U .  H e n c e ,  i f  x ( t , u )  c  W ( t ) ,  i t  f o l l o w s
t h a t  x ( t , u )  c  W ( ' c )  f o r  e a c h  t ,  t Q  <  t  <  t .  H e n c e  t h e  r e a c h ­
a b l e  s e t s  W { t )  a r e  ' s l i c e s '  o r  ' c r o s s ' s e c t i o n s '  o f  t h e  r e a c h -  
n b l e  c o n e ,  a s  s h o w n  i n  F i g .  2 . 2 .
C l o s u r e  a n d  c o n v e x i t y  o f  t h e  s o t s  R . C .  a n d  W ( r )  ,  
t  <  t  •• (  ,  m a y  b e  u s e d  t o  e s t a l i l i s h  t h e  e x i s t e n c e  o f  s o l u t i o n s  
t o  t h e . -  o p t i m a l  c o n t r o l  p r o b l e m .  S e e  L e e  a n d  M a r k  u s  C 4 0 ] ,  R o x i n  
{ 5 4 1  a n d  N e u n t . a d t  I 4 9 1 .
T h e  P r i n c i p l e  o f  O p t i m a l  E v o l u t i o n ? I f  v ( - )  i s  a n  o p t i m a l  
c o n t r o l  f u n c t i o n ,  t h e n  f o r  e v e r y  t d : t 0 , t f ]  t h e  s t a t e  x ( t , v )  
b e l o n g s  t o  t h e  b o u n d a r y  o f  t h e  s e t  W ( t ) .  i . e . ,  t h e  r e s p o n s e  
x ( ► , v )  l i e s  o n  t h e  b o u n d a r y  S R C  o f  R . C .  o n  r t 0 , t f : i .
T h i s  p r i n c i p l e  w a s  d e v e l o p e d  i n d e p e n d e n t l y  a n d  i n  s l i g h t l y  
d i f f e r e n t  d i r e c t i o n s  b y  H a l k i n  [ 2 1 ]  a n d  R o x i n  [ 5 3 ] .
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3 .  T H E  H I S T O R I C A L  D E V E L O P M E N T  O F  T H E  M A X IM U M  P R I N C I P L E .
O n e  o f  t h e  f u n d a m e n t a l  p r o b l e m s  o f  c o n t r o l  t h e o r y  i s  t h a t  
o f  t r a n s f o r m i n g  a  s y s t e m  f r o m  o n e  s t a t e  t o  a n o t h e r  i n  m i n i m u m  
t i m e  o r  a t  m i n i m u m  c o s t  o f  r e s o u r c e s  i n  g e n e r a l .  T h e r e  a r e  m a n y  
v a r i a n t s  o i  t h i s  f u n d a m e n t a l  p r o b l e m  a n d  m a n y  p o w e r f u l  a p p r o a c h e s  
a r e  n o w  a v a i l a b l e  f o r  s o l v i n g  i t .  I n  i t s  c l a s s i c a l  f o r m ,  t h e  
q u e s t i o n  c a n  b e  t r e a t e d  b y  m e a n s  o f  t h e  c a l c u l u s  o f  v a r i a t i o n s .
I t  c a n  a l s o  b e  h a n d l e d  q u i t e  d i r e c t l y  b y  m e a n s  o f  d y n a m i c  
p r o g r a m m i n g  (  B e l l m e n  [ 7 3  ) .
T h e  s c h o o l  o f  o p t i m a l  c o n t r o l  w h o s e  a p p r o a c h  h a s  b e e n  
l a r g e l y  m a t h e m a t i c a l  h a s  i t s  i n c e p t i o n  i n  a  1 9 5 2  P h . D .  T h e s i s  b y  
D . W .  B u s h a w ,  ( . 1 4 3 .  B u s h a w  r e s t r i c t e d  h i m s e l f  t o  o n e  c o n t r o l l e d
v a r i a b l e .  H e  c o n f i n e d  h i s  s t u d y  t o  b a n g - b a n g  s y s t e m s  o n l y ,  a n d
f o r  t h e  s p e c i a l  s y s t e m s  s t u d i e d ,  p r o v e d  t h e  e x i s t e n c e  o f  t h e  
t i m e  o p t i m a l  c o n t r o l  f o r  b a n g - b a n g  s y s t e m s .  I n  1 9 5 3  A .  F e l d b a u m ,  
L 1 7 J ,  m a d e  t h e  c l a s s i c a l  f o r m u l a t i o n  o f  t h e  t i m e  o p t i m a l  c o n t r o l  
p r o b l e m  f o r  s y s t e m s  s u b j e c t  t o  s a t u r a t i o n .  I n  t h e  s a m e  y e a r  
L a  S a l l e ,  [ 3 5 . 1 ,  m a d e  t h e  o b s e r v a t i o n  t h a t  t h e  b e s t  o f  a l l  b a n g -  
b a n g  s y s t e m s ,  i f  i t  e x i s t s ,  i s  t h e n  t h e  b e s t  o f  a l l  s y s t e m s  
o p e r a t i n g  f r o m  t h e  s a m e  p o w o r  s o u r c e .
B e l l m a n ,  G l i e k s b e r g  a n d  G r o s s ,  [ 8 3 ,  c o n s i d e r e d  t h e  s y s t e m
X ( t )  »  A x ( t )  +  B u t t )  ( 3 . 1 )
w h o r e  S2 i s  t h e  c u b e  j u j , | s  1 ,  a n d  r e s t r i c t e d  t h e m s e l v e s  t o
t h e  p r o b l e m  o f  s t a r t i n g  a t  x 0  a n d  r e a c h i n g  t h e  o r i g i n  i n  m i n i ­
m u m  t i m e .  T h e  n  >< n  c o n s t a n t  m a t r i x  A  w a s  a s s u m e d  t o  h a v e  
n e g a t i v e  r e a l  p a r t s ,  B  w a s . a s s u m e d  t o  b e  a  c o n s t a n t  n o n s i n g u l a r
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n  x  n  m a t r i x .  T h e y  p r o v e d  t h e  e x i s t e n c e  o f  a n  o p t i m a l  s t e e r i n g  
f u n c t i o n .  T h e  f o r m  f o r  a n  o p t i m a l  s t e e r i n g  f u n c t i o n  i s  g i v e n  i n  
t h e  p r o o f .  H o w e v e r ,  t h e  f o r m  g i v e n  f o r  a n  o p t i m a l  s t e e r i n g  
f u n c t i o n  d o e s  n o t  i m p l y  t h a t  t h e r e  i s  a  b a n g - b a n g  o p t i m a l  s t e e r ­
i n g  f u n c t i o n .  G a m k r e l i d z e  C 1 8 ] ,  ( 1 9 ]  c o n s i d e r e d  t h e  s a m e  
p r o b l e m ,  b u t  h e  r e m o v e d  t h e  r e s t r i c t i o n  t h a t  B  b e  n o n s i n g u l a r .  
H e  p r o v e d  t h e  e x i s t e n c e  a n d  u n i q u e n e s s  o f  a n  o p t i m a l  c o n t r o l  f o r  
' n o r m a ] 1 s y s t e m s .  T h e  f o r m  o f  t h e  o p t i m a l  c o n t r o l  w a s  t h e  s a m e  
a s  t h a t  g i v e n  b y  B e l l m a n ,  G l i c k s b e r g  a n d  G r o s s ,  a n d  h e n c e ,  i n  
t h a t  c a s e ,  i t  c o u l d  b e  c o n c l u d e d  t h a t  t h e  o p t i m a l  c o n t r o l  i s  
b a n g - b a n g .
I n  a  s e r i e s  o f  p a p e r s  b e g i n n i n g  i n  1 9 5 7 ,  K r a s o v s k i i  ( 3 2 ] ,  
( 3 3 3 ,  ( 3 4 ]  t r e a t e d  t h e  m o r e  g e n e r a l  c o n t r o l  p r o b l e m  o f  h i t t i n g  
a  m o v i n g  p a r t i c l e  a n d  s t u d i e d  t h e  m o r e  g e n e r a l  c o n t r o l  s y s t e m
x ( t )  =  A ( t ) x ( t )  +  B ( t ) u ( t )  +  f ( t )  ( 3 . 2 )
w h e r e  U  i s  t h e  c u b e  s  1 ,  M t )  i s  a n  n  *  n  m a t r i x
f u n c t i o n ,  B ( U  i s  a n  n  x  m  m a t r i x  f u n c t i o n ,  x  a n d  f  a r e  
n - d i m e n s i o n a l  v e c t o r  f u n c t i o n s ,  u s i n g  r e s u l t s  o f  K r e i n  o n  t h e  
L - p r o b l e m  i n  a b s t r a c t  s p a c e s ,  h e  p r o v e d  t h e  e x i s t e n c e  o f  a n  
o p t i m a l  s t e e r i n g  f u n c t i o n  f o r  ' p r o p e r '  c o n t r o l  s y s t e m s .  L a  S a l l e  
[ 3 6  J  r e m a r k s  t h a t  i f  K r e i n ; ' s  r e s u l t s  a r e  t o  b e  u s e d  w i t h o u t  
m o d i f i c a t i o n ,  t h e  r e s t r i c t i o n  t o  p r o p e r  c o n t r o l  s y s t e m s  s e e m s  t o  
b e  n e c e s s a r y .
L a  S a l l e  [ 3 6 1 ,  ? 3 7 ]  c o n s i d e r e d  t h e  g e n e r a l  p r o b l e m  ( 3 . 2 )  
s t a t e d  a b o v e .  H o  e x t e n d e d  t h e  r e s u l t s  o f  ( 3 3 ] ,  a n d  a t  t h e  s a m e  
t i m o  e s t a b l i s h e d  t h e  b a n g - b a n g  p r i n c i p l e  f o r  a l l  c o n t r o l  s y s t e m s  
w h e r e  t h e  c o n t r o l l e d  e l e m e n t s  a r e  l i n e a r .  F o r  t h e  c o n t r o l  s y s t e m
( 3 . 2 ) ,  t h e  s t a t e  x ( t , u )  o f  t h e  s y s t e m  a t  t i m e  t  i s  g i v e n  b y
3 C ( t , u )  =  $ ( t ) X o  +  $ ( t ) /  Y ( T) U ( T ) d T  +  $ ( t )  / t  * " i T ) £ ( T ) d T
t o t o
w h e r e  t e C t 0 » t ^ ] ,  $  i s  t h e  f u n d a m e n t a l  m a t r i x  s o l u t i o n  t o  t h e  
e q u a t i o n  $ { t )  =  A ( t ) $ ( t ) ,  a n d  Y ( t )  =  » - t t ) B ( t )  .  I t  i s  r e q u i r e d  
a t  s o m e  t i m e  t  t o  h a v e  x ( t )  =  z ( t ) .  i . e .  * 3  h a v e
w { t )  =  /  
w h e r e  °
w ( t )  =  $ ~ t t ) z ( t )  -  y Q  ~  /  $ ” K ) f f T ) d T .
* 0
A ( t ) ,  B  ( t )  a n d  £ { t )  a r e  a s a t a n a d  t o  b e  c o n t i n u o u s  f o r  t ^  s  t  <  ” .
f l  i s  t h e  s e t  o f  a l l  i t v - d i m e n s i o n a l  v e c t o r  f u n c t i o n s /  
m e a s u r a b l e  o n  [ t 0 , t f ]  w i t h  l u ' S t ) !  s  1 .  L e t  f i °  b e  t h e
s u b s e t  o f  f u n c t i o n s  i n  $2 w i t h  | u ^ ( t ) |  =  1 .  D e f i n e
K ( t )  ^  < /  Y < t ) u (  c )d' r  t u  c y 
*0
K ° ( t )  S { / *  Y { T ) u °( T ) d T  : u °  e U°  } ,  t € t t 0 , t f 3 ,
w h o r e
U  { u  :  I t 0 , t f :i -«• w h e r e  u  i s  a d m i s s i b l e  } ,
U °  6  { u  :  I ' t  , t j ]  f  a 0 ,  w h e r e  u  i s  a d m i s s i b l e  } .
T h e  a c t .  K ( t )  1 8  r e l a t e d  t o  t h e  r o a c h a b l ©  s a t  W ( t ) ,  t c [ t 0 , t f ] .  
W e  B « e  t h a t  t h e  s t a t e  m(t) c a n  b e  r e a c h e d  i n  t i m e  t  u s i n g  t h e  
a l l o w a b l e  s t e e r i n g  i f  a n d  o n l y  i f  w ( t )  c K ° { t ) .  I t  c a n  b e  p r o v e d
K ( t )  “  K ° ( t )
a n d  k ( t )  i s  c l o s e d  a n d  c o n v e x .  T h i s  m e a n s  t h a t  a n y t h i n g  c a n  b e
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d o n e  b y  a n  a d m i s s i b l e  s t e e r i n g  f u n c t i o n  c a n  a l s o  b e  d o n e  b y  a  
b a n g - f o a n g  f u n c t i o n .  H e n c e ,  f o r  t h e  s y s t e m  d e s c r i b e d  b y  ( 3 . 2 ) ,  
i f  t h e r e  i s  a  s t e e r i n g  f u n c t i o n  u  i n  n  s u c h  t h a t  x ( t , u )  =  
a ( t )  f o r  s o m e  t  >  t o ,  t h e n  t h e r e  i s  a n  o p t i m a l  s t e e r i n g  
f u n c t i o n  i n  n ° .  M o r e o v e r ,  a l l  o p t i m a l  s t e e r i n g  f u n c t i o n s  v  
a r e  o f  t h e  f o r m
v ( t >  ■  s i g n  L r ) Y ( t )  3 ,  t « C t 0 , t f 3 ,  ( 3 . 3 )
w h e r e  B  i s  s o m e  n - d i m e n s i o n a l  v e c t o r /  a n d  a  == s g n  b  m e a n s  
t h a t  a 1  =  I  w h e n  b 1  >  o, a n d  a 4, «  - 1  w h e n  b 1  <  0 .
A  f a i r l y  s t r a i g h t f o r w a r d  p r o o f  o f  t h e  a b o v e  r e s u l t  i s  g i v e n  
b y  L a  S a l l e  1 3 7 3 ,  C. 3 8 ' )  u s i n g  a  t h e o r e m  o n  t h e  r a n g e  o f  a n  
a b s t r a c t  v e c t o r  m e a s u r e ,  d u e  o r i g i n a l l y  t o  D i a p u n o v  [ 4 2 ]  a n d  
s u b s e q u e n t l y  s i m p l i f i e d  b y  H a l m o s  [ 3 9 ]  a n d  e x t e n d e d  b y  
B l a c k w e l l  t ' l o l .  u s i n g  a  g e n e r a l i z a t i o n  o f  t h e  t h e o r e m  o f  
L i a p v m o v ,  g i v e n  i n  f  2 2 3 ,  H a l k i n  1 2 3 3  e x t e n d e d  L a  S a l l e ' s  
r e s u l t  t o  A C * ) ,  B ( * )  p i e c e w i s e  a n a l y t i c .  F o r  a  g o o d  t e x t  
o n  t h e  m a t t i r . 1  n l  c o v e r o r t  s o  f a r ,  t h e  r e a d e r  s h o u l d  c o n s u l t  
S t r a u s s  I f l O l .
A t  t h o  1 0 r > 8  I n t e r n a t i o n a l  C o n g  r o s e  o f  M a t h e m a t i c i a n s  i n  
E d i n b u r g h ,  l , . S ,  P o n t r y a g i n  a n n o u n c e d  t h o  ’ M a x i m u m  P r i n c i p l e ' , [ 5 0 1 ,  
w h i c h  w « » o  t h e  s t a r t  of a n  o v e n  m o r e  g e n e r a l  t h e o r y .  T h i s  
p r i n c i p l e ,  loading to the s o l u t i o n  o f  t h o  g e n e r a l  p r o b l e m  o f  
f i n d i n g  a  control p r o c e s s ,  o p t i m u m  for r a p i d  a c t i o n ,  w a s  h y p o t h -  
t i s i z t - d  i n  1 9 5 6  b y  P o n t r y a g i n  o n  t h o  b a s i s  o f  t h e  r e s u l t s  o f  w o r k  
p e r f o r m e d  b y  h i m s e l f ,  V . G .  B o l t y a n n k i i  a n d  R . V .  G a m k r e l i d z e .  T h e  
M a x i m u m  P r i n c i p l e  w a s  v e r i f i e d  a t  f i r s t  f o r  i n d i v i d u a l  t y p e s  o f  
s y s t e m s ,  a n d  i n  p a r t i c u l a r ,  w a s  p r o v e d  i n  C 1 9 J  for l i n e a r
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s y s t e m s .  B o l t y a n s k i i  f u l l y " p r o v e d  t h a t  t h e  M a x i m u m  P r i n c i p l e  w a s  
a  n e c e s s a r y  c o n d i t i o n  f o r  o p t i m a l i t y  i n  r e l a t i o n  t o  r a p i d  a c t i o n .  
G a f f i k r e l i d z e  [ 1 8 ] ,  [ 1 9 ]  p r o v e d  t h e o r e m s  o f  e x i s t e n c e  a n d  u n i q u e ­
n e s s  a n d  e x a m i n e d  t h e  p r o b l e m  o f  s y n t h e s i z i n g  c o n t r o l s  f o r  l i n e a r  
s y s t e m s ,  o p t i m u m  i ' o r  r a p i d  a c t i o n .  T h e  M a x i m u m  P r i n c i p l e  w a s  t h e n  
e x t e n d e d  t o  t h e  g e n e r a l  c a s e  o f  m i n i m i z i n g  a n  a r b i t r a r y  f u n c t i o n - ’ 
a l  o f  t h e  i n t e g r a l  f u n c t i o n  0 £  v a r i a b l e  s y s t e m s .
I n  [ 5 1 ]  t h e x o  i s  a  d e t a i l e d  p r e s e n t a t i o n  o f  t h e  b a s i c  
r e s u l t s  o b t a i n e d  b y  P o n t r y a g i n  a n d  h i s  a s s o c i a t e s  a t  t h a t  e t a g e .
T h e  c o n t r o l  v e c t o r  u  i s  r e q u i r e d  t o  l i e  i n  a  c l o s e d  s e t ,  t h e  
t e r m i n a l  s t a t e  x f  i s  a  p r e s c r i b e d  v e c t o r ,  a n d  t h e  t e r m i n a l  t i m e  
i s  a r b i t r a r y .  P o n t r y a g i n  a p p l i e d  t h e  M a x i m u m  P r i n c i p l e  t o  t h e  
l i n e a r  c o n t r o l l e d  s y s t e m  o f  t h e  f o r m  ( 3 , 1 ) ,  w h o r e  R  i s  a  g e n e r a l  
c o n v e x  p o l y h e d r o n  h a v i n g  t h e  o r i g i n  a s  a n  i n t e r i o r  p o i n t .  I n  a  
s e r i e s  o f  a r t i c l e s ,  R o z a n o e r  [ 5 6 ]  e x t e n d e d  t h e  M a x i m u m  P r i n c i p l e  
t o  p r o b l e m s  i n  w h i c h  t h e  t e t m i n a l  t i m e  t f  i s  f i x e d  a n d  i s
f r e e *  R o z o n o e r  a l s o  e s t a b l i s l v a d  the c o n n e c t i o n  b e t w e e n  t h e  
M a x i m u m  P r i n c i p l e  a r . d  t h e  m e t h o d  o f  d y n a m i c  p r o g r a m m i n g ,  a n d  
f o r m u l a t e d  e n d  n r o v e d  t h e  p r i n c i p l e  f o r  o o t i m u m  p r o c e s s e s  i n  l i n e a r  
d i s c r e t e - t i m e  s y s t e m o ,  a n a l o g o u s  t o  t h e  M a x i m u m  P r i n c i p l e ,  A  
d e t a i l e d  a c c o u n t  of t h e  r e s u l t s  o f  t h e  v a r i o u s  p a p e r s  w r i t t e n  b y  
P o n t r y a g i n ,  B o l t y a n s k i i ,  e a r o k r t f l l d z o  a n d  M i s c h e n k o  i s  p r e s e n t e d  
i n  [1 2 ], T h e  a u t h o r s ' r n s u l t s  w o r e  f i n a l l y  c o l l a t e d  i n  [5 2 ]. T h e  
M a x i m u m  P r i n c i p l e  i n  p r o v e d  f o r  a u t o n o m o u s  s y s t e m s .  C e r t a i n  
c l a s s e s  o f  n o n - a u t o n n m u u s  s y s t e m s  a r c  t r a n s f o r m e d  i n t o  a u t o n o m o u s  
s y s t e m s ,  w h e r e  i t  i s  r e q u i r e d  t h a t  t h e  f u n c t i o n s  b e  c o n t i n u o u s l y  
d i f f e r e n t i a b l e  w . r . t .  t .  T h e  n e c e s s a r y  c o n d i t i o n s  a r e  d e r i v e d  f o r  
t h e  p r o b l e m  w h e r e  t h e  t r a j e c t o r y  m u s t  r e m a i n  i n  s o m e  c l o s e d  d o m a i n
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o f  t h e  p h a s e  s p a c e ,  a  d e t a i l e d  a n a l y s i s  o f  l i n e a r ,  a u t o n o m o u s  
t i m e - o p t i m a l  p r o b l e m s  i s  g i v e n .  I t  i s  a l s o  s h o w n  t h a t  t h e  b a s i c  
n e c e s s a r y  c o n d i t i o n s  o f  t h e  c l a s s i c a l  v a r i a t i o n a l  c a l c u l u s  w i t h  
o r d i n a r y  d e r i v i t i v e s  f o l l o w  f r o m  t h e  M a x i m u m  P r i n c i p l e . .
T h e  p r o o f  o f  P o n t r y a g i n  a n d  h i s  a s s o c i a t e s  i s  b a s e d  o n  t h e  
c o n s t r u c t i o n  o f  t h e  s p e c i a l  v a r i a t i o n s  w h i c h  w e r e  d e v e l o p e d  
i n i t i a l l y  b y  M e  S h a n e  [ 4 4 ] .  T h e s e  s p e c i a l  v a r i a t i o n s  l e a d  t o  
t h e  c o n s t u c t i o n  o f  s o m e  c o n v e x  c o n e s .  W h i l e  M e  S h a n e  u s e s  b o t h  
s t r o n g  a n d  w e a k  v a r i a t i o n s  t o  c o n s t r u c t  t h e  c o n e ,  P o n t r y a g i n  e t  
a l  u s e  o n l y  s t r o n g  v a r i a t i o n s .  A  h e u r i s t i c  o u t l i n e  o f  t h e  p r o o f  
o f  t h e  M a x i m u m  P r i n c i p l e  g i v e n  i n  [ 5 2 ]  i s  p r e s e n t e d  i n  t h e  
n e x t  s e c t i o n .
B o l t y a n s k i i  [ 1 1 ]  u s e s  p i e c e w i s e  c o n t i n u o u s  f u n c t i o n s  t o  
g i v e  a  s i m p l e r  b u t  s i m i l a r  p r o o f  t o  t h a t  i n  [ 5 2 ] .  H o w e v e r ,  i t  
o n l y  a p p l i e s  t o  p r o b l e m s  f o r  w h i c h
f ° ( X , u >  >  O .
D i l i b e r t o  [ 1 5 ]  g e n e r a t e s  t h e  c o n e s  o f  P o n t r y a g i n  b y  u s i n g  
v e c t o r s  w i t h  n o t  o n l y  p o s i t i v e ,  b u t  a l s o  n e g a t i v e  c o e f f i c i e n t s .
H e  g i v e s  a  n o n l i n e a r  g e n e r a l i z a t i o n  o f  t h e  b a n g - b a n g  p r i n c i p l e .
T h e  p r o b l e m  w i t h  p e r f o r m a n c e  i n d e x
3  =  /  £  f ° ( x , u , t ) d t  +  g ( x ( t f ) , t f )
w h o r e  g < -  , • )  i s  d e f i n e d  o n  a  s e t  o f  t e r m i n a l  s t a t e s ,  w a s  
c o n s i d e r e d  b y  B e r k o v i t z ,  [ 9 ] ,  w h e r e  a  s e t  o f  n e c e s s a r y  c o n d i t i o n s  
a p p l i c a b l e  t o  a  w i d e r  c l a s s  o f  s u c h  p r o b l e m s  i s  d e r i v e d .  T h i s  
r e s u l t  i s  b a s e d  o n  M o -  S h a n e ' s  p r o o f  o f  t h e  m u l t i p l i e r  r u l e  f o r  
t h e  a b n o r m a l  c a s e  o f  t h e  p r o b l e m  o f  B o l z a .  U s i n g  a  d e v i c e  o f
V a l e n t i n e  [ 5 8 3  h e  o b t a i n s  a n  e q u i v a l e n t  p r o b l e m  o f  B o l z a .  
N e c e s s a r y  c o n d i t i o n s  f r o m  t h e  B o l z a  p r o b l e m  a r e  t r a n s l a t e d  i n t o  
n e c e s s a r y  c o n d i t i o n s  f o r  t h e  o p t i m a l  c o n t r o l  p r o b l e m .  H o w e v e r ,  
t h i s  p r o o f  p r e s u p p o s e s  a n  e x t e n s i v e  k n o w l e d g e  o f  t h e  c a l c u l u s  o f  
v a r i a t i o n s .
I t  s h o u l d  b e  n o t e d  t h a t  a  s i m i l a r  M a x i m u m  P r i n c i p l e  w a s  a l s o  
o b t a i n e d  b y  H e s t e n e s  [ 3 0 ] ,  u s i n g  a  g e n e r a l i z e d  L a g r a n g e  m u l t i ­
p l i e r  r u l e .  T h e  d e v e l o p m e n t  g i v e n  i s  a l s o  a n  o u t g r o w t h  o f  t h e  
m e t h o d  i n t r o d u c e d  b y  M e  S h a n e  a n d  l a t e r  m o d i f i e d  a n d  e x t e n d e d  t o  
o p t i m a l  c o n t r o l  t h e o r y  b y  P o n t r y a g i n  e t  ml.
A  M a x i m u m  P r i n c i p l e  f o r  t h e  p r o b l e m  w i t h  p e r f o r m a n c e  
f u n c t i o n a l
J  =  g ( x g { t f ) , x _ ( t £ ) )  
w h e r e  g  i s  a  s c a l a r ,  a n d
Xg ( t )  “  £ g ( x ( l ' )  , U (T )  , T ) d T
w h i l e
x ( t )  =  x ( t 0 ) +  /  f  ( x ( r )  , u ( t )  , T ) t i T ,
w a s  o b t a i n e d  b y  A .  W i e r z b i c k i  [ 6 3 3 .  T h i s  i s  d o n e  b y  m o d i f y i n g  
t h e  p r o o f  o f  P o n t r y a g i n  a n d  a s s u m i n g  t h a t  g  i s  s e m i c o n v e x .
S i n c o  a  f u n c t i o n  c a n  b e  s e m i c o n v e x  e v e n  i f  i t  i s  n o t  c o n t i n u o u s ,  
l - h i E i  r e p r e s e n t s  a  c o n s i d e r a b l e  g e n e r a l i z a t i o n  o f  t h e  p r e v i o u s  
r e s u l t s .
W a r g a  [ 6 1 3  s u g g e s t s  t h a t  a  s y s t e m  t h a t  d o e s  n o t  s a t i s f y  
t h e  p r o p e r t y  t h a t
j = ( x , R , t )  =  { 5 { x , u , t )  i  u  e  R  1
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i s  c o n v e x ,  s h o u l d  b e  ' r e l a x e d 1 ,  b y  e n l a r g i n g  t h e  s e t  o f  a l l o w e d  
v a l u e s  o f  x ( t )  «  ( x ° , x )  f r o m  f  ( x , f i , t )  t o  t h e  c l o s u r e  o f  t h e  
c o n v e x ,  h u l l  o f  f  ( x  , f i ,  t ) .  H e  t h e n  s h o w s  t h a t  t h e  s o l u t i o n s  o f  t h e  
r e l a x e d ,  p r o b l e m  c a n  b e  u n i f o r m l y  a p p r o x i m a t e d  b y  t h e  s o l u t i o n s  o f  
t h e  o r i g i n a l  p r o b l e m .  T h e s e  r e l a x e d  c u r v e s  m u s t  s a t i s f y  n e c e s s a r y  
c o n d i t i o n s  w h i c h  a r e  g e n e r a l i z a t i o n s  o f  t h e  M a x i m u m  P r i n c i p l e .  A  
r e c e n t l y  p u b l i s h e d  b o o k  b y  t h e  s a m e  a u t h o r ,  [ 6 2 ] ,  c o n t a i n s  
M a x i m u m  P r i n c i p l e s  f o r  r e l a x e d  a n d  o r d i n a r y  s o l u t i o n s  o f  p r o b l e m s  
d e f i n e d  b y  d i f f e r e n t i a l  a n d  f u n c t i o n a l  i n t e g r a l  e q u a t i o n s ,  t h e s e  
b e i n g  a  c o n s i d e r a b l e  e x t e n s i o n  o f  t h e  r e s u l t s  i n  [ 6 1 ] .  M e  S h a n e  
I 4 6 ]  e x t e n d s  t h e  r e s u l t s  o f  W a r g a  [ 6 1 ]  t o  a p p l y  t o  u n b o u n d e d  
c o n t r o l s ,  a n d  a l s o  t o  t i m e  a n d  s t a t e  d e p e n d e n t  c o n t r o l  r e g i o n s  
0  -  W ( x , t ) .  A n  a r t i c l e  b y  B a u m  a n d  C e s a r i ,  [ 6 ] ,  g i v e s  a  s i m p l i f i e d  
p r o o f  o f  P o n t r y a g i n ' s  n e c e s s a r y  c o n d i t i o n s  b y  i m p o s i n g  s o m e  
a d d i t i o n a l  c o n v e x i t y  c o n s t r a i n t s  o n  t h e  s e t s  1  ( x , f i  ( t ' >  , t )  .
A n  a t t e m p t  a t  t h e  u n i f i c a t i o n  o f  t h e  i n t i r a i t e l y  c o n n e c t e d  
c o n c e p t s  o f  Y o u n g ' s  g e n e r a l i z e d  c u r v e s ,  [ 6 4 ] ,  a n d  r e l a x e d  
v a r ia tio n a l p r o b l e m s  i s  g i v e n  b y  G a m k r e l i d z e  i n  [ 2 0 ] ,  T h i s  i s  
none, b y  i n t r o d u c i n g  t h e  r e l a t e d  c o n c e p t s  o f  q u a s i - c o n v e x i t y  a n d  
• c h a t t e r i n g '  o r  ' g e n e r a l i z e d '  c o n t r o l s .  A  g e n e r a l i z e d  c o n t r o l  
a l i g n s  t o  a l m o s t  e v e r y  t ,  a  p r o b a b i l i t y  m e a s u r e  u (  - , t )  ,  
d r f j . n o d  o n  t h e  L n b e s q u e  s u b s e t s  o f  £2 . I f  0  i s  c o m p a c t ,  t h e  
d e m o r a l i z e d  c o n t r o l s  m a y  b e  c o n s i d e r e d  e l e m e n t s  o f  t h e  d u a l  s p a c e  
# * ( £ { ) .  Those r e d u c e  t o  t h e  c o n v e n t i o n a l  c o n t r o l  u  i f  t h e  m e a s u r e  
i s  w h o l l y  c o n c e n t r a t e d  a t  u .  U s i n g  t h i s ,  G a m k r e l i d z e  d e r i v e s  a n  
i n t e g r a l  f o r m  o f  P o n t r y a g i n ' s  M a x i m u m  P r i n c i p l e ,  w h i c h  i n c l u d e s  
t h e  M a x i m u m  P r i n c i p l e  f o r  c o n v e n t i o n a l  c o n t r o l s  a s  a  s p e c i a l  
c a s e .  I f  o n l y  c o n v e x i t y  i s  r e q u i r e d ,  t h e n  t h e  i n t r e g r a l  f o r m  o f
t h .  M m i l m n m  P r U , o i p l .  1 .  n o t  < U r . c t l y  t o  o o c w t l o n . l
c o n t r o l s  f  b u t  o » n  b e  r e p l a c e d  b y  a  v e r s i o n  o f  t h e  M a x i m u m  
P r i n c i p l e  w i t h  g e n e r a l i z e d  c o n t r o l s ,  [ 6 4 ] , f
A n o t h e r  r e c e n t  a p p r o a c h  i s  t h e  u s e  o f  t h e  ' e p s i l o n '  t e c h ­
n i q u e  I n  o p t i m a l  c o n t r o l .  T h e  e p s i l o n  t e c h n i q u e  i s  a t  o n c e  a  
' r e l a x a t i o n '  m e t h o d  a n d  s  ' p e n a l t y  f u n c t i o n '  m e t h o d .  C o n s i d e r
/ ^ f  f ° ( x ( t ) , u ( t ) , t ) d t
s u b j e c t  t o  t h e  s t a t e  d y n a m i c s
x { t }  =  £ ( x ( t )  , u ( t )  , t )  ,  x ( t 0 )  ™ 3Cq
w h e r e  x ( « )  m a y  b e  s u b j e c t  t o  t e r m i n a l  c o n d i t i o n s  a n d  u ( - )  i s  
c o n s t r a i n e d .  T h e  e p s i l o n  t e c h n i q u e  i e  t o  r e p l a c e  t h e  p r o b l e m  b y  
a  s e q u e n c e  o f  n o n d y n a m i c  p r o b l e m s :
F o r  e a c h  s  >  0  m i n i m i z e
-  £ { x ( t ) , u ( t )  f t )  I I d t  +  / t f  f ° ( x ( t ) , u ( t ) , t ) d t  
2z  fco  t o
o v e r  t h e  c l a s s  o f  s t a t e  f u n c t i o n s  x M  ,  a b s o l u t e l y  c o n t i n u o u s  
a n d  s a t i s f y i n g  t h e  s t i p u l a t e d  i n i t i a l  a n d  f i n a l  c o n d i t i o n s ,  a n d  
c i v a r  t h e  c l a s s  o f  c o n t r o l  f u n c t i o n s  u  ( • )  c o n s t r a i n e d  a s  i n  t h e  
o r i g i n a l  p r o b l e m .  F o r  e a c h  f i x e d  e p s i l o n ,  t h i s  ' f r e e '  ( f r e e  o f  
t i i H  d y n a m i c  c o n s t r a i n t )  p r o b l e m  i a  s i m p l e r  t h e o r e t i c a l l y  a n d  
f a s t e r  c o m p u t a t i o n a l l y .  A S  e p s i l o n  g o e s  t o  z e r o ,  w e  e x p e c t  t h e  
s o l u t i o n ,  1 !  i t  e x i s t a ,  t o  a p p r o x i m a t e  t h e  s o l u t i o n  t o  t h e  
o r i g i n a l  p r o b l e m .  T h i s  i a  in  f a c t  w h a t  h a p p e n s ,  [ 2 ] .  T h e  r e l a x e d  
p r o b l e m  d o o r - ;  n o t  a l w a y s  h a v e  a  s o l u t i o n .  I n  f a c t ,  i f  t h e  o p t i m a l  
c o n t r o l  p r o b l e m  d o e r )  n o t  h a v e  a  s o l u t i o n ,  t h e  e p s i l o n  p r o b l e m
t  Much o f  t h o  m a t e r i a l  n o v c t e d  s o  f a r  i n  t h i s  s e c t i o n  on  t h e  
g o n o i r a U z a t i o n B  and  e x t e n s i o n s  o f  P o n t r y a g i n ' e  Maximum 
P r i n c i p l e  h a s  b o o n  o b t a i n e d  f rom Horn [ 3 1 J .
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d o e s  n o t  h a v e  a  s o l u t i o n  e i t h e r .  T h e  e p s i l o n  t e c h n i q u e  h a s  
p r o v i d e d  a  c o n s t r u c t i v e  d e r i v a t i o n  o f  t h e  M a x i m u m  P r i n c i p l e ,
C 2 ] ,  [ 3 3 ,  [ 5 3 ,  a n d  i n  p a r t i c u l a r ,  a  c o n s t r u c t i v e  m e t h o d  f o r  
o b t a i n i n g  t h e  L a g r a n g e  m u l t i p l i e r s ,  w h o s e  e x i s t e n c e  a l o n e  i s  
u s u a l l y  p r o v e d .
M e r s k y  [ 4 7 3  h a s  p r e s e n t e d  a n  e x t e n s i o n  o f  t h e  e p s i l o n  
t e c h n i q u e  o f  [ 5 3 .  H e  o u t l i n e s  t h e  r e s u l t s  o b t a i n e d  i n  [ 4 8 3 .
H e  w o r k s  i n  t h e  c l a s s  o f  g e n e r a l i z e d  c o n t r o l s  i n  t h e  s e n s e  o f  
Y o u n g  [ 6 4 3  a r i d  M e  S h a n e  [ 4 5 3 .  f t  i s  a s s u m e d  t o  b e  a  c o m p a c t  
s e t  i n  sm. S o  a  w e a k *  t o p o l o g y  i s  u s e d  f o r  t h e  t o p o l o g y  o f  U ,  
t h e  c l a s s  o f  g e n e r a l i z e d  c o n t r o l s  g e n e r a t e d  b y  t h e  c o m p a c t  s e t  
f t  .  M e r s k y  r e p l a c e s  t h e  c o n s t r a i n e d  p r o b l e m  ( P )  w i t h  t h e  
e p s i l o n  p r o b l e m  ,  a n d  p r o v e s ,  w o r k i n g  i n  t h e  c l a s s  o f
g e n e r a l i z e d  c o n t r o l s ,  t h a t  t h e r e  e x i s t s  a  s o l u t i o n  ( x e  ( • )  , v 6  ( • ) )  
t o  t h e  e p s i l o n  p r o b l e m .  A l s o ,  t h i s  s o l u t i o n  s a t i s f i e s  t h e  ' e -  
M a x i m v u n  P r i n c i p l e ' .  T h e n ,  a s  e  0 ,  x £ { « )  c o n v e r g e s  u n i f o r m l y  
t o  x ( * , v ) ,  v r  c o n v e r g e s  w e a k *  t o  v ,  w h e r e  ( x ( " , v ) , v )  i s  a  
s o l u t i o n  t o  t h e  p r o b l e m  ( P )  .  F u r t h e r m o r e ,  t h e  M a x i m u m  P r i n c i p l e  
f o r  t h e  p r o b l e m  ( P )  c a n  b e  e s t a b l i s h e d ,  p r o v i d e d  t h a t  a  c e r t a i n  
m a t r i x ,  a r i s i n g  o u t  o f  t h e  c o n s t r a i n t  e q u a t i o n s ,  h a s  f u l l  r a n k  
a l o n g  t h e  o p t i m a l  s o l u t i o n .
A  c o m p l e t e l y  d i f f e r e n t  a p p r o a c h  t o  d e r i v i n g  t h e  M a x i m u m  
P r i n c i p l e  h a s  a s  i t s  b a s i s ,  t h e  P r i n c i p l e  o f  O p t i m a l  E v o l u t i o n .  
Thin l u u i  b o o n  u s e d  b y  R o x i n  f 5 5 J  t o  l o o k  a t  P o n t r y a g i n ' s  
n a c o a o a i y  c o n d i t i o n s  f r o m  a  g e o m e t r i c  p o i n t  o f  v i e w .  B a l k i n  h a s  
u s e d  t h e  P r i n c i p l e  o f  O p t i m a l  E v o l u t i o n  t o  e x t e n d  t h e  p r o o f  o f  
L a  S a l l e  1 3 7 1  t o  t h e  g e n e r a l  o p t i m a l  c o n t r o l  p r o b l e m ;  H a l k i n  
d o o a  n o t  r e q u i r e  that n o n - a u t o n o m o u s  s y s t e m s  n e e d  t o  b e
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t r a n s f o r m e d  i n t o  a u t o n o m o u s  s y s t e m s .  T h i s  m e a n s  t h a t  t h e  f u n c t i o n s  
a r e  n o t  r e q u i r e d  t o  s a t i s f y  t h e  p r o p e r t y  t h a t  t h e y  m u s t  b e  
d i f f e r e n t i a b l e  w . r . t .  t .  T h e  p r o o f s  o f  H a l k i n  a r e  b a s e d  o n  s p e c i a l  
v a r i a t i o n s ,  w h i c h  a r e  d i f f e r e n t  f r o m  t h e  v a r i a t i o n s  o f  M e  S h a n e ,  
a n d  w h i c h  l e a d  t o  t h e  c o n s t r u c t i o n  o f  s o m e  c o n v e x  s e t s .  T h e  c o n v e x  
c o n e s  o f  M e  S h a n e  a r e  s p a n n e d  b y  t h e s e  c o n v e x  s e t s .  H a l k i n  [ 2 4 ]  
d e v e l o p s  t h e  M a x i m u m  P r i n c i p l e  f o r  a  c l a s s  o f  p r o b l e m s  w h i c h  
d e p e n d s  o n l y  o n  t h e  c o n t r o l  s y s t e m  w i t h  i n i t i a l  c o n d i t i o n s ,  a n d  
n o t  o n  t h e  p a r t i c u l a r  c o n t r o l  p r o b l e m .  I t  i s  r e q u i r e d  t h a t  t h e  
f u n c t i o n s  a r e  s u f f i c i e n t ! '  d i f f e r e n t i a b l e .  W e  o u t l i n e  a  g e n e r a ­
l i z a t i o n  o f  t h i s  p r o o f ,  [ ' 2 5 3  ,  i n  a  l a t e r  s e c t i o n ,  w h e r e  t h e  
d i f f e r e n t i a b i l i t y  c o n d i t i o n s  a r e  r e l a x e d .  A  c e r t a i n  k n o w l e d g e  
o f  m e a s u r e  t h e o r y  i s  r e q u i r e d .  I n  a  l a t e r  r e s u l t ,  H a l k i n  [ 2 7 ]  
d i s p e n s e s  w i t h  m e a s u r e  t h e o r e t i c a l  r e s u l t s ,  b y  c o n s i d e r i n g  t h e  
c l a s s  o f  p i c o e w i s e  c o n t i n u o u s  c o n t r o l s  a n d  p i e c e w i s e  c o n t i n u o u s  
f u n c t i o n s .  S u b s e q u e n t l y ,  B r y a n t  a n d  M a y n e  [ 1 3 ]  i m p r o v e d  o n  
H a l k i n 1 s  p r o o f  b y  e x t e n d i n g  U  t o  b e  t h e  c l a s s  o f  e x t e n d e d  
p i e c e w i s e  c o n t i n u o u s  c o n t r o l s ,  a n d  a t  t h e  s a m e  t i m e  t h e y  
s i m p l i f i e d  t h e  m a t h e m a t i c a l  c o n t e n t ,
I n  t h e -  r e t i t  o f  t h i s  e s s a y ,  w e  s h a l l  c o n c e n t r a t e  o n  o u t l i n i n g  
t h u  p r o o f s  o f  t h e  M a x i m u m  p r i n c i p l e  b y  P o n t r y a g i n  e t  e l  [ 5 2 2  ,  
H a l k i n  [ 2 5 ] ,  1 2 7 1  a n d  B r y a n t  a n d  M a y n e  [ 1 3 1  i n  g r e a t e r  d e t a i l  
a n d  a t t e m p t ,  t o  g i v e  t h e  r e a d e r  a n  i n t u i t i v e  i n s i g h t  i n t o  t h e  
a p p r o a c h e s  u s e d  i n  t h e s e  p r o o f s .
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4 ‘  B 0 L T Y A H 5 K I I  r P i A M K E E L I D Z E  A H D
M I S g j E H K O  O F  T H E  M A X IM U M  P R I N C I P L E ,  ^ 5 2 ] ,
I n  t h i s  s e c t i o n  w e  p r o p o s e  t o  g i v e  a n  i n t u i t i v e  o u t l i n e  o f  
t h e  a p p r o a c h  u s e d  b y  P o n t r y a g  i n  e t  a l  t o  d e r i v e  t h e  M a x i m u m  P r i n ­
c i p l e .  F o r  a  m o r e  d e t a i l e d  ' h e u r i s t i c '  p r e s e n t a t i o n  o f  t h e  M a x i m u n  
P r i n c i p l e ,  w e  r e f e r  t h e  r e a d e r  t o  A t h e n s  a n d  F a l b ,  C 1 3 .
A s s u n p t l o n s .
L e t
( i )  u  b e  t i m e  i n v a r i a n t
( i i )  U ,  t h e  s e t  o f  a d m i s s i b l e  c o n t r o l s ,  b e  t h e  c l a s s  o f  a l l  
b o u n d e d  m e a s u r a b l e  v e c t o r  v a l u e d  f u n c t i o n s  u  o f  t  
w h i c h  s a t i s f y  t h e  c o n d i t i o n  u ( t ) s R ,  V t f f C t 0 , t f ] .
( i l l )  f  ( x , u ) ,  fx  ( x ,  u )  b e  c o n t i n u o u s  o n  Rn * Q x T,  w h e r e  
n  i s  t h e  c l o s u r e  o f  f l .
S t a t e m e n t  o f  P r o b l e m .
T h e  c o n t r o l  p r o b l e m  h a s  b e e n  f o r m u l a t e d  i n  C h a p t e r  2 .  H o w e v e r ,  
P o n t r y a g i n  e t  a l  c o n s i d e r  t h e  a u t o n o m o u s  p r o b l e m  w i t h  s y s t e m  
e q u a t i o n  o f  t h e  f o r m
x  -  £  ( x  ,  u )  .
T w o  s p e c i a l  c a s e s  o f  t h e  c o n t r o l  p r o b l e m  a r e  c o n s i d e r e d .
S p e c i a l  P r o b l e m  1  :  T h e  t a i g o t  s e t  S  i s  o f  t h e  f o r m
S  «  { x £ } ^  C t 0 » t f 3 ,  
w h e r e  G ( t )  2  x f  f o r  -  »  <  t  <  « .
1.  .  f i n d  o f  R*. Tho. o p o o i^  p z o b i«  1 1 , .
2 2
f l K e d - e n d - p o i n t ,  f r e e - t i m e  p r o b l e m .
P n a i -  2  ,  m .  . .  ,  i .  o f  t h .  & =
' - " l "  [ t o - t f l -
w h e r e  6 l  i s  e i t h e r  a  s m o o t h  k - f o l d  i n  R n ,  o r  a l l  o f  R n . T h u s  
s p e c i a l  p r o b l e m  2  i s  a l s o  a  f r e e - t i m e  p r o b l e m .
T h e  o n l y  d i f f e r e n c e  b e t w e e n  t h e  t w o  s p e c i a l  p r o b l e m s  i s  t h e  
d i f f e r e n c e  b e t w e e n  t h e  f o r m s  o f  t h e  t a r g e t  s e t .  W e  s h a l l  f i r s t  
c o n s i d e r  s p e c i a l  p r o b l e m  1  a n d  o u t l i n e  t h e  b a s i c  M a x i m u m  P r i n c i p l e  
f o r  t h e  p r o b l e m ,  a n d  t h e n  e s t a b l i s h  t h e  t r a n s v e r s a l i t y i  c o n d i t i o n s  
w h i c h  c h a r a c t e r i z e  s p e c i a l  p r o b l e n  2 .
T h e  P r i n c i p l e  o f  O p t i m a l i t y .
T h i s  i s  a  q u i t e  e l e m e n t a r y ,  b u t  v e r y  u s e f u l  r e s u l t .  I f  v ( « )  
i s  a n  a d m i s s i b l e  o p t i m a l  c o n t r o l  o n  C t Q , t f 3 ,  a n d  x {  • , v )  t h e  
c o r r e s p o n d i n g  t r a j e c t o r y  o f  t h e  a u t o n o m o u s  s y s t e m  w h i c h  s t a r t s  a t  
S 0  *  x ( t Q ) a n d  e n d s  a t  x f  =  x  ( t ^ . v )  ,  t h e n  v (  • )  i s  a l s o  
o p t i m a l  o n  a n  i n t e r v a l  C t 1 , t 2 3 c C t 0 , t f j .  L o o s e l y  s t a t e d ,  i t  s a y s  
t h a t  a n y  p o r t i o n  o f  a n  o p t i m a l  c o n t r o l  i s  a l s o  o p t i m a l .
I n  t h e  a l t e r n a t i v e  f o r m u l a t i o n  o f  t h e  c o n t r o l  p r o b l e n  g i v e n  
i n  C h a p t e r  2 ,  t h i s  m e a n s  t h a t  a l l  t h e  x ( * , u )  w h i c h  m e e t  I  m u s t  
' l i e  a b o v e 1 t h e  t r a j e c t o r y  g e n e r a t e d  b y  v ( • ) .
A Small Change in t h e  i n i t i a l  C o n d i t i o n s  a n d  i t s  C o n s e q u e n c e s .
I , O b  v (  - )  b e  t h e  o p t i m a l  c o n t r o l  a n d  x  { • ,  v )  b e  t h e  s o l u ­
t i o n  t o  the s y s t e m  w i t h  i n i t i a l  c o n d i t i o n  x ( t ^ )  «  x Q  c o r r e s p o n d ­
i n g  t o  t h i s  c o n t r o l ,  c o n s i d e r  t h e  n e w  i n i t i a l  p o i n t
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( .  1 .  . m t m t  n . . .  C  . ) ,
'  ^  — ^ '  " "  " ( ' I  '  ' « t =  . ^ ,  « h «
2 : " 4 d - " . o .
Th. « l * l o n  a , ,  t h .  n .  ^ i t i ^  p o k t ,  by
v ( - )  h a s  t h n  f o r m
H ( * , V )  +  f . 6 x ( . )  + 0 ( e )  
w h e r e  x  i s  t h e  s o l u t i o n  o f  t h e  f o l l o w i n g  l i n e a r  s y s t e m
S x ( t }  *  < ™ ( x ( t , v )  , v ( t ) )  ,5 x (t )>  t e t ; t o , t f ] ( 4 . 1 )
« 5 { t 0 ) -  5 o .
W e  c a n  v i e w  t h e  v e c t o r  e o  a s  b e i n g  a t t a c h e d  t o  x Q =  ( o , x  ) .  
T h e n ,  «  6 x ( t )  c a n  b e  c o n s i d e r e d  t h e  r e s u l t  o f  m o v i n g  £  
a l o n g  t h e  o p t i m a l  t r a j e c t o r y  a t  t i m e  t e [ t 0 , t f 1 .  L e t  0 < t , t o )  b e  
t h e  ( n + 1 ) x ( n + l )  f u n d a m e n t a l  m a t r i x  a s s o c i a t e d  w i t h  t h e  l i n e a r  
s y s t e m  ( 4 . 1 ) .  T h e n
C t  =  6 x ( t )  »  # ^ t * t 0 K 0 >
T h u s  ( 4 . 1 . )  c a n  b e  v i e w e d  a s  d e f i n i n g  a  l i n e a r  t r a n s f o r m a t i o n  o f  
t h e  a p a o i  o f  n + 3  v e c t o r s  ' a t t a c h e d '  t o  x Q  i n t o  t h e  s p a c e  o f  
n + 1  v u e s t o r a  ' a t t a c h e d '  t o  x ( t , y )  ,  t e C t 0 , t f 3 .  S i n c e  s m a l l  c h a n g e s  
i n  t h e  i n i t i a l  c o n d i t i o n s  c a u s e  c o r r e s p o n d i n g  s m a l l  c h a n g e s  i n  
t h e  ( s o l u t i o n  t o  t h o  d i f f e r e n t i a l  e q u - „ :  ■ .#  , a l l  t r a j e c t o r i e s  o f  o u r  
s y u t o m  H t  n rtin g  w i t h  t h e  n o w  i n i t i a l  p o — i C ,  w h i c h  m e e t  L  to  
w ith in  f i r s t  o r d e r  i n  c  ,  w i l l  l i e  a p p r o x i m a t e l y  a b o v e  t h e  
t r a j e c t o r y .
M o v i n g  H y p e r p l a n e s .
C o n s i d e r  t h e  a d j o i n t  o f  t h e  l i n e a r  s y s t e m  ( 4 . 1 ) .  T h i s  g i v e s
1 p ° ( t ) 0  I 0 f p °  ( t )
, p ( t ) 1 1 ° ( x  ( t , v )  , v )  |  | f ' r ( x ( t , v )  , v i [ p ( t )
b e c a u s e  3 f 0 / d x 0  = o .  E q u i v a l e n t l y
p ° { t )  «  0
Pit) B  .  | i ° ^ E t , v ) , v ) p o {t} „  | i ( x ( t , v ) , v ) p ( t )  4 ' 3)
T h e r e f o r e ,  p ° ( t )  i s  c o n s t a n t ,  i . e . , p ° ( t )  « p  V t e T .  D e f in in g
H ( x , u , p , p 0 )  «  p 0 f 0 ( x , u )  +  < p , f ( x , u ) >  ( 4 . 4 )
we h a v e  p ( t )  -  -  | | ( l t ( t ' v) ' v ' P ( t )  'P 0 ) .
N o w  i t  c a n  b o  show n  b y  d i f f e r e n t i a t i n g  w . r . t .  t  t h a t
,  6 x ( t )  > «  c o n s t a n t .
p { t.)  J
U :t  1, Lv t h u  h y p o r p lu n e  p a s s i n g  th r o u g h  w i t h  e q u a t i o n  
0 .
I f  ( - 1 .  3 )  U n a  I n i t i a l  c o n d i t i o n  p 0 ( t o ) «  T Q f P ( t Q) »  i r ,  t h e n
<: [  0  |  , jr. -  X ( t ,v ) >  = 0
[ p H O j
d r t I n n a  a  h y p o r p la n o  l<t  w h ic h  p a s s e s  t h r e s h  x ( t , v )  a n d  h a s  
th u  imnitt u c a l a r  p r o d u c t  w i t h  t h e  v e c t o r  a s  t h e  v e c t o r  C0
m a k e s  w i t h  L0 . I n  p a r t i c u l a r ,  5 q j. l o i m p l i e s  t h a t  i  Lt ..
T h e  h y p e r p l a n e  Iit  c a n  b e  v ie w e d  a s  t h e  r e s u l t  o f  m o v in g  t h e  
h y p e r p l a n e  Lq  a l o n g  t h e  o p t i m a l  t r a j e c t o r y ,  a s  i s  i l l u s t r a t e d  
i n  F i g .  4 . 1 .
We w is h  t o  d e t e r m i n e  t h e  h y p e r p l a n e  p a s s i n g  th r o u g h  t h e  p a r t ­
i c u l a r  p o i n t  x ( t , v )  . I f  x ( t , v )  i s  a  b o u n d a ry  o f  a  c o n v e x  s e t  
C , t h e n  w e know t h a t  t h e r e  i s  a  s u p p o r t  h y p e r p l a n e  o f  C p a s s i n g  
th r o u g h  x  ( t ,  v ) . So we now p r o p o s e  t o  i n t r o d u c e  a  s u i t a b l e  
c o n v e x  s e t  w h ic h  h a s  x ( t f ,v )  a s  a  b o u n d a ry  p o i n t  a n d  w h ic h  h a s  
a  s u p p o r t  h y p e r p l a n e  t h a t  w i l l  b e  u s e d  t o  p r o v e  t h e  Maximum 
P r i n c i p l e .  T h e s e  c o n v e x  c o n e s  w i t h  v e r t i c e s  a t  x ( t f ,v )  w i l l  b e  
c o n s t r u c t e d  b y  c o n s i d e r i n g  a  s p e c i a l  c l a s s  o f  v a r i a t i o n s  p f  t h e  
c o n t r o l  v (* )  . T h e s e  c o n e s  w i l l  a lw a y s  l i e  o n  t h e  sam e s i d e  o f  t h e  
h y p e r p l a n e  d e t e r m in e d  b y  t h e  c o s t a t e  v a r i a b l e s , a n d  w i l l  b e  
c a l l e d  t h e  c o n e s  o f  a t t a i n a b i l i t y .
F i g u r e  4 . 1
V a r ia t io n s  o f . A #  Optimal
L e t  v ( t )  .ae t h e  o p t i m a l  c o n t r o l  d e f i n e d  on  t Q, t f  . C h o o se  
i n s t a n t s  T 1 , . . rTs ,T: s a t i s f y i n g  t h e  i n e q u a l i t i e s  t D <
s  t  < t f  w h ic h  a r e  r e g u l a r  p o i n t s  o f  v ( t ) . { F o r  t h e  d e f i n i t i o n  
o f  a  r e g u l a r  p o i n t ,  s e e  [ 5 2 ]  . E v e ry  p o i n t  o f  c o n t i n u i t y  o f  v f t )  
i s  r e g u l a r )  . F u r t h e r ,  c h o o s e  a r b i t r a r y  n o n - n e g a t iv e  n u n b e ra  f i t ^
• • ' f i t s '  a n  a r b i t r a r y  r e a l  num ber 6 t , and  a r b i t r a r y  ( n o t  n e c e s s a r ­
i l y  d i f f e r e n t )  p o i n t s .  C o n s t r u c t  t h e  s e m i - i n t e r v a l
I = { t  1 Ti  +  < t  s  t 1 + e ( l i  + i t d ) } ,
w h e re  l i  = 6 t  -  (St  ^ + . . .  h- 6 t 8 ) i f  T l =  t
-  ( f i t i  +  . . .  + ) i f  Ti  »  t s
+ . . .  + I t  < Tj + 1 ,
T he l e n g t h  o f  3 ^  i s  e q u a l  t o  e 6 t ^ .  When 6 t ^  •  0 ,  t h e  c o r r e s p o n ­
d in g  s e m i - i n t e r n a l  i s  'e m p ty 1 , i . e . , a b s e n t .  G iv e n  a  s u f f i c ­
i e n t l y  s m a l l  e /  t h e  s e m i - i n t e r v a l s  l , , . . . r l 8 do n o t  i n t e r s e c t  
e a c h  o t h e r ,  a n d  a r e  a l l  s i t u a t e d  i n  t h e  c l o s e d  i n t e r v a l  t Q s  t  
a t j ,  t o  t h e  l e f t ,  o f  t  + e 6 t .  A ssu m in g  t h a t  e s a t i s f i e s  t h i s  
c o n d i t i o n  e n a b l e s  u s  t o  d e f i n e  a  c o n t r o l  u ( t )  on  t Q s t  s  T + e 6 t
a s  ii* ( t )  = v i  t>: I i
~  v ( t )  , t  t
w h e re  t h e  v 1 , i  “  l , . . . s  a r e  a r b i t r a r y  p o i n t s  c o n ta in e d  i n  n . 
Then u * ( t )  i a  an a d m i s s i b l e  c o n t r o l  a n d  i s  d e p e n d e n t  on  e .
T he V a r i a t i o n  o f  t h e  T r a j e c t o r y .
L e t '  ? 0 b e  t h e  t a n g e n t  v o c t o r  t o  t h e  t r a j e c t o r y  x ( - , v )  a t  
t h e  p o i n t  x  . We now w is h  t o  f i n d  t h e  p o s i t i o n  o f  t h e  p e r t u r b e d
t r . j . c t o r ,  . h i d ,  ^
f
i i i  “ '*<  5 t i  + ■■■ + s t s  ) .
F o r  £ s u f f i c i e n t l y  s m a l l ,  t h e  t r a j e c t o r y  x ( - , u * )  i s  d e f i n e d  o n  
C to f * r+ e « t3 . T h en  i t  c a n  b e  show n , u s in g  i n d u c t i o n  o v e r  s ,  t h a t
5 < T + e a t , n * )  =  x ( t , u * )  + t m , t Q)%0  + eAx + o ( £ ) ,
w h e re  Ax i s  a  v e c t o r  i n d e p e n d e n t  o f  e ,  d e f i n e d  b y  t h e  e q u a t i o n  
-  f ( X  ( T , v j , v )  d t  + J i * ( T , T 1) ( f ( x ( T i , V j , V l ) -  f ( x ( T i r w) , v( Ti ) ) « t 1 . 
T he F u n d a m e n ta l  C o n s t r u c t i o n .
T h e  v e c t o r  Ax i s  a  . f u n c t io n  o f  v ^ i ^ M M t ^  L e t
a  ^  't i 'V 1 , t , 6 t , 6 t 1 } ,
a n d  Ax B! A x^. We c a n  r e g a r d  Axa  a s  a  r e l a t e d  v e c t o r  i s s u i n g  from
t h e  p o i n t  x ( t )  .  I f  we t a k e  a l l  p o s s i b l e  sy m b o ls  a  ( t  i s  f i x e d )  ,
t h e  v e c t o r s  6 x g f i l l  som e s e t  . I t  c a n  b e  show n t h a t  t h e  s e t
K , i s  a  c o n v e x  c o n e  w i t h  v e r t e x  x tT ^ v )  -  t h e  co n e  o f  a t t a i n a b i l i t y .  
So* Fig. 4 . 2 .
L e t  t b e  a  r e g u l a r  p o i n t  o f  t h e  o p t im a l  c o n t r o l  v ( * ) , w i th  
a s s o c i a t e d  t r a j e c t o r y  x  (♦ , v ) , an d  r  s a n e  c u rv e  i s s u i n g  fro m  t h e  
point x (»  ,v )  , h a v in g  a  t a n g e n t  r a y  u a t  t h e  p o i n t  x ( t , v ) .  T hen  
i t  c a n  b e  show n t h a t  i f  t h e  r a y  u b e lo n g s  t o  t h e  i n t e r i o r  o f  t h e
c o n e  x , t h o r n  e x i s t s  som e c o n t r o l  u  ( • )  s u c h  t h a t  t h e  c o r r e s -
pondiw tMjuctcr, !(',/) .IthinltiWpoWt t h m ^ b
a  p o i n t  d i f f e r e n t  from  x ( t t v) o f  t h e  c u r v e  r .  S e e  F i g .  4 . 3 .
T h i s  m e a n s  t h a t  t h e  r a y  u t  i s s u i n g  from  t h e  p o i n t  x ( t , v >
I
j ' ae
I n  t h e  d i r e c t i o n  o f  t h e  n e g a t i v e  s e m i - a x i s  d o e s  n o t  b e l o n g  t o  t h e  
c o n e  R t .  O t h e r w i s e ,  t a k i n g  a s  t h e  c u r v e  F  ( a n d  t h e  r a y  y )  ,  t h e  
r a y  > w e  c a n  c o n s t u c t  s o m e  c o n t r o l  u *  ( • )  w i t h  c o r r e s p o n d i n g  
t r a j e c t o r y  w h i c h  w o u l d  p a s s  t h r o u g h  v iT  a t  a  p o i n t  d i f f e r e n t  
f r o m  x  ( t  ,  v )  .  T h i s  l e a d s  t o  a  c o n t r a d i c t i o n  o f  t h e  o p t i m a l i t y  o f  
v M  ,  x ( *  , v )  .
c o n s t a n t  c o s t  p l a n e
F i g u r e  4 . 2
p r o p e r t i e s  o f  t h e  H a m i l t o n i a n
T h i s  s e c t i o n  c o n t a i n s  t h o s e  p r o p e r t i e s  o f  t h e  H a m i l t o n i a n  
d e f i n e d  i n  ( 4 .4 *  w h ic h  w i l l  l a t e r  b e  r e f i n e d  t o  y i e l d  t h e  Maximum  
p r i n c i p l e .  B e c a u s e  t h e  r a y  d o e s  n o t  b e l o n g  t o  t h e  i n t e r i o r
o f  t h e  c o n e  d o e s  n o t  f i l l  t h e  w h o l e  o f  Rn + 1 .  H e n c e ,  K _
h a s  a  h y p e r p l a n e  o f  s u p p o r t  a t  i t s  v e r t e x  w i t h  e q u a t i o n
< d , x >  =  0 . .
T h i s  h y p e r p l a n e  d i v i d e s  R n + 1  i n t o  t w o  h a l f s p a c e s ,  t h e  h a l f  s p a c e  
< d , x >  £•£)
( b y  a  t r i v i a l  m o d i f i c a t i o n ,  i f  n e c e s s a r y ,  o f  t h e  
I n  p a r t i c u l a r ,  6 x e K ^ ,  s o  t h a t
< d , £ i X >  s  0  V  A x e K ^ , .  ( 4 . 5 )
6 t 2  • » . . . * »  6 t s  == 0  i n  t h e  d e f i n i n g  r e l a t i o n  o f
A x  »  f  ( x  ( t  , v )  , v (t ) )  5 t  
< d , f ( x ( t , v ) , v ( t ) ) 6 t >  s  0 .
b e  p o s i t i v e  o r  n e g a t i v e  w e  h a v e
< d , f ( x ( t , v ) , v ( t ) ) >  = 0 ,
H ( x ( t , v ) , v ( t > , d , d ° )  =  0 ,  t 4 ' 6 )
1^: m  .rit. p(t,3) for th. of th. of
K im t io n ,  (4 .3 )  . 1 t h  t h .  l ^ t l C  u m d i u m .  g k .Z )  .  T h -  t h .
s o l u t i o n  i s  d e f i n e d  t h r o u g h o u t  t h e  i n t e r v a l  t 0  s  t  s  t £ ,
.in. th. 1. linwr. if th. m * o ,  Z ,.u.fiw oo.diti«
( 4 . 5 )  ,  t h e n  i t  c a n  b e  p r o v e d  t h a t
c o n t a i n i n g  
c o n s t a n t s  t i " * " ) .
P u t t i n g  5 t 1  =  
A x  w e  o b t a i n
a n d  h e n c e  
S i n c e  f i t  c a n
H ( x ( t , v )  , v , p ( t , d )  , p ° ( t , d ) )  = M ( x ( t ,v )  , i { t , d ) )  ( 4 .7 )
a t  e v e r y  r e g u l a r  p o i n t  o f  c o n t r o l  v ( . ) ,  w h e r e
M ( x ( t ,v )  , p ( t , d ) )  -  s v p  H ( x ( t ,v )  , u , p ( t , d )  , p ° ( t , d ) ) .
F r o m  ( 4 . 6 ) ,  ( 4 . 7 )  w e  h a v e  t h a t  i f  d  a a t i a f i e s  ( 4 . 5 )  t h e n
M ( x ( t , v ) , p ( T , | ) )  =  0  ( 4 . 8 )
F i n a l l y ,  i t  i s  p r o v e d  t h a t  i f  t h e  a b s o l u t e l y  c o n t i n u o u s  f u n c t i o n  
p ( t )  s a t i s f i e s  e q u a t i o n s  ( 4 . 2 )  a . e .  o n  c l o s e d  i n t e r v a l  I  a n d  
t h e  r e l a t i o n s h i p
, H ( x ( t , v )  , v , p ( t )  , p ° ( t )  =  M ( x ( t , v )  , p ( t ) )  , 
t h e n  M ( x ( t , v ) , p ( t ) )  =  c o n s t a n t  f o r  a l l  t e l .  ( 4 . 9 )
T h e  L i m i t i n g  C o n e .
I f  t ,  t '  a r e  r e g u l a r  p o i n t s  o f  t h e  c o n t r o l  v ( * ) ,  w h e r e  
t  <  t ’ <  t  <  t - ,  t h e n
L e t  b e  a n y  r e g u l a r  p o i n t  o f  v ( " ) l y i n g  i n  ( t 0 , t f ) .  D e f i n e
Kt ^  & * ( t £ , r ) K T .
S i n c e  6 ( t £ , T )  i s  a  l i n e a r  m a p p i n g ,  K || T ^ i s  a  c o n v e x  c o n e .  T h e  
c o n e s   ^ f o r m  a n  i n c r e a s i n g  s e q u e n c e r  i f  v ’ <  t  a r e  r e g u l a r  p o i n t s .
c  ■
C » ( t - , T ) K .
= » ( t f , T ’ )KT , = $ ( r , t ' ) K
H e n c e  t h e  u n i o n  ( w . r . t .  a l l  r e g u l a r  p o i n t s  t  o f  t h e  i n t e r v a l  ( % , t £ ) )  
o f  a l l  c o n e s  i s  a g a i n  a  c o n v e x  c o n e  ( p o s s i b l y  n o t  c l o s e d ) ,
. i t h  . t  ^  «
o ^l It th. u^tlm, ocw. It OM, b. that tt/ra, tt '
i . . ^ ,  f«- th. pclht ^t,„) i, th. th. ^ . t i ^ '
a _  ^ t  h.I=, tc th. ltt^«: of th. r  .
fcf
The M axlava P r i n c i p l e .
W e  n o w  c o m b i n e  c m  r e s u l t s  t o  o b t a i n  t h e  M a x i m a n  P r i n c i p l e ,  
b e t  ( x ( -  ,  v )  ,  v l * ) )  b e  a n  o p t i m a l  p r o c e s s .  L e t  c  ^  0  b e  a  ( n t l )
v e c t o r .  T h e n  t h e  c o n e  I  l i e s  i n  t h e  h a l i s p a o e
<C,X> 5 o
a n d  t h e  r a y  l i e s  I n  t h e  h a l f s p a c e
< c , x >  & 0 .  ( 4 . 1 0 )
N o w ,  b e c a u s e  t h e  v e c t o r  ( - 1 , 0 , . . . , 0 )  l i e s  i n  t h e  h a l f s p a c e  d e f i n e d  
i n  ( 4 . 1 0 ) ,  w e  h a v e
c °  s  0 .
S u p p o s e  p ( t }  i s  a  s o l u t i o n  o f  t h e  a d j o i n t  s y s t e m  g i v e n  i n  ( 4 . 2 )  
w i t h  i n i t i a l  c o n d i t i o n  p ( t ^ )  =  c .  T h e n  t h e  f u n c t i o n  p ( t )  i s  
u n i q u e  a n d  c o n t i n u o u s  o n  C t  , t ^ 3 .  T h e  i n i t i a l  c o n d i t i o n  i m p l i e s
p ° f t f )  =  c °  s  o ,
b u t  s i n c e  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 2 )  i s  i n d e p e n d e n t  o f  x ° ,
p ° ( t )  =  c o n s t a n t  £  0  v  t e C t 0 , t f 2 .  ( 4 . 1 1 )
F u r t h e r m o r e ,  s i n c e  p ( t )  i s  a  s o l u t i o n  o f  ( 4 . 2 ) ,  a n d  o  f* 0 ,  i t  
f o l l o w s  t h a t  p ( t )  ?  0 .  T h e  c o n e  ‘M t f , T ) K T  l i e s  i n  t h e  h a l f s p a c e
< c , x >  £  0 ,
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or e q u iv a le n t ly ,  < 5 ( t f ) s  ^
S in ce  th e  tr a n sfo B n a tlo n  »'Vt  ,1 , ,
f  i s  l i n e a r  a n d  h o m o g e n e o u s ,  * - h i s  
U .  1 .  t h .
< P ( t ) ,x> s o.
1 .  ° th « r  t h .  ^ t o r  3  .  t h .  o . M t l »
< S / 6 X >  s  0  A x e K  .
B u b  P ( t , 3 )  s a t i s f i e s  t h e  i n i t i a l  c o n d i t i o n  p ( T , S )  =  d ,  s o  t h a t
c h e  f u n c t i o n s  p ( h )  a n d  p ( t , d )  a r e  e v i d e n t l y  i d e n t i c a l .  M o r e ­
o v e r ,  f r o m  ( 4 . 6 )  -  ( 4 . 9 )  i t  f o l l o w s  t h a t
( i )  H ( x ( t , v )  , v , p ( t )  , p ° )  =  M ( x ( t , v )  , p ( t ) ) a . e .  o n  C t 0 , t f ]
( i . i )  M ( x ( t , v )  , p ( t ) )  h  0  f o r  t e [ t 0 , t f ]
w h e r e ,  f r o m  ( 4 , 1 1 ) ,
( i i i )  p ° ( t )  =  c o n s t a n t  s  0  f o r  t ? r t o , t f ] .
C o n d i t i o n s  ( i ) , ( i i ) , ( i i i )  a r e  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  
t h e  o p t i m a l i t y  o f  t h e  p r o c e s s  ( x ( » ,  v )  , v ( « ) )  f o r  t h e  s p e c i a l  
p r o b l e m  1 .
T h e  T r a n s v e r s a l l t y  C o n d i t i o n s .
T h e  m a j o r  d i f f e r e n c e  b e t w e e n  s p e c i a l  p r o b l e m  1  a n d  s p e c i a l  
p r o b l e m  2  i s  t h a t  t h e  l a t t e r  p r o b l e m  i s  a  v a r i a b l e  e n d p o i n t  p r o b l e m , 
w h e r e a s  t h e  f o r m e r  i s  a  . f i x e d  e n d p o i n t  p r o b l e m .  I n  t h e  l a t t e r  
c a s e  w e  r e q u i r e  r e l a t i o n s h i p s  f r o m  w h i c h  t h e  p o s i t i o n  o f  t h e  p o i n t  
i ,  on t h .  m m lf o ld  o m  w  a .a n « d .  Duct i . l .U o n » h l p .
proT ldw l by th o  o o m d ltic c ,. m w .  m m M tlon .
3 3  •
u s t o  w r i t e  k  r e l a t i o n s h i p s  i n  t e r n s  o f  t h e  c o - o r d i n a t e s  o f  t h e  
e n d - p o i n t  x £ .  S i n c e ,  o n  t h e  o t h e r  h a n d ,  t h e  n u m b e r  o f  u n k n o w n  
p a r a m e t e r s  ( i n  c o m p a r i s o n  w i t h  t h e  p r o b l e m  w i t h  f i x e d  e n d s )  i s  a l s o  
i n c r e a s e d  b y  k  ( b e c a u s e  t h e  p o s i t i o n  o f  t h e  p o i n t  x f e S ;L i s  
c h a r a c t e r i z e d  b y  k  p a r a m e t e r s ) ,  i n  c o n j u n c t i o n  w i t h  t h e  M a x i m u m  
P r i n c i p l e ,  t h e  t r a n s v a r s a U t y  c o n d i t i o n s  f o r m  a  ' s u f f i c i e n t *  
s y s t e m  o f  c o n d i t i o n s  f o r  t h e  s o l u t i o n  o f  t h e  o p t i m a l  p r o b l e m  w i t h  
m o v i n g  e n d s .
L e t  S 1  b e  o u r  s m o o t h  k - f o l d  i n  R n  a n d  x ( t f , v )  b e  t h e  
t e r m i n a l  p o i n t  o f  t h e  o p t i m a l  t r a j e c t o r y  i n  R n ,  s o  t h a t  x ( t f , v )  
e S ^ .  T h e n  t h e  t a n g e n t  p l a n e
M ( x ( t f f v ) )  =  { x  ;  < ( 3 g i / 9 x )  ( x ( t f , v ) ) , x  -  x  ( t f , v )  >  =  0
f o r  i  =  1 , 2 , . . . , n - k  }
i s  w e l l  d e f i n e d  a n d  i s  a  k - d i m e n s i o n a l  p l a n e  i n  R n  p a s s i n g  
t h r o u g h  x ( t f , v ) .  D e n o t e  t h e  k - d i m e n s i o n a l  p l a n e  p a s s i n g  t h r o u g h  
t h e  p o i n t  x ( t £ , v )  a s  i l l u s t r a t e d  i n  P i g .  4 . 4 ,  b y
N ( x ( t f , v ) )  =  C x  :  x  »  ( x ° { t f , v }  , x )  ,  x e M ( x ( t f , v ) ) ) .
-  t a n g e n t  n l a n e  to S. 
a t  x ( t f , v )
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m r y . l - = t o f
*  -  5 ( t f , v )  +  |  o  j
w h e r e  x  I s  a n  n - v e c t o r  w i t h  t h e  p r o p e r t y  t h a t
 ^
P e t  M  4  {  x  :  t h e r e  I s  a n  5  i n  N ( S ( t £ , v ) >  s u c h  t h a t
x  -  x ( t ^ , v )  -  ( 0 , x )  } ,  t h e n  w e  c a n  s h o w  t h a t  M  i s  a  s u b s p a c e ,  a n d
t h e  s e t  N  S  {  $  .  $  „  ( 0 j J ,  .  J < J  j  l B  a  a B b , p a o a  o f  R n + 1 ,
M a n d  N  a r e  b o t h  o f  d i m e n s i o n  k .  A l s o
N ( x ( t f , v ) ) =  x ( t f , v )  +  5 .
S i n c e  N  i s  a  s u b s p a c e  o f  R n + 1 ,  t h e  s e t  N ( x ( t f , v ) )  i s  a  c o n v e x  
c o n e  w i t h  x  ( t £ ,  v )  a s  v e r t e x .  L e t  y  b e  t h o  r a y  i n  t h e  d i r e c t i o n  
o f  t h e  n e g a t i v e  s e m i - a x i s  x °  i s s u i n g  f r o m  t h e  p o i n t  x ( t - , v ) .  T h e n
N { x ( t f , v ) }  +  y  -= {  x  :  x  =  x ( t f , v )  +  x  • x e N ,  6  a  0 ,
i s  a  c o n v e x  c o n e  w i t h  v e r t e x  a t  x ( t £ , v ) ,  I t  c a n  b e  s h o w n  t h a t  t h e  
c o n v e x  c o n e s  N ( x ( t f , v ) )  +  y  a n d  K t  a r e  s e p a r a t e d .  I t  f o l l o w s  
t h a t  t h e r e  i s  a  n o n z e r o  n+1 v e c t o r  { p 0 , p ( t f ) ) T  s u c h  t h a t
p ( t £ )
P0
P ( t f )
> 0
P ( t f )
,  x  -  x ( t f , v )  >  s  0  V  X e N ( x ( t f , v )  +  y  
,  x  +  B e  >  a  0  V  X f i b f ,  ( 4  . 1 2 )
,  A x  >  S  0  V  A x « K t  .
3 5
S i n c e  N  i s  a  s u b s p a c e  o f  R t l + 1  
e q u a t i o n  ( 4 . 1 2 )  i m p l i e s  t h a t
/  0  i s  a n  e l e m e n t  o f  N ,  a n d
o .  t h .  o t h = r  h m d ,  .  0
A s  N  i s  a  s u b s p a c e  o f  R n + 1 ,  L u  i m p l i e s  t h a t  - x « M .  T h u s
a n d  w e  m a y  c o n c l u d e  t h a t  i f  i s  a  s m o o t h  k - f o l d  i n  R n  t h a t
( i v )  < p ( t f )  ,  x  -  x ( t f , v ) >  -  0  f o r  a l l  x c L <  ( x  ( t f ,  v ) ) .
( v )  p ( t f )  m u s t  b e  t h e  z e r o  v e c t o r .
C o n d i t i o n s  ( i v )  a n d  ( v )  a r e  k n o w n  a s  t h e  t r a n s v e r s a l i t y  
c o n d i t i o n s .
E x t e n s i o n s  o f  t h e  M a x i m u m  P r i n c i p l e  t o  o t h e r  P r o b l e m s .
W e  h a v e  o u t l i n e d  t h e  M a x i m u n  P r i n c i p l e  f o r  t h e  t w o  s p e c i a l  p r o b l e m s  
m e n t i o n e d  e a r l i e r .  T h e  a b o v e  p r o o f s  c a n  b e  a d a p t e d  o r  e x t e n d e d  t o  
o b t a i n  a  M a x i m  u n  P r i n c i p l e  t o  m a n y  d i f f e r e n t  o p t i m a l  c o n t r o l
I f  i s  a l l  o f  R n ,  N  i s  t h e  e n t i r e  h a l f  s p a c e  ' b e l o w '  t h e
h y p e r p l a n e  x °  -  x ° ( t f , v )  *  0 .  A s  t h e  c o n e  K fc m u s t  l i e  ' a b o v e '  
t h i s  h y p e r p l a n e ,  w e  c a n  s e e  t h a t  t h e  v e c t o r  [ p ° f p  ( t f ) 3 T  m u s t  b e  
o f  t h e  f o r m  \ p ° , 0 . lT .  i . e .
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p r o b l e m s .  M o s t  o p t i m a l  c o n t r o l  p r o b l e m s .  I n  p a r t i c u l a r  t h e  n o n -  
a u t o n o m o u s  c a s e ,  c a n  b e  t r a n s f o r m e d  i n t o  o n e  o f  t h e  t w o  p r o b l e m s  
w h i c h  w e  h a v e  c o n s i d e r e d  a b o v e .  F o r  n o n - a u t o n o m o u s  c o n t r o l  p r o b l e m s  
i t  i s  r e q u i r e d  t h a t  t h e  f u n c t i o n s  b e  c o n t i n u o u s l y  d i f f e r e n t i a b l e  
w . r . t .  t .  T h e  r e a d e r  s h o u l d  c o n s u l t ,  f o r  e x a m p l e  P o n t r y a g i n  e t  a l  
[ 5 2  3 ,  L e e  a n d  M a r k  u s  [ 4 1 ] ,  H o r n  [ 3 1 ] ,  t o  s e e  h o w  t h e  M a x i m m  
P r i n c i p l e  a s  p r e s e n t e d  a b o v e  c a n  b e  e x t e n d e d  t o  v a r i o u s  o p t i m a l  
c o n t r o l  p r o b l e m s .
V a r a i y S ,  [ 5 8 ] ,  r e m a r k s  t h a t  t h e  b o o k  b y  P o n t r y a g i n  e t  a l  
c o n t a i n s  m a n y  e x t e n s i o n s  a n d  e x m p l e s ,  a n d .  i s  s t i l l  a n  i m p o r t a n t  
s o u r c e .  H o w e v e r ,  t h e  d e r i v a t i o n  o f  t h e  M a x i m v m  P r i n c i p l e  g i v e n  i n  
t h e  b o o k  b y  L e e  a n d  M a r k  u s  [  4 11 1  i s  m o r e  s a t i s f a c t o r y .  T h e  
a p p r o a c h  u s e d  b y  L e e  a n d  M a r k u s  i s  c l o s e l y  r e l a t e d  t o  t h e  a p p r o a c h  
v i s e d  b y  t o n t r y a q i n  a t  a l  w h i c h  w e  h a v e  o u t l i n e d  a b o v e .
5l  ^ ^ l § - £ B S O T _ O P _ ^ _ H ftxIMi0tt PM:MfrrpT;H ,-273.
H a l k i n  o b t a i n s  t h e  n e c e s s a r y  c o n d i t i o n s  b y  a  m e t h o d  f u n d a -  
n e n t a l l y  d i f f e r e n t  t o  t h e  m e t h o d  u s e d  b y  P o ^ t r y a g i n  a n d  h i s  
a s s o c i a t e s .  H a . t k i n  n o t e s  t h a t  h e  a v o i d s  s o m e  u n r e s o l v e d  t o p o l o g -  
i c a l .  d i f f i c u l t i e s  e n c o u n t e r e d  i n  t h e  r e a s o n i n g  i n  [ 5 2 ] .
I n  t h e  r e m a i n i n g  s e c t i o n s ,  f o r  n o t a t i o n a l  s i m p l i c i t y ,  w e  
s h a l l  c a l l  x ,  £  j u a t  x ,  £  e t c .  I n  o r d e r  t o  b e  c o n s i s t e n t  w i t h  
t h e  o r i g i n a l  d e r i v a t i o n s  w e  s h a l l  c o n s i d e r  m a x i m i z i n g  t h e  x n  
c o - o r d i n a t e ,  w h e r e  x  i s  a n  n - v e c t o r  ( a s  o p p o s e d  t o  m i n i m i z i n g  
* °  w h e r e  x  i s  a n  ( n + 1 ) - v e c t o r ) .  T h e  m i n i m i z a t i o n  p r o b l e m  c a n  
b e  t r a n s f o r m e d  i n t o  a n  e q u i v a l e n t  m a x i m i z a t i o n  p r o b l e m .  T  &  [ 0 , 1 3 .
A s s u m p t i o n s .
( i )  n  c  R r a  b e  t i m e  i n v a r i a n t .
( i i >  U  b e  t h e  c l a s s  o f  a l l  b o u n d e d  m e a s u r a b l e  v e c t o r
f u n c t i o n s  w h i c h  s a t i s f y  t h e  c o n d i t i o n  u ( t ) c f 2 ,  V  t e [ 0 » l ] .
T h e  t o t a l i t y  o f  t h e  f u n c t i o n  s p a c e  U  i s  n o t  c o n s i d e r e d  a s  
t h e  s t a t e y y  s p a c e  b e c a u s e  s t r o n g  a s s u m p t i o n s  o n  t h e  f u n c t i o n  
f ( x , u , t )  h a v e  t o  m a d e  t o  e n s u r e  t h a t  f o r  e v e r y  u e U ,  t h e  s o l u t i o n
t o  x ( t )  “  f ( x ( t ) , u ( t ) , t )  a . e .  t e C O , ! ] ,  ( 5 . 1 )
x ( t 0 ) =  x Q  ( 5 . 2 )
e x i s t s  a n d  i s  u n i q u e .
( i i i )  0 *  t .  u  b e  d e f i n e d  »  t h e  s e t  o f  a l l  u e O  f o r  w h i c h
t h e r e  e x i s t :  a n  x ,  c o n t i n u o u s  a n d  a . e .  d i f f e r e n t i a b l e ,  
s a t i s f y i n g  ( 5 . 1 ) ,  ( 5 , 2 ) .
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{ i v }  T h e r a  e x i s t s  e  >  0  s u c h  t h a t  £ ( x , u , t )  ,  a r e
d e f i n e d ,  m e a s u r a b l e  w . r . t .  u  a n d  t ,  u n i f o r m l y  e q u l c o n -  
t i n u o u s  w . r . t ,  x  a n d  u n i f o r m l y  b o u n d e d  f o r  a l l  
( x , h , u )  e  N ( x , e )  x  £5 ,  w h e r e
N ( x , e , i  6  {  ( 5 , t )  | | x  . .  x l 3  4  | t  ~  t | 2  <  e  > ,  k « t 0 , 1 3 ,
a n d  f l  i s  a  b o u n d e d  s u b s e t  o f  S ) .
T h e  c o n d i t i o n s  o n  t h e  d i f f e r e n t i a b i l i t y  a n d  b o u n d e d n e s s  o f  
t h e  f u n c t i o n  f ( x , U / t )  a r e  m u c h  w e a k e r  t h a n  t h e  a s s u m p t i o n s  m a d e  
b y  P o n t r y a g i n  e t  a l  C 5 2 L  I n  a n  e a r l i e r  p u b l i c a t i o n ,  [ 2 4 3 ,  
H a l k i n ,  u s i n g  t h e  s a m e  m e t h o d  a s  o u t l i n e d  b e l o w ,  o b t a i n e d  t h e  
s a m e  r e s u l t s  f o r  , ,  m o r e  r e s t r i c t i v e  c l a s s  o f  p r o b l e m s .  I n  
p a r t i c u l a r ,  £ ( x , u  t )  w a s  r e q u i r e d  t o  b e  s u f f i c i e n t l y  d i f f e r e n t "  
i a b l e  o n  s o m e  s u b s i s t  o f  X  x  R  x  [ 0 , 1 3 .
S t a t e m e n t  o f  P r o b l e m .
T h e  p r o b l e m  s t u d i e d  b y  H a l k i n  c a n  b e  s t a t e d  a s  f o l l o w s  $ 
C o n s i d e r  a  l i n e  B  i n  X  x  [ 0 , 1 3 ,  p a r a l l e l  t o  t h e  x n  a x i s ,  a n d  
d e t e r m i n e d  b y  i t s  p r o j e c t i o n  x ^ ,  i  =  l , « . . , n - l  a n d  t  =  1  o n  t h e  
o t h e r  a x i s .  M o r e  p r e c i s e l y ,  B  i s  t h e  s e t
{  ( x , t )  t  x 1  »  x ^ ,  i  »  1 , . .  • , n - l ,  x n e R ,  t  -= 1  } .  ( 5 . 3 )
H e n c e ,  i f  v c U  i s  o p t i m a l ,  t h e n
( x ( l , v )  , 1 )  e  a .  t 5 l 4 )
F u r t h e r m o r e ,  f o r  a n y  u c U *  w i t h  t h e  p r o p e r t y  ( x ( l , u )  , 1 )  e  B ,  
t h e n  n e c e s s a r i l y
x n l l , u )  s  x n ( l , v ) .  ( 5 , 5 )
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T h e  s t a t e m e n t  o f  t h e  p r o b l e m  g i v e n  h e r s  i s  m a d e  u p  o f  t w o  p a r t s :  
t h e  c o n t r o l  s y s t e m  w i t h  i n i t i a l  c o n d i t i o n s ,  a n d  t h e  o p t i m a l  
c o n t r o l  p r o b l e m  f o r  t h e  c o n t r o l  s y s t e m  w i t h  i n i t i a l  c o n d i t i o n s ,  
d e f i n e d  b y  ( 5 . 3 )  -  ( 5 . 5 ) .
T h e  d e v e l o p m e n t s  w h i c h  f o l l o w  d e p e n d  o n l y  o n  t h e  c o n t r o l  
s y s t e m  w i t h  i n i t i a l  c o n d i t i o n s ,  n o t  t h e  p a r t i c u l a r  c o n t r o l  
p r o b l e m .  T h i s  a l l o w s  H a l k i n  t o  d i s p e n s e  w i t h  t h e  f o r m a l  t r a n s ­
f o r m a t i o n s  r e q u i r e d  i n  o r d e r  t o  a p p l y  t h e  M a x i m u m  P r i n c i p l e , a n d  
t o  d i s p e n s e  w i t h  t h e  c o n s i d e r a t i o n  o f  t r a n s v e r s a l i t y  c o n d i t i o n s  
w h i c h ,  a f t e r  s u c h  t r a n s f o r m a t i o n s ,  a r e  n e e d e d  t o  o b t a i n  a  n o n * -  
t r i v i a l  s e t  o f  n e c e s s a r y  c o n d i t i o n s  f o r  a n  o p t i m a l  s o l u t i o n .
R e m a r k s  o n  t h e  S t r u c t u r e  o f  f ( x , u , t ) .
I n  c o n t r a s t  t o  P o n t r y a g i n ,  H a l k i n  a l l o w s  f  ( x , u , t ) ,  t o  b e  
d e p e n d e n t  o n  t h e  v a r i a b l e  x n  t o  b e  m a x i m i z e d  a t  t i m e  t  =  1 .  T o  
a s s u m e  f ( x , u , t )  i n d e p e n d e n t  o f  x n  l e a d s  t o  v e r y  l i t t l e  s i m p l i ­
f i c a t i o n  i n  t h e  p r o o f  o f  t h e  M a x i m u m  P r i n c i p l e .  A l s o ,  m a n y  p r a c t i ­
c a l  p r o b l e m s  s h o w  a  n a t u r a l  d e p e n d e n c e  o n  t h -  v a r i a b l e  t o  b e  
m a x i m i z e d .
H a l k i n  d o e s  n o t  r e q u i r e  t h e  d i f f e r e n t i a l  s y s t e m  t o  b e  t i m e  
i n d e p e n d e n t .  T h e  p r o b l e m  m a y  b e  t r a n s f o r m e d  i n t o  t h e  p r o b l e m  
t r e a t e d  b y  P o n t r y a g i n  b y  t h e  i n t r o d u c t i o n  o f  a n  a p p r o p r i a t e  a r t i ­
f i c i a l  v a r i a b l e .  H o w e v e r ,  t h i s  t r a n s f o r m a t i o n  c a n n o t  b e  d o n e  i f  
t h e  t i m e  d e p e n d e n c e  o f  t h e  d . e . ’ s  i s  n o t  c o n t i n u o u s .  T h i s  i s  i n  
c o n t r a s t  t o  M a l k i n ' s  v e r y  w e a k  a s s u m p t i o n s  o n  t h e  t i i p e  d e p e n d e n c e  
o f  t h e  d i f f e r e n t i a l  e q u a t i o n s ;  h e  o n l y  r e q u i r e s  m e a s u r a b i l i t y  
w . r . t .  t i m e .
4 0
T h e  c o m o v l n g  C o - o
L e t  v s O  b e  t h e  optimal control (which we a s s u m e  e x i s t s ) .  
Denote b y  Y  t h e  n - dimensional s p a c e ,  a n d  introduce the n o n -  
s i n g u l a r  m a p p i n g  G ( t , v )  1Rn ’<n lJ o ln  x  * [ 0 , 1 ]  i n t o  T » [ 0 , 1 ]
b y  y l t i . u )  »  G ( t , v )  (  x ( t , u )  -  x ( t , » )  ) u e U *
w h e r e  G ( t f v )  i s  c o n t i n u o u s  w . r . t .  t  a n d  s a t i s f i e s
G ( t , v )  =  -  G ( t , v )  A ( t )  a . e .  t e l O . U
G ( l , v )  =  I  
w h e r e  A ( t )  & f x ( x ( t , v ) , v ( t ) , t )
a n d  I  i s  t h e  n  *  n  i d e n t i t y  m a t r i x .  Y  x  [ 0 , 1 ]  i s  c a l l e d  t h e  
c o m o v l n g  c o - o r d i n a t e  s p a c e  a l o n g  t h e  t r a j e c t o r y  x ( t , v ) .  W e  h a v e  
t
y ( t , u )  =  /  G ( t  , v )  (  4  ( t , u ) + k ( x , t t ) d T  
0
<j> ( t , u )  =  £ ( x ( t , v )  , u , t )  -  £ ( x ( t , v )  , v , t )  
k ( t , v )  =  f  ( x ( t , u )  , u , t )  -  £ ( x ( t , v )  , v , t )  ~  i j > { t , u )
-  A ( t )  ( x ( t , u )  -  x ( t , v )  ) -
L e t  y ( t , u )  h a v e  a p p r o x i m a t i o n  
t
y  ( t , u >  »  /  G { t  * ( t , u ) d T  
0
y + ( 0 , u )  =  0 .
,<*. that y(t,y) - y+(t,v) " 0 , t.ro.ll. "
y(t,W
y i o . a )  -  y + ( 0 , u >  -  O .
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R e a c h a b l e  S e t s .
c=.l<kr th. W  ,(l, ^  by
c o n s i d e r  t h e  i n t e r s e c t i o n  o f  t h e  s e t  o f  a l l  r e a c h a b l e  e v e n t s  f ro m  
th* initio. .«mt y . 0 by th. tr.j«otory y<t,») , o«n* with
t h e  h y p e r p l a n e  t  =  I t
W(v)  A { y ( l , u ) i u  c U* }.
S i m i l a r l y ,  c o n s i d e r  t h e  s e t  W + ( v )  w h i c h  i s  t h e  i n t e r s e c t i o n  o f  
t h e  s e t  o f  a l l  r e a c h a b l e  e v e n t s  f r o m  t h e  i n i t i a l  e v e n t  y 4  =  0  
b y  t h e  t r a j e c t o r y  y + ( t , u )  ,  u e U *  w i t h  t l \ e  h y p e r p l a n e  t  =  1 :
W + ( v )  ^  {  y + ( l , u )  :  U e U *  } .
F o r  a  l i n e a r  s y s t e m ,  W ( v )  ®  W + ( v ) .
C o n v e x i t y  o f  t h e  R a n g e  o f  a  V e c t o r  I n t e g r a l  o v e r  B o r e l  S e t s .
H a l k i n  p r o v e s  t h e  w e l l  k n o w n  r e s u l t  i n  m e a s u r e  t h e o r y ,
L i a p u n o v ' s  t h e o r e m :
I f  £  i s  a  L e b e s q u e  i n t e g r a b l e  f u n c t i o n  f r o m  [ 0 , 1 .1  i n t o  R n  
a n d  i f  B  i s  t h e  c l a s s  o f  a l l  B o r e l  s u b s e t s  o f  C O , ! ] ,  t h e n  t h e  
s e t  { /  £ ( t ) d t  : E  c  B  } i s  c o n v e x .
H e n c e ,  i t  c a n  b e  s h o w n  t h a t
w+ (v)  *  t  J 1 t t t . u s a t  i n t o * )
i s  c o n v e x ,  w h e r e
*(t,u) A :t»(t,T),u,t) - !(»(t,,),T,t) ),
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R e a c h a b l e  S e t s .
C o n s i d e r  t h e  s e t  W ( l )  d e f in e d  b e f o re  and g iv e n  by
W ^  { x ( l , u >  : u c u*
C o n s i d e r  t h e  I n t e r s e c t i o n  o f  t h e  s e t  o f  a l l  r e a c h a b l e  e v e n t s  f r o m  
t h e  i n i t i a l  e v e n t  y  =  0  b y  t h e  t r a j e c t o r y  y ( t , u )  ,  u e u *  w i t h  
t h e  h y p e r p l a n e  t  =  1 ;
W ( v )  ^  < y ( i , u )  = u  c  u *  > .
S i m i l a r l y ,  c o n s i d e r  t h e  s e t  ’M+ { v )  w h i c h  i s  t h e  i n t e r s e c t i o n  o f
t h e  s e t  o f  a l l  r e a c h a b l e  e v e n t s  f r o m  t h e  i n i t i a l  e v e n t  y *  =  o
b y  t h e  t r a j e c t o r y  y + ( t , u )  ,  u c D *  w i t h  t h e  h y p e r p l a n e  t  =  1 ;
W t ' ( v )  & {  y + ( l , u )  :  u  e  U *  > .
F o r  a  l i n e a r  s y s t e m ,  W ( v )  «  W+ ( v ) .
C o n v e x i t y  o f  t h e  R a n g e  o f  a  V e c t o r  I n t e g r a l  o v e r  B o r e l  S e t s .
H a l k i n  p r o v e s  t h e  w e l l  k n o w n  r e s u l t  i n  m e a s u r e  t h e o r y ,  
L i a p u n o v ' s  t h e o r e m :
I f  £  i s  a  L e b e s q u e  i n t e g r a b l e  f u n c t i o n  f r o m  [ 0 , 1 1  i n t o  R n
a n d  i f  B  i s  t h e  c l a s s  o f  a l l  B o r e l  s u b s e t s  o f  C O , 1 1 ,  t h e n  t h e
s e t  {  /  £ < t ) d t  : E  B  } i s  c o n v e x .
E
H e n c e ,  i t  c a n  b e  s h o w n  t h a t
1 * „
W * ( v )  =  (  /  <J> { t ,  u ) d t  t  u  <• U  }
i s  c o n v e x ,  w h e r e
♦  t  G ( t , v U  £ ( x ( t , v )  ,a , t )  -  . ) .
a r e  n o w  i n  a  p o s i t i o n  t o  o u t l i n e  B a l k i n ' s  p r o o f  o f  t h e  
M a x i m u m  P r i n c i p l e .  T h e  g u i d i n g  i d e a  b e h i n d  t h e  d e r i v a t i o n  o f  t h e  
n e c e s s a r y  c o n d i t i o n s  c a n  b e  u n d e r s t o o d  a s  f o l l o w s :  B a l k i n  d e r i v e s  
e a s i l y  a  s e t  o f  n e c e s s a r y  c o n d i t i o n s  f o r  o p t i m a l i t y  o f  x ( - , v ) .
H e  t h e n  p r o v e s  t h a t  h i s  c o n c l u s i o n s  a r e  s t i l l  v a l i d  w h e n  y +  i s -
a  c l o s e  e n o u g h  a p p r o x i m a t i o n  t o  y .
l l  ? h e  P r i n c i p l e  o f  O p t i m a l  E v o l u t i o n .  S e e  C h a p t .  2 .
I f  v  i s  a n  o p t i m a l  c o n t r o l  f u n c t i o n ,  t h e n  f o r  e v e r y  
t e [ 0 , 1 3  t h e  s t a t e  x ( t , v )  b e l o n g s  t o  t h e  b o u n d a r y  o f  t h e  s e t
W ( t )  &  { x ( t , u )  !  u  e D *  } ,
w h e r e  W ( l )  =  w .
2 .  T h e  P r o p e r t i e s  o f  t h e  B o u n d a r y  o f  V H v K
W e  h a v e  t h a t
y ( l , u )  «  G { l , v ) ( x ( l , u )  -  x ( l , v )  ) ,
w h e r e  G ( l , v )  i s  t h e  i d e n t i t y  m a t r i x .  H e n c e  W ( v )  i s  a  s i m p l e
t r a n s l a t i o n  o f  W .  T h i s  t r a n s l a t i o n  c o n s e r v e s  t h e  t o p o l o g i c a l  
p r o p e r t i e s  o f  t h e  p o i n t s  i n  W ;  i n  p a r t i c u l a r ,  t o  a  b o u n d a r y  p o i n t  
o f  W c o r r e s p o n d s  a  b o u n d a r y  p o i n t  o f  W ( v ) ,  a n d  c o n v e r s e l y .  
T h e r e f o r e ,  y ( l , v )  -  0  i s  a  b o u n d a r y  p o i n t  o f  W ( v ) .
3 .  T h e  P r o p e r t i e s  o f  t h e  B o u n d a r y  o f  W ( v )  ■
F i r s t l y  w e  r e c a l l  t h a t  W *  ( v )  »  W ( v )  f o r  a  s y s t e m  w h i c h  i s  
l i n e a r  i n  x .  F o r  t h e  n o n l i n e a r  s y s t e m  a s s u m e  t h a t  0  e  i n t e r i o r
o f  W + ( v ) .  T h e n  i t  c a n  b e  s h o w n ,  u s i n g  a m o n g s t  o t h e r  r e s u l t s ,
, .  h « T . ^ « m p r w . ^ ^ t h . . ^  ,+  M  i .  « » « , .
» « q . .  I f  y  .  o l .  .  bom auy pciM  o f ,+  ( , ; ,  t h « .  u l . t .  .  
noDMro oouotm t y « t o r  d . f i . i o ,  .  h y y ^ p lu ,.
< i r ( v )  , y >  =  o  
S l t ‘ < i r ( v ) , y > s 0  V y 6W+ ( v ) .
N o w  a s s u m e  t h a t  t h e r e  i s  a  u c u  s u c h  t h a t
< i r ( v }  , G ( t , v )  ( f  ( x ( t , v )  , u , t )  -  £ ( x ( t , v )  , v , t ) )  > a  e  >  0
f o r  t c E  w h e r e  E . - B  w i t h  u  ( E )  >  o .  I n t r o d u c i n g  t h e  v e c t o r  
v a :  « e d  f u n c t i o n
u  ( t )  =  v { t )  +  x ( E ) ( u ( t )  -  v ( t ) )  V  t < T  ‘M ' 
g i v e s  < i r ( v )  , y + { l , u * ) >  e  e u ( E )  >  0 .  ( 5 . 6 )
B u t  y + ( l , u  )  ? W ^ v ) .  T h i s  c o n t r a d i c t s  ( 5 . 6 ) .  T h e r e f o r e ,
< i r ( v )  , G ( t , v )  ( f  ( x ( t , v )  , u , t )  -  f ( x { t , v )  , v , t ) - ) >  & o.
h o f i n i n g  p ( t )  »  GT ( t , v )  v ( v )  ,
w e  h a '  u  t h a t  p  ( t )  i s  n o n i d e n t i c a l l y  z e r o  a n d  c o n t i n u o u s  o v e r  T .
I  Brouwoi  ' a  F i x e d  P o i n t  Theorem s t a t e s  t h a t  i f  a  c o n t i n u o u s  n 
f u n c t i  n maps  a c l o s e d  c on v e x  s u b s e t  o f  an B u c l i d e a n  s p a c e  R 
i n t o  i ' . i m l f , t h e n  i t  h a s  a  f i x e d  p o i n t .  I n  o t h e r  w o r d s ,  i f  
M x )  i  a  c o n t i n u o u s  f u n c t i o n  d e f i n e d  on  t h e  c l o s e d  c on ve x  
a o r  A - :uch t h a t  _ h ( x ) r A  f o r  a l l  xcA,  t h e n  t h e r e  i s  an 
x<;A aut..ii t h a t  h ( x )  » x .
•H X ( t )  -  1 i f  t f iB,  
= 0  i f  t + E .
T h e : ,  i t  . c a n  b e  s h o w n  t h a t
< P (t>  , £ < x ( t , v )  , o , t )  -  f ( x ( t , v )  S 0 (5 .7 )
=  < -  , ( V) t ,T 
-  -  , ( t ]  . . . .  c .  ( : . » )
5 - P r o o f  o f  t h e  M m j m m  P r l n o i m . .
If th. v of o" i. thm «  bo.
1  t h a t  x ( l , v )  I s  a  b o u n d a r y  p o i n t  o f  w .  T h e n  f r o m  2 ,  3 ,  
y -  0  1 ,  a  b o m d u y  p o in t o f  t t .  . . t  < » .
t h a t  t h e r e  e x i s t s  a  v e c t o r  p ( t ) ,  c o n t i n u o u s  a n d  n o n i d e n t i c a l l y  
z e r o  o n  T  s u c h  t h a t  c o n d i t i o n s  ( 5 . 7 )  ,  ( 5 . 8 )  a r e  s a t i s f i e d .
D e  f i n i n g
H ( x , u , p , t )  =  < p , f ( x , u , t ) >  
w e  o b t a i n  t h e  M a x i m  u n  P r i n c i p l e  o f  P o n t z y a g i n ,
I t  w a s  s t a t e d  e a r l i e r  t h a t  t h e  r e s u l t s  o b t a i n e d  d i d  n o t  
d e p e n d  o n  t h e  c o n t r o l  p r o b l e m ,  b u t  t h e  i n i t i a l  c o n d i t i o n s .  N e c e ­
s s a r y  c o n d i t i o n s  h a v e  b e e n  d e r i v e d  f o r  a n  e l e m e n t  v c U  w h e r e  
x  ( . 1 ,  v )  i s  a  b o u n d a r y  p o i n t  o f  t h e  s e t  W . I f  t h e  d i m e n s i o n  o f  
t h e  s e t  W  i s  l e s s  t h a n  n ,  t h e n  t h e  r e s u l t s  a r e  t r i v i a l ,  s i n c e  
f o r  a n y  u r U *  ,  t h e  p o i n t  x  ( 1 , u )  w i l l  b e  a  b o u n d a r y  p o i n t  o f  W .
I n  t h e  n e x t  s e c t i o n  w e  s h a l l  d i s c u s s  a  p r o o f  b y  H a l k i n  o f  
t h e  n e c e s s a r y  c o n d i t i o n s  w h i c h  d i s p e n s e s  w i t h  m e a s u r e  t h e o r e t i c a l  
r e s u l t s .
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* ftmd=mt.l «.uit «qolMd to « t ^ l u h  th. rn.ou.My 
o o o l i u ^  of optl«llt, 1, th. Iwt M0 t l »  w  
T h - r . .  a ^ k i n ,  » » ,  ^  ^  _ _ _ _  ^
^id. . w b l *  w .  to .i^,li» th. pr.^.. ^,ro.* m^h-.tlo-
a l l y  a n d  d o e s  n o t  c o n t a i n  a n y  m e a s u r e  t h e o r e t i c a l  c o n c e p t s .
A ssu m p tio n s .
L e t
( 1 )  f i e r i 31 b e  t i m e  i n v a r i a n t  
C i i )  U  b e  t h e  c l a s s  o f  p i e c e w i s e  c o n t i n u o u s  c o n t r o l s  f r o a  
[ 0 , 1 ]  i n t o  0 .
T h i s  m e a n s  t h a t  e a c h  f u n c t i o n  i n  t h e  c l a s s  U  i s  c o n t i n u o u s  
a t  e v e r y  p o i n t  C O , 1 3  e x c e p t  a t  a  f i n i t e  n u n b e r  o f  p o i n t s  w h e r e  
i t  h a s  f i n i t e  l e f t  a n d  r i g h t  l i m i t s ,  a n d  h a s  a  f i n i t e  r i g h t  l i m i t  
a t  0  a n d  a  f i n i t e  l e f t  l i m i t  a t  1 .  T h e  p r e c e d i n g  d e f i n i t i o n  
i m p l i e s ,  i n  p a r t i c u l a r ,  t h a t  e v e r y  f u n c t i o n  i n  t h e  c l a s s  U  i s  
b o u n d e d .  F o r  u s U ,  l e t  0 ( u )  b e  d e f i n e d  a s  t h e  s e t  o f  p o i n t s  i n  
f 0 , 1 3  a t  w h i c h  t h e  f u n c t i o n  u  a n d  t h e  f u n c t i o n  f ( x , u r t )  a r e  
c o n t i n u o u s  w . r . t .  t ,
( i i i )  T h e  v e c t o r  v a l u e d  f u n c t i o n  £ { x , u , t )  i s  d e f i n e d  f o r  
a l l  x t : R n ,  u r R ™ ,  V
( i v )  f ( x , u , t )  i s  2 a  c o n t i n u o u s l y  d i f f e r e n t i a b l e  w . r . t .  x ,  
c o n t i n u o u s  w . r . t .  u ,  a n d  p i e c e w i s e  c o n t i n u o u s  w . r . t .  t .
C o n s i d e r  t h e  s y s t e m  d e s c r i b e d  b y
x ( t , u )  -  £ ( x ( t , u )  , u ( t )  , t )  V te e(u )
W  K < .
l"'.o,t)| , K(|,| + i, , t,[0.1].
S t a t e m e n t  o f  P r o b l e m .
C o n s i d e r  m a x i m i z i n g  x ^ i ^ u )  s u b j e c t  t o  t h e  c o n t r o l  
c o n s t r a i n t  u e a  a n d  e n d p o i n t  c o n s t r a i n t s  o f  t h e  f o r m
x 1 { l , u )  ™ s 1  i  =  l , . . . , r  5  n - 1 .
D e f i n a  8  ^  x  1 «  < R n ,  -  s i ,  i  -  l # . . .  , r  ) .
H e n c e  i f  v c U  i s  o p t i m a l ,  t h e n
x ( l , v )  e S ,
a n d  f u r t h e r m o r e ,  i f  u f U  a n d  x ( l , u )  <  S ,  t h e n  n e s e s s a r i l y ,
x " ( l , u )  S x " ( l , v )  .
T h i s  E m u l a t i o n  c o r r e a p o n d s  t c  t h e  M a y e r  P r o b l e m  o f  t h e  
c l a s s i c a l  c a l c u l u s  o f  v a r i a t i o n s .  A s  i s  w e l l  k n o w n ,  p r o b l e m s  
i n v o l v i n g  i n t e g r a l  c o s t  c o m p o n e n U s  a n d  o t h e r  f o r m s  o f  e n d p o i n t  
c o n s t r a i n t s  c a n  b e  t r a n s f o r m e d  t o  t h i s  f o r m  b y  t h e  i n t r o d u c t i o n  
o f  e x t r a  s t a t e s .  W e  s t i l l  a l l o w  £ ( x , u , t )  t o  b e  d e p e n d e n t  o n  x n  
a n d  d o n ' t  r e q u i r e  t h e  d i f f e r e n t i a l  s y s t e m  t o  b e  t i m e  i n d e p e n d e n t ,
T h e  V a r i a t i o n  T r a j e c t o r y .
L e t  v-:U b e  t h e  o p t im a l  c o n t r o l  (w h ich  we a s s  m e  e x i s t s ) .
D e f in e  t h e  v a r i a t i o n a l  t r a j e c t o r y  f o r  t h e  c o n t r o l  u w . t . t .  t h e
c o n t r o l  f u n c t i o n  v  i
S o  y  { t ,  v )  SB o ,
L M  ylt.d t
V d l f t e c e n t i a b l e  w . r . t .  t » t«e*(u) , and
y ( t , u )  -  £ ( x ( t , u )  , u , t )  -  £ < x ( t , v >  , v , t )  ¥ t e f l * ( u ) .
T h e n  d e f i n i n g
-  £ ( x  ( t , v )  , u , t )  -  f ( x ( t , v )  , v , t )
k ( t , u )  »  f ( x ( b , u )  , u » t )  -  f  ( x  ( t , v )  , v , t )  -  »  { t ,  u )
-  A ( t )  ( x { t , u )  -  x ( t , v )  )  , 
w h e r e  A { t )  ^  £ x ( x { t , v )  , v , t ) ,
w e  h a v e  y ( t , u )  =  A ( f ) y ( t , u )  +  *  ( t , u )  +  k ( t , u )  V t s 0  ( u ) .
(6 . 1)
L e t  ■ * i  t  x  T  R n x n  d e n o t e  t h e  t r a n s i t i o n  m a t r i x  f o r  t h e
s y s t e m  ( 6 . 1 ) .  H e n c e  <i ( t  , r )  i s  t h e  u n i q u e  s o l u t i o n  o f  t h e
m a t r i x  d i f f e r e n t i a l  e q u a t i o n
»  A ( t ) ^ ( t , T )  $ » I .
a n d  w e  h a v e
y ( t ; u )  *  /  # ( t , T )  (  <Mt , u> +  k ( r , u )  ) d i  V t « - C 0 , l ]
0
y ( 0 , u ?  =  0 .
F o r  t h e  s y s t e m  w h i c h  i s  l i n e a r  . i n  x ,  i . e .
x  =  A x  +  <|i ( t  # u )  ,
k ( t , u )  5  0 .  F o r  t h e  n o n l i n e a r  p r o b l e m ,  k ( t , u )  c a n  b e  s h o w n  t o  
h a w s  t h e  f o l l o w i n g  p r o p e r t i e s :
( . 1 )  T h e r e  e x i s t s  s u o h  t h a t
( i i )  T h e r e  e x i s t s  <  «  s u c h  t h a t  v  ucU, V t c [ 0 , 1 3 ,  .
5  K 2 l y ( t , u ) | .
I t  c a n  a l s o  b e  s h o w n  t h a t  t h e r e  e x i s t s  N  <  »  V  u e U  a n d
V«-A w i f c h  a ( t )  “  v < fc ) V  t « C O A > B  s u c h  t h a t
| x ( t , u ) -  x  ( r , v )  | s  NU (E} V
w h e re  J {  i s  t h e  c J a s s  o f  a l l  s u b s e t s  o f  [ 0 , 1 ] w h ic h  a r e  t h e
u n io n  o f  a  f i n i t e  n u m b e r o f  d i s j o i n t  i n t e r v a l s .
I n  o r d e r  t o  a p p r o x  . t in  a t e  y ( t , v )  a n d  t h e  e f f e c t s  o f  s t r o n g  
v a r i a t i o n s  i n  c o n t r o l ,  t h e  f o l l o w i n g  l i n e a r  m o d e l  i s  i n t r o d u c e d .
T he A p p ro x im a te  T r a j e c t o r y .
F o r  a n y  U c t i  l e t  z ( t , u )  d e n o t e  t h e  u n i q u e  s o l u t i o n  t o
z { t , u )  «= A ( t ) a ( t , u )  +  < S > ( t , u )  V  t e 6 * ( u )  ,  ( 6 , 2 )
3 ( 0 , u) = 0 ,  t 6 ‘ 31
o r  e q u i v a l e n t l y ,
z ( t , u )  «  /  $ ( t ,  r )  < f l ( T , U ) d r  V  t « C 0 , 1 . 1 .
0
T hen
y  { t ,  u)  -  2 t t , u )  »  /  * ( t , T ) k ( T , U )  d t  V t c T O f l J ,
y ( 0 , u )  -  z ( 0 , u )  =  0 .
A ls o  z ( t , v )  => 0 ,  b o c a u s e  * ( t , v )  * 0 .
* ( • , « )  i s  c a l l e d  t h e  a p p r o x i m a t e  t r a j e c t o r y  f o r  t h e  v a r i a t -  
1 W 1  i .  . I n .  y l - ^  -
1 . th . <x*p.ri.«= W l.o W r y
1» olo,. to tlw, optU.l tr«j«otoqf
T h e  R e a c h a b l e  S e t s .
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f t ,  r « d , . w .  ^
"  4 1 ' ( I ' ? )  + y » , u )  = u ,  n },
( 6 .2 ) ,  (6 .3 )  i s  d e f in e d  by
W ^  { x ( l , v )  + z ( l , u )  i u c U }, 
e q u iv a le n t ly  t h e  s e t s  W, W co u ld  b e  w r i t t e n  as
W = { x ( l , u )  ; u t. U },
W = { X ( l ,v )  + z : z r Z ) ,
w here Z = { z (1 , u) j u r U ) .
D e fin e  t h e  s e t  S* o f  a l l  s t a t e s  in  S w ith  an nt h  c o - o rd in a te  
g r e a t e r  th a n  x n ( l , v ) . i . e . ,
S+ 6  { x i x  ^ S , xn ( l ,u )  > xn ( l , v ) , u G U ) ,
S+ i s  co n v ex , and  by d e f in i t i o n ,  S+ and W have no p o in t s  in
common. A ls o ,  f o r  a  sy stem  l i n e a r  i n  x ,  th e  s e t s  W and W a r e
th e  sam e.
C onvex ity  o f  th e  Range o f  a V e c to r I n t e g r a l  o v er th e  c l a s s  A  o f  
'S u b sets  o f  CO.13 .
• C o n s id e r  a  p ie c e w is e  co n tin u o u s  fu n c tio n  £ ( t ) . The v e c to r
I  = /  f ( t ) d t  r e p r e s e n ts  th e  av erag e  value  o f  th e  fu n c tio n  f ( t )
on th e  i n t e r v a l  [ 0 , 1 ] .  The v e c to r  I  i s  a ls o  th e  v a lu e  a t
t  = 1 o f  t h e  fu n c tio n  g ( t )  « /  f ( t ) d t .  I f  we c o n s id e r  th e  
0
e s t im a t io n -  o f  t h e  a v e ra g e  I  as a c o n tin u o u s p ro c e s s ,  th e n  th e
v e c to r  g ( t )  may b e  r e g a r d e d  as a  c e r t a i n  a p p ro x im a tio n  o f  th e  
f r a c t i o n  t l  o f  t h e  a v e ra g e  v e c to r  I .  T h is co n tin u o u s  e s t im a ­
t i o n  p ro c e s s  i s  n o t  v e ry  a c c u ra te , i f  th e  fu n c tio n  f ( t )  f l u c tu a te s  
g r e a t l y -  I n s t e a d  o f  b a s in g  th e  e s t im a t io n  on a s in g le  'b a la y a g e ' 
o f  t h e  i n t e r v a l  C o , l ] ,  we co u ld  c o n s id e r  a  s im u ltan e o u s  b a la y a g e  
o f  ea ch  o f  t h e  i n t e r v a l s  CO,i$) and [% ,1 ] and in tro d u c e  a
f u n c tio n  ? 1 ( t i  d e f in e d  o v e r  [ o , l ]  oy
g x ( t )  = j f ( t ) d T  + ^  ^  f  ( t )  d r
as an a p p ro x im a tio n  o f  th e  f r a c t i o n  t l  o f  th e  a v e ra g e  v e c to r  I .  
T h is p ro c e s s  may be r e f in e d  f u r th e r :  f o r  each  i n t e g e r  k we p a r t i ­
t i o n  t h e  i n t e r v a l  C o ,l]  i n to  2 k c o n se c u tiv e  i n t e r v a l s  o f  e o u a l
le n g th  l / 2 k and d e f in e  a fu n c tio n  g ^ ( t )  on [ 0 , 1 ] by 
2 k ( i - l t t ) / 2k
o r  e q u iv a le n t ly  by th e  r e l a t i o n
g k ( t )  =  f (T )d T  
w here t h e  s e t  i s  d e f in e d  by
i - l + t  .
U sing F o u r ie r  s e r i e s  m eth o d s, H a lk in  p ro v e s  t h a t  t h e  fu n c tio n s  
g 1 ( t ) , . . . ,  g k ( t )  , , .  become m ore and more a c c u ra te  ap p ro x im a tio n s  
of th e  f u n c tio n  t l  a s  k in c r e a s e s .  More p r e c i s e ly i
M  f it )  f  '  p l . c - i "  oontinuou. fm ^ io n
fr o . [ 0 ,U  -  i f  md i f  « » o , t h =  th er . « i . t .  m  l a t t e r  f
, . t .  I f  I  f l t l f t  -  f lt ld t l  « '
fo r  a l l  u iC O .1 ) and a l l  k a K.
C o n s id e r  t h e  s e t
L ( f )  =  * £ ( t ) d t  :  A  e  y i  } ,
A . r .  yt i .  t h .  o l « .  o f ^  of [0 ,1 ]. n . jn ,  th .  *OT.
theorem as w ell w B tow er's Fined Point Theorem enables Halkln 
t o  p ro v e :
L ia p u n o v 's  Theorem : I f  th e  v e c to r  v a lu e d  fu n c tio n  f ( t )  i s
p ie c e w is e  c o n t in u o u s ,  th e n  th e  s e t  r,<£) .is convex.
W ith t h e  h e lp  o f  L ia p u n o v 's  Theorem , H a lk in  p ro v e s  t h a t  th e  
re a c h a b le  s e t  f o r  t h e  l i n e a r  system  d e s c r ib e d  by (6 . 2 ) ,  ( 6 .3 ) ,
W , i s  c o n v e x .
We a r e  now in  a  p o s i t i o n  to  o u t l in e  th e  s ta te g y  b eh in d  th e  
p r o o f  o f  th e  Maximum P r in c ip l e  g iv e n  in  [2 7 ] .
1 .  P r i n c i p l e  o f  O p t i m a l  E v o l u t i o n .
As b e f o r e ,  we hav e  t h a t  i f  v  i s  an o p tim a l c o n t r o l  
fu n c t io n ,  th e n  f o r  ev e ry  t e [ 0 , l j ,  th e  s t a t e  x (< ,v )  b e lo n g s  to  
th e  b o u n d a j^  o f  t h e  s e t  W(t) . W (l) = W.
2. ' The Fundam en tal Lemma.
T h e  f u n d a m e n t a l  le m m a  s t a t e s  t h a t :
I f  t h e r e  i s  n o  h y p e r p l a n e  s e p a r a t i n g  t h e  c o n v e x  s e t s  S a n d  w ,. 
t h e n  t h e  s e t s  S +  a n d  W h a v e  a t  l e a s t  o n e  p o i n t  i n  com m on.
F o r  c o n v e n i e n c e  t h r e e  n e w  s e t s  S * ,  W *  a n d  W * a r e  i n t r o d u c e d .
A { x  : X + x  ( 1 ,  v) * S +  }
W* 6  { .X  : : X + x ( l ,  v) G w }
a r e  t r a n s l a t i o n s  o f  S+ , W, K a lo n g  
•v e ly . The s e t s  s * ,  can be
S *  =  { x  : x 1 =  o ,  i  =  1 , •r and xn > 0  }
w* = f y ( l /U )  : u e u }
w* “  { 2 ( I aU) : u  e U } .
IThe fu n d a m e n ta l lemma s t a t e d  above i s  th e n  e q u iv a le n t  t o  th e  
m o d if ie d  fu n d a m e n ta l leirnia w hich s t a t e s :
I f  t h e r e  i s  no h y p e rp la n e  s e p a ra t in g  th e  convex s e t s  S* and W*, 
th e n  t h e  s e t s  and W# have a t  l e a s t  one p o in t  in  coisnon.
H a lk in  p ro v e s  t h i s  i n i t i a l l y  f o r  th e  ca se  r  = n - 1 , m aking use
o f  th e  B a lay a g e  Theorem and B r o w e r ’s  F ixed  p o in t  Th&vrem. The 
p r o o f  i s  th e n  e x te n d e d  t o  th e  g e n e ra l  ca se  r  < n - 1  by c o n s id e r ­
ing  S * , , Wir, t h e  p r o j e c t io n s  o f  th e  s e t s  S* , W* t w* on th e
(r+ D  -d im e n s io n a l  sp a c e  R2^ ^ - o b ta in e d  by ta k in g  th e  d im ensions 
1, 2 , . . , ,  r  an d . n  o f  t h e  o r i g i n a l  E u c lid ea n  upace Bn , T h is 
p ro c e d u re  i s  due to  Warga [613.
As a c o r o l l a r y  t o  th e  fundam en tal lemma we have :
I f  th e  s e t s  S+ and W hav e no p o in ts  in  ca m o n  th e n  th e r e  i s  a 
h y p e rp la n o  w hich  e c p e r a te s  th e  convex s e t s  S and W.
3, The Maximum P r i n c i p l e .
L e t v-:U b e  o p t im a l .  Then th e r e  e x i s t s  a v e c to r  va lued  
f u n c tio n  A: t  * fin , d e f in e d ,  n o n -z e ro  and a b s o lu te ly  c o n tin u o u s 
s a t i s f y i n g  th e  d i f f e r e n t i a l  e q u a tio n ;
( i ) U t )  =  -  AC t)x(t )  v  *
t h e  t r a n s v e r s a l i t y  c o n d i t i o n s
( i i ) X ^ ( l )  =  0  i s  r + 1 , . . . , 0 - 2
( i l l ) X ^ U )  s  0 ,
a n d ' f u r t h e r m o r e
( i v ) < j > ( t , v )  , X  ( t ) >  s  « ! > ( t , u )  , X ( t ) >
B y  c o n s t r u c t i o n  > S  an d  W h a v e  n o  p o i n t  i n  c a n m o n .  T h e r e ­
f o r e ,  b y  t h e  a b o v e  c o r o l l a r y  t h e r e  i s  a  h y p e r p l a n e  s e p a r a t i n g  
S +  a n d  W . T h i s  m e a n s  t h a t  w e  c a n  c h o o s e  s o m e  n o n - z e r o  C d R n  
s a t i s f y i n g  t h e  f o l l o w i n g  c o n d i t i o n s  o f  s e p a r a t i o n :
< X , C >  S h  V  Xt-:W
< x , c ?  >  h  V  x < S + .
I f  w e  d e n o t e  b y  S +  t h e  c l o a u r e  o f  t h e  s e t  S  ,  t h e n  t h e  
r e l a t i o n  m a y  b e  s t r e n g t h e n e d  t o
•:XiC:- h  V  X i S + ,
a n d l  s i n c n  x ( 3  , v )  S + n ,  w ,  t h e n  
f x d i v )  , c >  =  h .
W e  n o w  v e r i f y  t h a t  c  s a t i s f i e s  t h e  t r a n s w r a a l i t y  c o n d i t i o n s .
If the mit ^
t h e n  f o r  1  *  r + 1 / . - • / n - 1  w e  h a v e
( x ( l , v ) ± Q i )  ft
T h e r e f o r e ,  ±e±) ,c>  a  «  , c > .
I
t h a t  < e i , c >  -  0 ,  a n d  h e n c e  c± = 0 ,  i  =  r + 1 , . , n - l  
c o n d i t i o n  ( i i ) . A l s o ,  s i n c e
( x ( l , v ) + e n )  e  S + ,
<  ( x  ( l , v ) + e n )  , c >  £  < x ( l , v ) , c > .
< e n , c >  a  0  ,  a n d  c n  a  0 ,  e s t a b l i s h i n g  ( i l l ) ,
X :  T  +  R n  a g  t h e  s o l u t i o n  t o  t h e  l i n e a r  m a t r i x  
e q u a t i o n  ( i )  w i t h  t h e  b o u n d a r y  c o n d i t i o n
A ( 1 )  =  c
t h e  s e p a r a t i n g  h y p e r p l a n e  n o r m a l  i n t r o d u c e d  a b o v e .
,  f r c m  p h e  t h e o r y  o f  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ,
A ( t )  ?  0 ,  a n d  A i s  a b s o l u t e l y  c o n t i n u o u s  o n  [ 0 , 1 ] .
T o  c o m p l e t e  t h e  p r o o f ,  c o n d i t i o n  ( i v )  i s  v e r i f i e d  u s i n g  
a  c o n t r a d i c t i o n  a u g m e n t .  A s s u m e  ( i v )  i s  n o t  s a t i s f i e d .  T h e n  
f o r  s o m e  t ' , 0 ( v ) ;  t h e r e  e x i s t s  a  u - f i  s u c h  t h a t
< j i ( v ( t ' )  , t ' )  , A ( t ' ) >  <  « M u ( t ' }  , t ? )  , A ( t ' ) > .
T h e n  b y  t h e  c o n t i n u i t y  o f  4 > ( v ( » ) , 0  a t  t 1 a n d  X ,  t h e r e
e x i s t s  a n  n  :> 0  a n d  s  >  0  s a t i s f y i n g
< < * (u ,T )  ,A ( t ) >  -  11, f o r  I t ' - T l  <
D e f i n e  c o n t r o l  u  b y
u * ( t )  =  u ( f c )  for a l l  t  s u c h  t h a t  i t ' - t l  < e  
=  v ( t )  o t h e n v i s e .
T h e r e f o r e ,  f o r  u  r U  w e  h a v e
< x ( l , v )  +  z ( l , u * ) , c >  -  < ( x ( l , v )  +  / Q  e d i t l t l u  , T ) d t ) , C >
T h i s  i m p l i e s  
e s t a b l i s h i n g
T h e r e f o r e ,
t
D e  f i n e  
d i f f e r e n t i a l
w h e r e
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-  ^  ^ + A ,  ,
* ,0» + A , ( v . T i . i , , ,
-  < x ( l , v ) , 0> + St)E ,  h .
d ™ . ,  i .  th . a .  H a w n .. ,
(:.:). B«,o. «  obttu. . o=,tr.diAi.. that
{ x { l , v) + z (1  ,U } ) C w.
T h u s  c o n d i t i o n  ( i v )  i s  e a t i s f j e d .  S i n c e
4> (t,v) = o
a n d  ^ ( t ; u )  =  f ( x  ( t , v )  , u , t )  -  f ( x ( t , v )  , v , t >  
d e f i n i n g  H ( x , u , X , t )  =  < f ( x , u , t ) , x ( t ) >
c o n d i t i o n  ( i )  -  ( i v )  t r a n s l a t e  i n t o  t h e  c o n d i t i o n s  o f  t h e  M a x i m u m  
P r i n c i p l e  f o r  n o n l i n e a r  s y s t e m s ,
B r y a n t  a n d  M a y n o  { .1 3 ; l  g i v e  a  p r o o f  o f  t h e  M a x i m u m  P r i n c i p l e  
s i m i l a r  t o  t h a t  g i v e n  b y  H a l k i n  [ 2 7 ; ] .  T h e i r  m a i n  o b j e c t i v e  w a s  t o  
r e p l a c e  f c h o  u s e  o f  B r o u w e r ’ s  F i x e d  P o i n t  T h e o r e m  b y  a n  e a s i l y  
p r o v e n  c o n t r a c t i o n  m a p p i n g  t h e o r e m .
T h e  f i r s t  u s e  o f  B r o u w e r ' s  f i x e d  p o i n t  t h e o r e m  i n  I'271 i s  
t o  p r o v e :  t h e .*  c o n v e x i t y  o f  t h e  r e a c h a b l c  s e t  o f  t h e  l i n e a r i z e d  
a y s  u r n  (6 . 1 ) ,  W .  T h i u  i a  r e p l a c e d  b y  a  s i m p l e  c o n s t r u c t i v e  p r o o f  
o f  L i a p u n o v ’ s  t h e o r e m .  T h i s  r e q u i r e s  a  s l i g h t l y  m o r e  g e n e r a l  
c l a s i  o f  a d m i s s i b l e  c o n t r o l s  t h a n  t h e  p i e c e w i s e  c o n t i n u o u s  c l a s s  
e m p l o y e d  b y  H a l k i n ?  t h e  c l a s s  o f  e x t e n d e d  p i e c e w i s e  c o n t i n u o u s  
c o n t r o l s  a n d  f u n c t i o n s .  T h o y  f i r s t  p r o v e  t h a t :
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( t h e  c l a s s  o f  e x t e n d e d  p i e c e w i s e  c o n t i n u o u s  f u n c t i o n s ,
i . e .  d i s c o n t i n u o u s  o n  a  c o u n t a b l e  s e t ) ,  t h e n  f o r  a n y  s c a l a r  k  
s a t i s f y i n g  0  s  k  s  1  t h e r e  e x i s t s  a  s e t  tuf t,  t h e  s e t  o f  a l l  
s u b s e t s  o f  [ 0 , 1 ] ,  s u c h  t h a t
k  / Q f t r ) d T  =  /  f ( T ) x A ( T ) d T
w h e r e  X A  *  1  t  f  a
=■" 0  o t h e r w i s e .
T h i s  r e p r e s e n t s  a  s i m p l i f i e d  f o r m  o f  L i a n u n o v ' e  T h e o r e m  a n d  
e n a b l e s  t h e m  t o  p r c v n  t h a t  W i s  c o n v e x .
T h e  s e c o n d  a p p l i c a t i o n  o f  B r o u w e r ' s  f i x e d  p o i n t  t h e o r e m  i s  
i n  p r o v i n g  ’ a  f u n d a m e n t a l  l e m m a ,  m a k i n g  u s e  o f  t h e  B a l a y e i g e  
t h e o r e m .  T h i s  i s  e l i m i n a t e d  b y  a  s t r e n g t h e n e d  B a l a y a g e  r e s u l t  a n d  
t h e  u s e  o f  a n  a d d i t i o n a l  p r o p e r t y  o f  t h e  l i n e a r i z e d  m o d e l  o f  t h e  
n o n l i n e a r  s y s t e m ,  p e r m i t t i n g  a  c o n t r a c t i o n  m a p p i n g  t h e o r e m  t o  b o  
e m p l o y e d .
T h e  I n t e r v a l  N e t  ( b ^ ) .
G i v e n  N  .■ 0 ,  p a r t i t i o n  t h e  i n t e r v a l  [ 0 , 1 1  i n t o  N  e q u a l  
i n  l a r v a l  s; I .  U  =  1 , . . .  , N )  - W i t h i n  e a c h  s e l e c t  a  s u b i n t e r ­
v a l :  1 *  s a y ,  o f  l e n g t h  X / U  ( 0  s  X s  1 ) .  D e f i n e  
i  N l
U s i n g  t h i s  p a i t i t i o n ,  Bryant a n d  M n y n o  p r o v e s
S t r e n g t h e n e d  U a l a y a g e  T h e o r e m  :  F o r  a n y  a d m i s s i b l e  u  a n d  a n y
r. ,  0 , th w . o m t .  ^  w< -  th'C, T 1,10.1], ] - M,
I l l z l l . U )  -  ! x K l , T ) * ( T , U ) d T | l  < t i .
D j
P r o o f  o f  t h e  Fund.-anen.taL Lemma.
S u p p o s e  W i s  o f  d i m e n s i o n  n .  I f  n o t ,  p r o j e c t  s *  o n t o
t h e  l i n e a r  m a n i f o l d  c o n t a i n i n g  w  a n d  p r o c e e d  w i t h ' t h e  c o n s t ­
r u c t i o n  i n  t h e  r e d u c e d  d i m e n s i o n  s p a c e ,  i f  w a n d  S +  a r e  n o t  
s e p a r a t e d ,  t h e n  t h e r e  e x i s t s  a t  l e a s t  o n e  p o i n t ,  s a y  z * , c o n t a i n ­
e d  i n  r  l n t ( S + ) n i n t ( W ) .  S i n c e  z O . , v W«h a n d  t h e r e  e x i s t s
a  s i m p l e x  S  w i t h  v e r t i c e s  z ( l , v ) ,  z ( l , u ^ ) ,  z ( l , u n ) c  W
c o n t a i n i n g  z  a s  a n  i n t e r i o r  p o i n t .  S e l e c t  a  c l o s e d  s p h e r e  A  
i n t  S  w i t h  c e n t r e  z  a n d  l e t  n  d e n o t e  i t s  r a d i u s .  T h e n  f o r
0  <  a  <  1  w e  c a n  d e f i n e  a  c l o s e d  s p h e r e  A* w i t h  c e n t r e  c t z
a n d  r a d i u s  a n ,  w h , ; r e  A 11, : i n t  S  b y  c o n v e x i t y .
F i g u r e  6 . 1
a
, ' i p p r u x i « u iu u  i.-Miii i w -  -
^  i n t ^ n r  N. m l *  ^
-• n i. / ' li  ^ l i  n
i n i l t V i . i f c
_ r. t-Urwri ri.X.i stS
i i a  -  z ( l , u a ' N ) | |  s w  
f o r  a l l  ac-hn a n d  N  a  n ^ .
C o n s i d e r  a  m a p p i n g  h H ; Rn  ,  r 11 d e f i n e d  aB f o l l o w s :
h M ( a )  =  a  ~  y a , H  -  a * ,
w h e r e  Y a , N  =  x ( l , u a ' N ) -  x ( i , V j  .
T h e n  u s i n g  t h e  s t r e n g t h e n e d  B a l a y a g e  t h e o r e m ,  a s  w e l l  a s  a n
i n t e r e s t i n g  p r o p e r t y  o f  t h e  l i n o a r i z e d  m o d e l  ( l i n e a r i z e d  i n  s t a t e ) ,
t h e y  s h o w  t h a t  a n  cs a n d  N  c a n  b e  c h o s e n  s u c h  t h a t  h  i s  a  
c o n t r a c t i o n  m a p p i n g 1" i n  t h e  c l o s e d  g o t  A a  a n d  m a p p i n g  ka i n t o  
i t s e l f .  H e n c e  t h e r e  e x i s t s  a n  a r A 0  s a t i s f y i n g
h ( a )  - -  a ,  
i m p l y i n g  y a , N  -  n a * .
S i n c o  W  i i n d  i i " 1" a r o  a s s u n o d  n o t  s e p e r n t e d , .  t h e n
z * ‘- r i n t ' . ( S + ) .  A l s o ,  0 * R + ,  T h o r n f o r o ,  a z  v r i n t ( S + ) f o r  ( t ' . l ' 0 , 1 . 1 ,  
a n d  h t > n c e  n z *  - H 4 ' .  B u t  »z*  50 y a , N  c  W .  S i n c e  S +  i s  b y  t l o f i n l -
i l o n  d i n j n i n t  f r o m  W ,  t h i s  i a  a  c o n t r a d i c t i o n ,  p r o v i n g  f r h o
f i s u l . w - n t . , i ]  l o m j u a ,
T h u  r » m t  0 1  i h t >  p r o o f  o f  t h e  M a x i m u m  P r i n c i p l e  f o l l o w  t h e
d j b i q  a p p r o a c h  i\r, U i o  p r o c u d L n g  n p p r o n c h  o f  n a l k i n ' 8 .
T h e  d o r i v a t l o n  b y  B r y a n t  a n d  M a y n o  r e p r e s e n t s  a  w r y  u a o f u l  
a r i v a n c n  i m  t h f  d e r i v a t i o n  d u o  t o  l i a l M n ,  f 2 7  K  N o t  o n l y  a r e  t h e  
n l  am  o f  c x t o m M  f u n c t i o n s  s t i l l  o f  p r o o t i o B l  i n t o r w t  t o  t i n ,  
t i n g i n o t i r ,  b u t  t h e  m a t h e m a t i c a l  m n t o n t  i a  a  t f o o c t  d e a l  s i m p l e r .
t  A o im p lo  fo rm  o f  t h o  s t a n d a r d  e o a t r n o t i o n  m app ing  th o o r e a  
R ta t f i o  t,hn1i i £  it f u n n t i o t i  H maps a  clom?"! ou'bBet o f  B
an  u n i q u e  p o i n t  x.?A w h ich  10  n f i x v A  p o i.n t o f  H.
7 .  C O N C L U S I O N .
T h .  o f  t h l .  h .  b « .  t .  , 1 ,  .  b r o w ,  . , e l l «
. f  t b .  n f a .  o o n a itlo .. tbM .  p r o o - .
( x  ( • ,  v )  ,  v (  • ) )  h . 6  t o  s a t i s f y  i n  o r d e r  t o  b e  o p t i m a l  f o r  a  c e r t a i n
olw. of p ret km,. Th. -pbwi. in thi, prw«t.tioo h m  km n  to 
g lm 'an 'intoitim, m d M t M i n , '  of th. %,ro,*«. mm, bf 
mr i o m  ambor. to obtain nooM.mcy omditiam, zatbar thm «n
a t t e m p t  a t  m a t h e m a t i c a l  c m p l e t e n e s a .  O f  t h e  m a j o r  a p p r o a c h e s  
c o v e r e d ,  t h e  proof b y  B r y a n t  a n d  M a y n e  w a s  t h e  l e a s t  d e m a n d i n g  
m a t h e m a t i c a l l y ,  a n d  y e t  s t i l l  a p p l i e d  t o  a  f a i r l y  g e n e r a l  c l a s s  o f  
p r o b l e m s .  T h e  a p p r o a c h  o f  H a l k i n ,  1 . 2 7 ] ,  a n d  t h e  e p s i l o n  a p p r o a c h  
o f  B a l a k r i s h n a n  h a v e  b e e n  u s e d  t o  f o r m u l a t e  c o m p u t a t i o n a l  t e c h ­
n i q u e s  t o  s o l v e  f o r  t h e  o p t i m a l  c o n t r o l  i n  i; 2 8 !  a n d  [  4 ]  
r o s p e e t i w . l y .
T h e  M a x i m u m  P r i n c i p l e  i s  a  s e t  o f  n e c e s s a r y  c o n d i t i o n s  f o r  
t h e  o p t i m a l i t y  o f  a  c o n t r o l .  S u p p o s e  f o r  s o m e  c o n t r o l  p r o b l e m  w e  
h a v e  f o u n d  a  c o n t r o l  a n d  a  r e s p o n s e  s a t i s f y i n g  t h e  c o n d i t i o n s  o f  
t h e  M a x i m u m  P r i n c i p l e s .  I s  t h i s  c o n t r o l  o p t i m a l ?  M o r a  g e n e r a l l y ,  
w h e n  a r e  t h e  M a x i m u m  P r i n c i p l e ' s  n e c e s s a r y  c o n d i t i o n s  a l s o  s u f f i ­
c i e n t ?  S o m e  a n s w e r s  t o  those t w o  q u e s t i o n s  h a v e  b e e n  g i v e n  b y  
L e e  I 3<i I a n d  M a n g n s a r l . ' t n  I 4 3 ] .
A s  c a n  b u  e x p e c t e d ,  t h e r e  e x i s t -  o t h e r  n e c e s s a r y  c o n d i t i o n s  
f o r  o p t i m a l  controls o t h e r  t h a n  t h e  M a x i m u m  P r i n c i p l e .  F o r  e x a m p l e ,  
V i n c e n t ,  a n d  G o b  I (S O I o b t a i n  a  n n t f  n e c e s s a r y  c o n d i t i o n  t c  b e  
s a t i s f i e d  a t  t h e  e n d p o i n t s  o f  t h e  t r a j e c t o r y .
I n  c o n c l u s i o n  w e  r e m a r k  t h a t  t h e  M a x i m u m  p r i n c i p l e  h a s  b e e n  
e x t e n d e d  t o  a  w i d e r  c l a s s  o f  p r o b l e m s  w h e r e  t h e  d y n a m i c s  c o n s i d e r e d  
a r e  o f t e n  o t h e r  t h a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .
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A B S T R A C T .
The theo ry  of s t a b i l i t y  i n  th e  sense of Liapunov fo r  autonomous 
( e x p l ic i t  tim e independence) systems i s  developed. A n aly tic  methods 
fo r  co n s tru c tin g  Liapunov fu n c tio n s  a re  o u tlin e d . In  p a r t i c u l a r ,  th e  
methods of Aizerman, Szego and L u r 'e  and Letov, th e  v a r ia b le  g rad ien t 
method of S chultz  and Gibson, and th e  Format method due to  Peczkowski 
a re  d isc u sse d .
I N T R O D U C T I O N ■
Though o r ig in a l ly  in troduced  n ea r the end of Che la s t  cen tu ry , 
th e  second method o£ Liapunov may be broad ly  c la s s i f ie d  tie one of th e  
'modern* approaches to  th e  so lu tio n  of s t a b i l i t y  problems in  autom atic 
c o n tro l.
The d i r e c t ,  o r second method of Liapunov a ttem pts Co make s t a t e ­
ments on che s c a b i l i ty  of th e  eq u ilib riu m  aca te  w ithout any knowledge 
of th e  so lu tio n s  o f th e  d i f f e r e n t i a l  e q u a tio n s , i . e . , w ithout using 
the e x p l ic i t  form of tho  percurbed m otions. A fu n c tio n  V, c a lle d  the 
Liapunov fu n c tio n , i s  examined as a fu n c tio n  of tim e. To prove s ta b -  * 
i l i t y ,  i t  i a  .su ff ic ie n t to  show Chat t h i s  V fun c tio n  approaches zero 
as tim e approaches in f in i t y .  The req u ired  V fu n c tio n  i s  always a v a i l ­
ab le  fo r  l in e a r  system s, but i s  somecimes d i f f i c u l t  to  f in d  fo r  non­
lin e a r  eyatona.
The purpose of t h i s  essay  i s  to  o u t l in e  th e  moat im portant 
a n a ly tic  means th a t a re  now a v a ila b le  fo r  g enera ting  Che requ ired  
Liapunov fu n c tio n  fo r  on autonomous system . This assay  i s  based to  a 
largo  ex tan t on the. a r t i c l e  by Schultz in  L22.1.
The f i r s t  two chapter* g iv e  th e  necessary  background, d e f in i t io n s  
and theorem s. The choice of the  coo rd ina te  system in  which th e  system 
equation** are  exprcssnd i s  d iscu ssed  in  th e  th i rd  ch ap te r . Also cover­
ed a re  the. Roufih-Hurwita s t a b i l i t y  c r i t e r i a  fo r l in e a r  system s, Che. 
tr a n s f e r  fu n c tio n , and systems w ith  a s in g le  n o n lin e a r ity .
Tho sov.tlon on the a c tu a l g e n e ra tio n  of Liapunov fu n c tio n s  fo r  
autonomous nyute.ms com prises e ig h t major d iv is io n s .  In  th e  in tro d u c ­
to ry  sec tio n  we dint:uim, very b r i e f ly ,  the. Zubov co n s tru c tio n  procedure.
However, t h i s  approach i s  la rg e ly  num erica l, and i s  not covered any 
fu r th e r .  L inear systems a re  then co nsidered , follow ed by a g enera l 
approach based on norm type  V fu n c tio n s . Although th i s  i s  ra th e r  
im p ra c tic a l,  -he  d iscu ss io n  serves to  dem onstrate th a t t h i s  g enera l 
approach i s  th e  th e o r e t ic a l  j u s t i f i c a t i o n  fo r  th e  u sual procedure of 
l in e a r iz a t io n  about an o p era tin g  p o in t .  A izerm an's approach i s  then 
shown to  be an e x c e lle n t method, th a t  i s  n o t only sim ple, b u t o ften  
g ives good r e s u l t s .  Follow ing t h i s ,  th e  procedure developed by Szego 
i s  o u tlin e d ,  and th i s  i s  shown to  extend and compliment th e  Aizerman 
approach. The well-known methods of I .u r 'e  and th e  very  im portant 
v a r ia b le  g rad ien t method of S chultz  and Gibson a re  then  desc rib ed . 
The last, method covered i s  th e  Format method due to  Feczkowski,
1 . SYSTEM REPRESENTATION AMD DEFINITIONS■
SYSTEM R K m  SENT AT ION-
C onsider th e  system  d escribed  by the equation
x ( t )  = £ ( x ( t ) , t ) ,  x (c o) = xo . (1 .1)
x ( t )  «• 811, f  : Rn x t  > Rn a n o n lin ea r fun c tio n  of i t s  argum ents. A 
so lu tio n  a t  tim e L v i th  given i n i t i a l  co n d itio n  x a t  t  i s
dt>notud by x ( t ;x o , t o) o r sim ply x ( t )  i f  no confusion can u r ie e .
Tbs whal« ao lu tio tt ( i . e .  whole ixm ction) i s  denoted x(* or
sim ply x ( - ) .
D c.fin itlnn  1 .1 : The system described  by equation  (1 .1 ) i s  c a lle d
s ta tio n a ry  or autonomous i f  £ does not depend e x p l ic i t ly  on c.
In  th i s  ussuy wi> «ire inLurvated in  autonomous system s. The 
tra ji-f.to rieH  uf an uuionomuun flyhLem o re  in v a r ia n t under a  t r a n s la t io n
i . i ' .  x (t.ix (v t 0) -= x(t+T{xo, t o+T) V t ,  xo , t o> T.
D e f in itio n  1 .2 : I f  i:(xv (i.)) "  0 , V !:, then  x ( t ;x (;, t o) = fo r
any t  and i s  v n llcd  tm tiqtiilib rium  s o lu tio n .
I f  x , ih equal to  zv ro , x ( c ;x ^ , t^ )  i s  tia llcd  the n u l l  s o lu tio n . 
x i i s  caV od th e  eq u ilib riu m  s t a t e ,
D e f in itio n  1 .3 : A so lu tio n  x(% x^,L ^) i s  sa id  to  have a  f i n i t e
w capd time i f  j [ x ( t  jx (), t o) 11 «■ as t  *  t^  < ®.
We tissuroe th a t  * ( t )  has unique so lu tio n  defined  fo r  a l l
t  f  Lt ,” ) f o r  each x c Rn . ( i . e .  th e re  i s  no escape cim e). S u ff i­
c ie n t co n d itio n s fo r  t h i s  a re  :
( i )  f  ia  l in e a r  in  x ,
( i i )  I  ia  con tinuously  d i f f e r e n t ia b le  in  x ,
»m«lT701SS OF fil'AHILlTY.
The vonvepv o f s t a b i l i t y  fo r  g enera l tim e-dependent n o n -lin e a r  
s y s t tw  i n vary complex. A la rg e  number o f d e f in i t io n s  e x is t}  only th e  
owst u»»fu l onvs i w ith  rvierenc-a to  autonomous system s, w i l l  be 
d iscussed  in  th i s  s e e t ia n .  TUo.ee d t t t in i t io n s  d ea l w ith  th e  s t a b i l i t y  
o f an eq u ilib riu m  o r a fix ed  m otion, w ith  re sp e c t to  the  i n i t i a l  con­
d i t io n s ,  and wen- d iscussed  rig o ro u s ly  by the R ussian m athem atician 
A. Liapunov. The d e f in i t io n s  «lvi'n  here fo llow  Willems [ 2 6 ] .
f.vt x liv an e q u i lib r iu m .s ta te  of the  fre e  dynamic system
K (t) * f ( x ( 0 )  (1 .2 )
l U J t ) )  -  0 fo r  a l l  f .  (1 .3 )
Di-ii n i f io n 1 .4 :  Thv eq u ilib riu m  Rial.-.- x  or th e  eq u ilib riu m
.'iiilut inn x ( l )  = k , t c L t  ,«) i s  ca lled  a I: a b le , i f  fo r  any given
i <t and v » 0 ,  th e re  ex isffi 8 ( 0  > 0 such Shat
11*, -  Kr l I < >1 |x ( t ; x t), t 0) -  xe l | < e , $ t  *  tg .
eq u ilib riu m  s ta te  xQ is  c a lle d  convergent i f
lo r  any t.(| th e re  e x in ts  rtj much th a t
I I* , “ *t. l l  '  ^  > H » x ( t jx a , t i;|) = xe , V t 0 .
D e f in itio n  1 .6 : The eq u ilib riu m  s t a t e  i s  c a lle d  a sy m p to tica lly
s ta b le  i f  i t  i s  convergent and s ta b le .
D e f in it io n  1 .7 : The eq u ilib riu m  s t a t e  i s  c a lle d  bounded i f  th e re  
e x is t s  B(xo) such th a t
Hx ( t ;x0 ’ t 0) ll  * * v t  »
D e f in it io n  1 .8 : The eq u ilib riu m  s t a t e  i s  c e lle d  asy m p to tica lly  
s ta b le  in  the  la rg e  i f  :
( i )  i t  i s  s ta b le ,
( i i )  i t  i s  bounded,
( i i i )  i t  i s  convergent.
The d e f in i t io n s  given above a re  u s u a lly  re fe r re d  to  as uniform . 
However, a l l  s t a b i l i t y  p ro p e rtie s  of autonomous systems a re  uniform , 
so we omit re fe ren ce  to  th e  'un ifo rm ' fo r  b re v ity .  The d e f in i t io n s  
th a t we have given are  com patible zieh th e  d e f in i t io n s  g iven  by 
La S a lle  [ 7 ] ,  f o r  example.
POSITIVE DEFINITE FUNCTIONS.
Let V(y.) be a r e a l  s c a la r  fu n c tio n  o f th e  v ec to r x and l e t  
S be a c losed  bounded reg ion  in  Rn con ta in in g  the o r ig in .
D e f in itio n  1 .9 : The fu n c tio n  V(x) i s  p o s i t iv e  se m i-d e f in ite  in  S
i f ,  fo r  a l l  x c  S,
(L) V(x) has continuous p a r t i a l  d e t iv i t iv c s  w . r . t  the  compo­
nen ts  o f x ,
( i i ) .  V(0) -  0 ,
( i i i )  V(x) a 0 .
D e fin itio n  1 .1 0 ; The p o s i t iv e  sem i-sdefin ite  fu n c tio n  V(x) above 
i s  p o s i t iv e  d e f in i te  in  S i f  co n d itio n  ( i i i )  o f D e fin it io n  1,9 
i s  s treng thened  to
( i i i )  V(x) > 0 ,  x # 0 .
Condition ( i i i )  o f D e fin it io n  1,10 can be rep laced  by (See 
Willems [ 2 6 ] ) ,
( i i i ) '  V(x) & Y ( r ) , fo r  a l l  x a  S, where r  ■ j j x | | , and the
fu n c tio n  Y (r) i s  conti-nuous and s t r i c t l y  in c re a s in g , and 
Y(0) = 0 .
V(x) = Jx j i s  a p o s i t iv e  eem i-d e f in ite  fun c tio n  
V(x) = is  a p o s i t iv e  d e f in i te  fun c tio n .
When V i s  in  q u a d ra tic  form , e x p re ss ib le  as
V(x) * xTAx  ( 1 .4 )
where A i s  a sym m etric, square m atrix  w ith  constan t c o e f f ic ie n ts ,  
the  u su a l means of determ ining  the d e f in ite n e s s  o f the form is  
through the a p p lic a tio n  o f S y lv e s te r 's  Theorem.
S y lv ester ' s  Theorem; In  o rder th a t  the q u a d ra tic  form of th e  equation  
(1 .4 ) be p o s i t iv e .d e f in i te ,  i t  i s  necessary  and s u f f ic ie n t  th a t  th e  
dete rm inan ts o f the  p r in c ip le  m inors, th a t  i s ,  th e  magnitudes
« i i l .
*12 *22
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D e f in itio n  1 .11 : A s c a la r  fun c tio n  i s  r a d ia l ly  unbounded i f ,  as
| | * | |  ■* V(x) -> » , i . e .  fo r  any given M > 0 , th e re  e x is ts  N > 0 
Kiich th a t V(x) > M, V x auch th a t  | jx | | > N.
C losoly a l l i e d  to  the  concept o f d e f in ite n e s s  and r a d ia l  unbounded- 
r tis s , i s  the  concept o f • limple closed  curve or su rface . A su rface  
en c lo sin g  the o r ig in  i s  sim ple i f  i t  does not in te r s e c t  i t s e l f ,  and 
c losed  i f  i t  in te r s e c ts  a l l  path s th a .  lead from th e  o r ig in  to  i n f in i t y .  
That i s ,  a sim ple closed su rface  io  to p o lo g ic a lly  equal to  th e  su rface  
of an n-dim ensional sphere . I f  V i s  e p o s i t iv e  d e f in i te  fu n c tio n , 
then eq ua tions V = < K^ , < K3 . , .  rep re sen t a s e t  o f n ested
c losed  su rfaces about the o r ig in  in  a s u f f ic ie n t ly  sm all re g io n . In  
o rder to  ensure th a t  th e  reg ion  extends to  i n f in i t y ,  i t  i s  necessary  
to  ensu re  th a t the curve V = K i s  c losed fo r  s u f f ic ie n t ly  la rg e  K.
The c lo su re  of th e  curves V «= K i s  assured  i f  we re q u ire  V(x) to 
be p o s i t iv e  d e f in i te  and r a d ia l ly  unbounded, See F igure  1.1
FKiUfW 1.1. '1'iie curves V(x) = constant for a positive definite 
IMmrtScrt w h > vi is not radially unbounded.
r e m a i n s  c l o s e d  i s  e o  e x a m i n e  C h e  g r a d i e n t  o f  V ,  w h i c h  i s  d e f i n e d  a s
W  =  [  a v / 3x 1
As long as 7V i s  not zero  anywhere in  a reg ion  0 c o n ta in in g  the 
o r ig in ,  except a t  th e  o r ig in ,  then V ” K re p re se n ts  a c losed  su rface  
in  a. I f  7V i s  zero only a t  th e  o r ig in ,  then 0 inc ludes th e  whole 
space and th e  fu n c tio n  i s  r a d ia l ly  unbounded.
As an example of a curve th a t i s  p o s i t iv e  d e f in i t e ,  and y e t 
c losed only fo r  v a lues  of K < 1, Letov [ 9 ]  co n sid ers  th e  fu n c tio n
Here, V(x) i s  not r a d ia l ly  unbounded, A lso , th e  g rad ien t i s  zero
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2 . LIAPUNOV STABILITY THEOREMS.
In  t h i s  s e c tio n  we consider th e  s t a b i l i t y  p ro p e r tie s  of th e  n u l l  
so lu tio n  to  the autonomous system
x ( t )  “ f ( x ( t ) )  (2 . 1)
w ith
A la rg e  number of theorems e x is t  which a re  r e la te d  to  th e  second 
method of Liapunov; fo r  example, Donalson [ 2 ]  l i s t s  32. The o r ig in a l  
theorems due to  Liapunov, Theorems 2 .1 ,  2 .2  a re  a p p licab le  only to  
a r b i t r a r i l y  sm all reg ions about the  o r ig in .
Theorem 2 .1  [ 2 6 ]! The n u l l  so lu t io n ,  o r th e  eq u ilib riu m  s t a t e  a t  the 
o r ig in  of system  (2 .1 ) ,  i s  s ta b le  i f  th e re  i s  some neighbourhood S 
of the o r ig in  whure a p o s itiv e  d e f in i te  fu n c tio n  V(x) e x is ts  such 
th a t  i t s  d e r iv a tiv e  V(x) w . r . t .  the  so lu tio n s  of (2 .1 ) i s  n eg a tiv e  
sem i-dcfin i te  in  th a t  reg ion .
Theorem 2 .2  [ 1 2 ] ,[ 2 0 1 :  The n u ll  so lu tio n  o f system (2 .1 )  is  
a sy m p to tica lly  s ta b le ,  i f  in  some neighbourhood S of th e  o r ig in  
th e re  i s  a p o s it iv e  d e f in i te  fu n c tio n  V(x) such th a t i t s  d e r iv i t iv e  
V(x) i s  n eg a tiv e  d e f in i te  in  th a t  reg ion .
Theorem 2 .3  C S b): I f  the. co n d itions of Theorem 2.2 a re  s a t i s f ie d  
fo r  a l l  x , and i f  V(it) i s  r a d ia l ly  unbounded, then th e  n u ll  so lu tio n  
of (2 .1 ) i s  .isyniptol.ical ly s ta b le  in  t he la rg e .
The co n d itio n  that. V(x) be r a d ia l ly  unbounded, to  o b ta in  g lo b a l 
asym pto tic  s t a b i l i t y ,  cannot be waived, as i s  i l l u s t r a t e d  in  F ig . 2 .1 .
/I
I
V(x) i s  p o s i t iv e  ile fin iU ’ , but not r a d ia l ly  unboundod. A lthough i t  
dvcrtMBt'H along the t r a je c to ry  C, tliti motion is  unbounded.
The above theorems are  o verly  r e s t r i c t i v e .  The requirem ent th a t 
dv/til be nogativB d e f in i t e ,  r a th e r  than se m i-d e f in ite , causes 
d i f f i c u l t i e s  when we attem pt to  genera te  su ita b le  Liapunov fu n c tio n s 
fo r n o n lin ear system s. This shortcoming was overcome by La S a lle
Theorem 2.4 ; The n u ll  so lu tio n  of system (2 .1) i s  .isym pto tiea lly  
ttf.aMc. i £ , in  Rome ucighhouvhood S of th e  o r ig in ,  th e re  i s  a p o s i­
t iv e  dvi ini tc  lu n c lion  V(x) such th a t i t s  d c r lv i t iv c  V(xj along 
the so lu tio n s  of (2 .1 )  is  nega tive  n cm i-defin ito  iu  S , and such 
that; V(x) docs no t vanish  id e n t ic a l ly  along any so lu tio n  of (2 .1) 
in  S, o ther than  the n u l l  s o lu tio n .
Theorem 2 ,5 : The n u l l  s o lu t io n  of system (2 .1 ) is  asy m p to tica lly
s ta b le  i n  th e  la rg e  i£  the assum ptions of Theorem 2 .4  hold in  the  
e n t i r e  sp ace , and i f  V(x) i s  r a d ia l ly  unbounded,
Ingwerson L 6 ]  has proved a thoerem which i s  c lo se ly  r e la te d  to  
Theorems 2 .4  and 2 .5 .
Theorem 2 .6 ; The n u ll  so lu tio n  of th e  system (2 .1 ) i s  asym pto ti­
c a l ly  s ta b lu  in  some s lo sed  reg ion  S con ta in ing  the o r ig in ,  i f  th e re  
e x i s t s  a p o s i t iv e  d e f in i te  fu n c tio n  V(x) in  S , such th a t
( i )  one o f th e  su rfaces  V = K bounds S,
( i i )  th e  g ra d ie n t o f V, VV i s  n o t zero anywhere in  S, except
( i i i )  dV/dt i s  nega tive  o r n eg a tiv e  s em i-d e fin ite  in  S,
( iv )  dV/dt i s  not id e n t ' r a l l y  zero  on a so lu tio n  o f th e  system
o th e r  than th e  n u ll  s o lu tio n .
The co n d itio n s of the above Theorem are  s tro n g e r than th e  condi­
t io n s  of Theorem 2 .4 , but w ill  enable us to  get some idee  of th e  s iz e  
of th e  reg ion  of asym ptotic s t a b i l i t y .  This w ill  prove u se fu l l a t e r  on.
If VV does not. qua I soro except a t  x = 0 ,  then the reg ion  S
extends to  the  e n t i r e  space, and Theorems 2,5 and 2 .6  are  equ iv a len t.
h i o rder to  ensure tha t the so lu tio n  to  the equa tion  dV/dt = 0
in  no t a lso  a so lu tio n  of equation  (2 ,1 ) ,  i t  i s  only necessary  to  
s u b s t i tu te  the so lu tio n  of t h i s  equa tion  back in to  equa tion  ( 2 .1 ) .  In  
prnv.f ic e  t h i s  i s  o f te n  a t r i v i a l  problem. One no te  of c au tio n : in  cases 
where the o r ig in a l system has more than one. eq u ilib riu m  p o in t and 
dV/dl i s  acm l-def iti i t  e ,  the  ex is tn n ce  of the o th e r  eq u ilib riu m  p o in ts  
i s  e a s i ly  overlooked , and a wrong conclusion  i s  read ied .
THEOREMS OH INSTABILITY.
L iapunov 's technique a lso  y ie ld s  theorems on Che in s t a b i l i t y  of 
eq u ilib riu m  s ta to s  oE dynamic system s. These theorems are  of l im ite d  
im portance, s in c e  one i s  alm ost always in te r e s te d  in  determ ining  
s t a b i l i t y  p ro p e r t ie s .  However, they a re  sometimes u se fu l to  avoid a 
waste, o f e f f o r t  t ry in g  to  prove s t a b i l i t y .  The follow ing  theorems are  
vxamplcs of i n s t a b i l i t y  c r i t e r i a :
Theatera 2 .7  COM*. The m il l  so lu tio n  of the autonomous system  (2 .1 ) 
i s  n o t asy m p to tica lly  s ta b le  i f  th e re  e x is t s  a s c a la r  fu n c tio n  V(x) 
w ith  thu  fo llow ing  p ro p e r tie s  in  some c lo sed  neighbourhood S of the  
o r ig in .
( i )  V(x) vanisthtis a t  th e  o r ig in ,  has continuous p a r t i a l  d e r iv i-  
tivoB , ami a.isumcH nt-fjativi1 valuos a r b i t r a r i l y  c lo se  to  th e  
o r ig in ;  awl
( i i ) the d r r iv i t i v e  V{x) alons ttu* so lu tio n s  of system  (2 .1 ) 
lh tu-Rativi' n<-nii-definite.
The nu ll HnUaion i» unstflblv I f ,  in  a d d itio n ,  c i th e r  V(x) io  nega­
t iv e  dtd in il  u c r  ilm.-K not vanish along any so lu tio n  o f ( 2 .1 ) ,  except 
the mil I sn luu 'tm .
I f  in  tin’ uhovv th fon 'in , ttu- iim ntions V(x) and ^(k ) a re  
tu'j'nrivci <k-fin i  i r  in  R, Lhvn r.ht> mil 1 so lu tio n  is  com pletely u n s ta b le .
Tlii-omn )  J  r? f ,  |s tinppcisv. th a t  thoro  e x is t s  a s c a la r  fu n c tio n  V(x) 
w ith  <-nu( i.nn<HiH jm rt.ia] d c r iv i t iv v s  in  #ome neighbourhood $ o f the  
o ri8 i.n , much Uiuli
( i )  V(0) = 0 , mod
( i i )  V(x) assumes nega tive  v a lues  a r b i t r a r i l y  c lo se  to  the
I f  th e  d c .r iv it iv e  of V(x) ulvnK the so lu tio n  of (2 .1 ) can be 
expressed  as
VQe) = aV (x) + (x)
whcrt' V^(x) is  nega tive  Homi.-dt-finitu in  R, then
( i )  th e  n u ll  so lu tio n  of (2 ,1) i s  not a sym pto tica lly  suable 
i t  a i s  a n o it-nega tiw  c o n s tan t; and
( i i )  th e  n u l l  so lu tio n  of (2 . 1) i s  unstab le  i f  a i s  a p o s i-
3 , AUTONOMOUS SYSTEMS.
ORDJR DIHTOiTOTTAri EQtlAll'TOMK AMP LIHEAS SYSl'EMS .
L et a f ru u ,  lin v iir  autonomous system be governed by an 
homogeneous d i f f e r e n t i a l  liquation w ith  cona tan t c o e f f ic ie n t
p(D)x = 0
where D dt>noet>8 th e  oyerniov d /d t .  'Let
P<D) « On + pn_j l)n" 1 ♦ * p0 .
Tlwtv, w ith  Xj - x ,  ihv systtna can be dusnrlbed by the f i r s  
veu:tor d i f f e r e n t ia l  oquatinn
n ^ - o r d e r
(3 .1 )
0 . 3 )
t-order
(3 .3)
(3 .4)
r iiis  pari icu lar cltom - of m ato varluUIon is  referred to  nu the phase
— — -  ' 'r he nuU  so ludion  or systym (3 .3) i s  a sy m p to tica lly  
s ta b le  i f  and on ly  i f  the polynomial p(a) has only zeros w ith  nega­
t i v e  r e a l  p a r t s .
Theorem— 3 J h  The n u ll  so lu tio n  of system (3 .3 ) i s  s ta b le  i f  and 
only i f  th e  polynom ial p (s) has nc zm os w ith  p o s i t iv e  r e a l  p o r t s ,  
and i f  th e  ze ro s  of p (s )  w ith  zero r e a l  p a r ts  a re  sim ple,
THH TRANSfHR FUNCTION.
S ing le  in p u t- s in g le  ou tput syHten.s are  o f te n  desaribfid  by th e i r  
im pulse response w (t) j  i . e .  th e  ou tput to  a u n i t  im pulse input 6 ( t )  
(Rosenbrock and S to rey  fl9 'J) when th e  system i s  i n i t i a l l y  in  th e  
e q u ilib r iu m  s t a t e .  For s im p lic ity  i t  i s  assumed th a t  th i s  eq u ilib riu m  
s t a t e  corresponds to  zero  o u tp u t. The output o f a system w ith  impulse 
response  w (t) to  an a r b i t r a ry  input u ( t )  is  then
y(fc) -  /  x(T )u< t-t)th - (3 .6)
when the system  i s  i n i t i a l l y  in  i t s  equ ilib rium  s ta te .
K v ary  common v.uncvpt fo r  d e sc r ib in g  s in g le  in p u t-s in g le  ou tput 
systems is  th e  t r a n s f e r  fun c tio n . I t  i s  defined  as th e  Laplace t r a n s ­
form of the. impulse, response
(i(fi) “ /  w (t)ex |i(-H t.)ik  (3 .7 )
whore b » o + ioi is  a complex number. The t r a n s fe r  fu n c tio n  ip
defined  an the reg ion  of convergence o f (3 .7 ) .
3fe£SSSa„ 3 '- 3 ! A necessary  and s u f f ic ie n t  co n d itio n  fo r  th e  in p u t-  
o u tpu t s t a b i l i t y  of th e  eq u ilib riu m  s ta te  of a s in g le  in p u t-s in g le  
o u tpu t system  i s  th a t  Che reg ion  o f convergence of i t s  t r a n s fe r  fu c tio n  
in c lu d e s  th e  im aginary a x is .  I f  th e  system i s  n o n -a n tic ip a tiv e  (conse­
q u en tly  th e  im pulse response van ishes fo r  nega tive  t ) , then 
+<e
C (s) = ^  w (t)e x p (-a t)d t
and th e  in p u t-o u tp u t s t a b i l i t y  co n d itio n  i s  th a t  th e  tr a n s f e r  fun c tio n  
has no s in g u la r i t i e s  in  th e  t ig h t  h a lf -p la n e  o r on th e  im aginary a x is .
Wc have th e re fo re  th a t  the  t r a n s fe r  fu n c tio n  i s  only a complete 
d e s c r ip t io n  of th e  system i f  the  common f a c to r s  of num erator and deno­
m inator a re  not c an ce lled . This can only be achieved i f  th e  t r a n s f e r  
fu n c tio n  i s  determ ioed from the d i f f e r e n t i a l  equation  of the system. 
Only then  can asym pto tic  s t a b i l i t y  o f the system be checked by means 
of th e  t r a n s f e r  fu n c tio n . The common zeros of num erator and denominator 
are  c a lle d  the hidden modes of the  system. The asym ptotic s t a b i l i t y  
and th e  in p u t-o u tp u t s t a b i l i t y  oi a system a re  only equ iv a len t i f  
th e re  a rc  no hidden modes w ith  p o s i t iv e  or zero r e a l  p a r ts .
I t  i s  apparen t th a t a system should never be designed so th a t a 
r ig h t  h a lf -p la n e  pole la  can ce lled  m athem atically  by a r ig h t  h a lf-p la n e  
z e ro , T his cancel lo t io n  must e i th e r  c o n s is t of th e  removal of th e  
aano riau id  equipm ent, ot must be achieved p h y s ic a lly , fo r  in s tan ce  by 
means o f feedback.
THE ROUTH HUBWITZ STABILITY TESTS.
Aa has been shown in  the p rev ious s e c t io n s , th e  co n d itio n  fo r  
asym pto tic  s t a b i l i t y  o f (3 .1 ) i s  th a t  th e  c h a ta c to r iB tic  polynomial 
p (s )  has only zeros w ith  n eg a tiv e  r e a l  p a r t s .  A lgebraic  c r i t e r i a  have 
been developed independently  by Roueh [2 0 3  and Hutwita [ 5 3 .
The Hurwita S t a b i l i t y  C r i te r io n .
C onsider th e  polynomial
p ( . )  ■ p s*  * p e1*"1 * . . .  * p„.
I f  th e  ze ro s  z^ , S j,  
then  a l l  c o e f f ic ie n ts  p ,
o f p(.s) have nega tive  r e a l  p a r t s ,  
, .p have t'.te same s ig n . Indeed
• ?  - i .
- £ = ( - 1 )
a re  p o s i t iv e .  T his co n d itio n  ia  n ecessary  bu t 
th e  equnre m atrix  o f Che n order
»«-3 'n -S  °
V i
: s u f f ic ie n t .  C onsider
led  th e  Hurwitz m a trix . The index of the c o e f f ic ie n ts  inc rea se s  
hy one along a column and decreases by two along a row. The element h _
hi j  '  pn d l - 2j  i f  0 a 2! -  j  n ,
"  0 i f  2 i  < j  o r 2 i  -  j  > n .
The p r in c ip a l  minors D D  D are  th e  determ inants
They a re  c a lle d  th e  Hurwitz d e te rm in an ts . A n ecessary  and s u f f ic ie n t  
co n d itio n  fo r  th e  polynom ial p (s )  to  have only zeros w ith  n eg a tiv e  
r e a l  p a r ts  is
V * 1 Dk * °  £or » "  1 ,2 , . . , u .
This th e  Hurwitz s t a b i l i t y  c r i te r io n .  We can assume in  the seq u e l, 
w ithou t lo ss  o f g e n e ra l i ty ,  th a t p i s  p o s i t iv e .  Indeed , i f  th is  
were not t r u e ,  then the polynomial -  p (a) should be considered , which 
has th e  same zeros as p ( s ) . Then the s t a b i l i t y  c r i te r io n  s ta te s  th a t  
th e  n Hurwitz dete rm inan ts of -  p (s )  should be non-zero and p o s i t iv e .  
For a p roof of t h i s  c r i te r io n  the read er should see Willems.
The Routh S ta b i l i ty  C r i te r io n .
A d i f f e r e n t ,  a lthough eq u iv a len t (sec W illem s), procedure was 
developed by Routh [ 2 0 ] .  I t  re q u ire s  the ev a lu a tio n  of th e  fo llow ing 
a r ra y ,  which i s  c a lle d  th e  Routh a rray  of th e  polynomial p ( s ) :
Pn $,n-2 pn-4  
pn“ i pn-3 Pn-5 
"1 "2  "3
The f i r a l  and th e  second row c on ta in  th e  coafEiei.enbs of th e  odd and
th e  tivvn p a r ts  o f p ( s ) .  The elements of th e  th ird  and follow ing  rows
are. eomr uUut by means of th e  fo llow ing  algorihhm
,  ,, V o - 3  .  _ Pn-lPn-4  “ P ^n -S
'  'n - 1  '  "2 " ^ 1  '
. . .
Th.' to ta l,  a rra y  con ta in s  (n+1) rows.
Tin- iHuwiSAry and Huffieitml: cond ition  fo r  p (s ) to  have only 
yvrori w ith  nejjotivts re a l p a r t s ,  i« th a t a J l  the  elements of the  f i r s t  
c-i’liiiun of i t s  Routh a rray  havo the ammo s ig n , and th a t none,vanishes.
Si.VfiWi -  NOWLfWM K n'Y  8YSTKMR.
- . m = f(«) „ c
r  '
FlODnK 3 .1 .  I'liiiK lv-iuniHncai'iI..V iiyi^lora.
( .o n sid er th e  s in g le - lo o p  system as shown in  F ig . 3 .1 , Gibson 
commi-nts th a t  t h i s  i s  not a lim ited  sp e c ia l case . Any system w ith  any 
number o f loops and in te rco n n ec tio n s bu t w ith only one n o n lin e a r ity  
may bo reduced to  t h i s  form.
ALTERNATIVE CHOICE OF SYSTEM VARIABLES.
For sysleniK of o rder h igher than two, the  ou tput and i t s  n-1 
d e r iv a t iv e s ,  i . e .  th e  phnse v a r ia b le s ,  a re  o fted  a poor choice fo r  
system  s t a t e  v a r ia b le s .  I t  i s  Shown here th a t  th e  choice of more 
n a tu ra l  system  v a r ia b le s  overcomes these  d isadvan tages. C onsider the  
teyatcm based  on F ig . 3 1 . Note th a t  the  example chosen inc ludes a zero 
in  th e  forw ard t r a n s f e r  fu n c tio n . Choice of phase v a r ia b le s  as the 
p a r t i c u l a r  s e t  o f phase v a r ia b le s ,  as in  F ig . 3 .2 (b ) , leads to  a 
second-o rder equa tion  invo lv ing  the d e r iv a tiv e  of th e  n o n l in e a r i ty ,  as
L C2 X] * SUi ))x1 + 5g(x] )K;l « o. (3 . 8)
» . . , c
r n .  .  h » W M  «  I W w , g  t u .  i .
Hmwh: ^ I. IW -r a. ami mmMMk. aWWa. la Uma 
.,.L».. a. « m ^ a  a i, a.. a  « « .  a .  ma.
T, earn a .  .low  uC a .  m a ilm a n , fro. o n -o n *
as .i cool’f i i  i« n t i 'f  k 1 , an a l t i 'n ia i  iuu choice o£ s t a te  v a r ia b le s  i s  
mMe* *'ls 111 1'',t'-  :)-2 (" ') ' P rom the block diagram of F ig . 3 .2  ( c ) , the  
system  < ! if ie re tu ia l  rqaa t.ons  a re  w ritten
( L  + 5 ^  )
wher. y = f lS j )  -  XjiUXjj. These equations may be rearranged, by sub - 
tiL iiuvifm  lo r  s., to  y ie ld
Siim It;’, i i h i s i  ra l. i 'i i ,  by means o f  examples, how the phase v a r ia b le s  
can load to  i ronbio ivlivn try in g  to  determ ine reg ions of s t a b i l i t y  by 
the Mi'ond method ol Liapunov. However, s a t is f a c to ry  r e s u l t s  may be 
obi a i. ui'd I o r c e r ta in  problems through the usu of phase v a r ia b le s .  He 
/•iwiworjt!. i li.-a i he q u a l i ty  of the  answer ob tained when t ry in g  to  
i't'Dcrui i lie n ’gioKs i>l s t a b i l i t y  i s  thus not merely a fu n c tio n  of th e  
in v e s t  ig.i! <u a a b i l i l y  t n  m anipulate one o r o th e r method a of g enera ting  
Liapunov lu m 'iio tm , Im  a lso  on th e  co -o rd in a te  system its which he 
chooses to  opelUtV.
j'Jm 'i !1. 1-• '.'o.-Miiblti n o iilitiu u riticu  aBBociatud w ith Ex. C .l.
n tm lin c a r i ty  miiHt. sa tiB fy  to  ensure g lobal s t a b i l i t y .  The p re fe rre d  
£unc tio n  i s  tho one which g ives the  la rg e s t  range .
e .g .  C o n stra in in g  dV/dt to  i n i t i a l l y  be
y ie ld s  a rnnije of
0.15 <  i ; ( X j )  •'  A . ' i l .
For iu r th c r  in s ig h t in to  f.ho exiunple assume th a t  y = f (x 1) i s  
.ipproximatod w it!' uu ff.ic ien t accuracy by y n in  the  reg ion
o f i n t e r e s t .  Then
3 t  "0  at the  o r ig in .
i>
Along Kg = 0 ,  dV/dt chongos s ign  when « x*. i . e . ,  x 1 = * 1.
In  o rd e r  to  d iv id e  th e  s ta te  space in to  reg ions where dV/dt i s  p o s i­
t iv e  and n eg a tiv e , th e  equation dV/dt » 0 must be solved in  term s of 
X1 sni  ^ x2 ' A® Xg appears as a squared term , i t  may be determ ined 
by th e  q u a d ra tic  form ula to  be
( 7 4 * 4 - 4 ) ' -
Values of x2 a re  determ ined by su b s t i tu t in g  values fo r  Xj in to  the 
above form ula. In  th is  example, v a lues  of between -  0 .866 and
0 .866 y ie ld  complex values fo r  Xg. For | x j  a 0 ,866 , th e  curve 
dV/dt = 0 i s  p lo t te d  in  F ig. C .2 . dV/dt i s  nega tive  in  the  reg ion  
surrounding  the o r ig in  and bounded on th e  l e f t  and r ig h t by dV/dt = 0.
I
K K j l l l W  ( h v ' i o n n  o l ’ u U h i l j t . y  f o r  f t x ^  *  x ,  ( l - X j  ) i n  h x .  C M .
In  o rd e r to  determ ine the reg ion  of asym ptotic s t a b i l i t y ,  the 
la rg e s t  V curve th a t  f i t s  in to  the reg ion  of dV/dt must be found.
The curve V -  such a curve, and i s  i l lu s t r a te d  in  F ig , C.2.
The Method o f Aizerman determined a V func tion  th a t  proved to 
be s u i ta b le  fo r  a v a r ie ty  of n o n l in e n r i t ie s .  In the  above example, the 
reg io n s of s t a b i l i t y  fo r  the given system were determined £or non- 
l i n e a r i t i e s  ns d iv e rse  os those p ic tu re d  in  F ig. C ,I ,
The Method of Aizerman i s  easy to  understand and to  apply . However, 
i t  has been seen th a t  the boundn on p,(Xj) were determined by the 
so lu t io n  of a q u a d ra tic  equa tion  in  the  s e co n d -o r 'e r case-. For h igher 
order e a s e s ,  d i r e c t  s o lu t io n  i s  not always p o ssib le  because of the 
problem of f in d in g  th e  n ro o ts  of on n ^ 1 order po lynom ial, A lso, 
i f  th e  c o e f f ic ie n ts  of th e  given d i f f e r e n t ia l  equations had not been 
given  as numberst th en , fo r  n > 3, no so lu '.ion  would be a v a ila b le
D . THE METHOD OF S2BOOr;>M
I .  ch . th .  1.  ^  c t .
" " " "  " "  «  « , » _  _ W
* "  " P " ' " " .  * W U m  , .  ,
A m ccW  M T M . t .  M W  .  n * .  . w w u ^  , «  .
The Sbe-ro approach w ill  be to  tipptoximate bhe n o n lin e a r ity  by a poly­
nomial and s e e k , to  f in d  the m e  bea t V func tion  fo r  « s ivon  .p a c i f ic  
ca8y• Tht‘ ll0l,p i s  th a t  «ineu the V func tion  i s  ta i lo re d  d i r e c t ly  to  
one unique n o n lin e a r  fu n c tio n , th e  r e s u ltin g  reg ion  of s t a b i l i t y  w ill  
bo a s  la rg o  aa p o s s ib le .
C onsider thv systpm <k*8crib(*d by the equation
i ( t )  ” A(xU ) ) x ( e ) , x ( to) = xo ,
whore A 1b somv n o n linen r function  of i t s  arguments. For tho ensuing 
ilisc iina iiu i, i t  i s  aiiKumvd th a t  A is  not a fu n c tio n  of one of th e  
v a r ia b le s  %., Lt-t thu variables b<- x^. This i s  o ften  a s a t is f a c to ry  
.ititm m ptm i, p a rt ic n h ir iy  in lumlini-nr gain type problem s, where xn 
iii m>t iiivn lvfd  in any non linear tnvnis.
Allow tin* tscm-riithifi V func tion  Co bei a general q u ad ra tic  form 
w ith  v a r ia b le  c w lf  ivivnLJii
V(x) « x’! S(x) x
wlicro H(x) * ( )» s j j  3 Hji»
and tho v a r ia b le  ro v fi'i e lv n la  a re  not allowed to  be functioiiH of x^ .
Tlila r c f l t r ie t io n  la  mad,, nc-vflflary by the, manner tn  which Szego
constraiiiK  tIV/dt . Wo have
Ill t h i s  p a r t ic u la r  ca se , the above exp ression  can ba w r itte n  aa
3£ = * < Ar (x) s ft(xi ,xj ) + g*T{xi ,xj )A(H) ) x , (D .l) 
where th e  elem ents of the  m atrix  SA(X .,X.) have Lha form
whpre c . j  = j  / = j
i * J ,
and
Since s . j{ x . ,x ^ )  arc  polynomial fu n c tio n s , th e  form of
s . . ( x . , x j )  i s  th e  flame as thi- form of s% (x ^ ,x j) .  i . e . ,  they a rc  both 
polynom ials w ith  th e  game' terms in  x^. th a ro fo c e , S(x^,x 'j) has th e  
aamc iorm  nn S ( x .,X j) .  Consequently, i t  i s  p o ssib le  to  In v e s tig a te ,  
in s tead  of tin- i-xztct HXpression (D .l) ,  the a u x ilia ry  equation
T (x ) xT ( Al : ( x ) S ( x . ,x j ) »  S(x^ ,X j)A (x ) ) x .
Now, i f  A (x) Ivin no formfl involvinR x ^ , then ninco th e  c o e f f ic ­
ie n ts  o f S(X ; ,X j)  (in not con ta in  x ^ ,  V (x) i s  always an a lg eb ra ic
eq u a tio n  of second dffirec in  x  . As a consequence, the  equation  
Y (x) -  0  can a iwayn he solved fo r  x by the  q u ad ra tic  form ula, I’he 
BOlutioiiB to  tliia  equati.un define  two su rfaces  in  the phase space, and 
the si{;n of V(x) ehaiiHefi an th e se  su rfaces  are  erosaed. ff  these 
aurf;aecH a re  fo rced  to  co in c id e , ') '(x) w ill  not change a I hi: in  the  
whole phase space.
I’iRUrc i). I . tovf'xi'u  method o f  co n s tra in in g  dV/dt to  Up nvftntive aimii- 
d c f i j i i t f  Vy J'ornitin tin- uniut,lorn; to  tho  equation  dV/iit * 0
T his f a c t  i s  moat e a s i ly  seen in  two dim ensions, as in  F ig . 8 .1 ,  
Here th e  s o lu t io n  of the  curve ? (x ) = 0 i s  simply two l in e s  In  the 
p lan e  mi shown. If  i s  assumed a r b i t r a r i l y  th a t ,  in  reg ions M of F ig . 
8 ,1 ,  ’F(x) i s  n eg a tiv e , and in  reg ions N i t  i s  p o s i t iv e .  As the 
curves a re  brought c lo se r  to g e th e r , the reg ions N sh rin k , so  th a t 
when th e  curves co in c id e , V(x) in  nega tive  on the whole apace.
I£ 9(x) i s  arranged as a q u ad ra tic  in  x^ in  the form
't '(x ) Ax^ + Bx^ + C,
then i f  A, B, C live t re a te d  its co n s ta n ts , the  ro o ts  o f the  equation  
Y(x) o o can be made to  c o in c id e , i f  the  ra d ic a l in  the  uoual quad­
r a t i c  form ula can be made equal to  zero .
i . e .  B2 -  4ac « 0.
Note: T his can be done by s e t t in g  A ■ B « 0 or II = C = 0 ,  fo r  example.
However, f (x) is  n o t th e  funccion of in te r e s t .  The fun c tio n  of 
i n t e r e s t  i s  dV /d t, b u t dV/dc done have the same form as Y ( x ) . Hence, 
i t  i s  rea so n ab le  to  cxpcc.t th a t  a V func tion  o£ the same form th a t 
was used in  itommction w ith  'F(x) wight a lso  y ie ld  a dV/dt th a t 
could be co n s tra in ed  to  W At le a s t  nega tive  s e m i-d e f in ite , as ¥ (x) is  
eonm -ai'ned  to  bo u t le a s t  nega tive  s em i-d e fin ite .
Thus th e  problem is  s ta r te d  o v e r , th i s  tim e w ith a V fu n c tio n  
o f tVw form from r.'nc co n sid era tio n  of the  a u x ilia ry  equation
V (x ). The c o e f f i f ie n ts  of th i s  new V fun c tio n  are  l e f t  a r b i t r a r y • and 
they  a re  determ ined by c o n s tra in ta  on dV/dt which make i t  a t  l e a s t  
negative* semi - d e f in i te .
Thu a dV/ dt i a  t ie sa tiv e  or zero  in  the whole space, and th e  reg ion  
of s t a b i l i t y  i s  determ ined by the la rg e s t V su rface  th a t  remains 
c lo se d . We now dem onstrate th e  method by mrmnm of two examples.
BxamiHe I). 1: C onsider th e  system described  by the follow ing equa tions:
•• . ... ..se- V to  be
V = + 2 Sj^Cx j) XjX2 + h22x2'
Choose »2 2 = 1 .  Thl« i»  M "iv a !en t to  chooBin B « -oa lo  fa c to r  fo r  V. 
The a u x U ia ry  equal ion i»
-  2a i2 <xl >xv
B2 = 4 AC,
6  -  Z ' ^ b y  -  2
» -  -  " u ^ ' i  -  h '
C -  -  : . , : < « X .
C a u r r ^ .  *  « « l » t ,  &. w n ,
S l j h j )  -  » 12 -  1, , u (Xi) “ X + x2 ,
& C  tb . ,  ^ t h  ,(«) U hwrn nd  rb. f « ,  ^  ,
a a ,  w e .  i .  . i . .  a .  ^ x _  i .  _
under th e  assum ption th a t V is
Here a ,  b ,  c ,  nt a re  a r b i t r a ry  co n s tan ts . For a = j ,  b = 1, c = 2,
V = |x *  + + 2x ^ 2  + Xg,
Here V i s  p o s i t iv e  d e f in i te  and dV/dt nega tive  sem i-d e f in ite . 
Theorem 2 .6  a p p l ie s ,  s in ce  dV/dt i s  not zero along a t r a je c to r y ,  as 
X1 = 0 i s  no t a so lu tio n  of the given eq ua tions, except when x2 a lso  
equa ls  ze ro . H i s  the e n t i r e  space, and thus the given equations a re  
g lo b a lly  a sy m p to tic a lly  s ta b le .
The d i f f i c u l t y  as w ell as th e  f l e x ib i l i t y  of th e  Szego method is  
shown up in  th e  next example.
Example—0^2. Consider th e  system described  by th e  follow ing  equa tions:
*1 "  *2
X2 “  x3
*3 “ ~ ( xi +  Cx2 ) 3 - b x 2 .
Then d e f in in g  V to  be
'  "  ■*■ J* u & i > V 3 * ■22(x2,x 2
I ? W  i s  found to  be
W W  -  -  , ^ b  -  )
-  « i  " A
-  )
-  ' u ( * i A ' " 2  -  " u ^ d ' A -
To c o n s tra in  th e  su rfaces  r e s u l t in g  from th e  equation  V(x) = 0 
to  co in c id e , s e t  B *» C "• 0 . In' C a term in  x* r e s u l t s  which 
cannot be can ce lled  u n less  s ^  i s  z e ro . Since one c o e f f ic ie n t  is  
always a r b i t r a r y ,  s e t  Sg^Xg) ” 1* C » 0 r e s u l t s  in
«  \  *  k \ 4  *  " ' 4  '  " u ' h A " :  *
I f  s - 1(x1) *= X p chcn
. j j t x j . x , )  -  * 3" * =3x2-
When th e se  known c o e f f ic ie n t ,  ace su b s titu te d  in to  the equation  B -  0 ,
I f  cnas In  l i l e  p r o a t ,  .ad  l i l t ,  e „ ,» t ,d ,
3cxJ (D.2)
(D.3)
0 . 4 )
'2 2 (V X2 -  ^
' S22(V
However, i f  equacion (D.2) i s  so lved fo r  , then th e  r e s u l t  
®33 ”  ^c' ^oes BOt s a t i s f y  the rem aining eq ua tions. In  each case i t  
can be seen  th a t  should be of th e  form » kc , k c o n s ta n t.
The t a c t  these, c o e f f ic ie n ts  do not cancel means th a t  ¥ (x) i s  n o t 
n e g a tiv e  s e m i-d e f in i te ,  h o w v o t, th e  form of th e  e .o e ftic i '-n ts  i s  
s a t i s f a c to r y ,  whore
" l -  " U  - ' u  -  ^
812(x1 ,x2) “ 3ex^ + + c*%^,
«22 "  b 4 s33c3x2 ' s33 “ kC'
Wo overlook  th i s  in  the  hopu th a t th e  terms w il l  a c tu a lly  cancel 
when th e  form of V determ ined from ¥(x) i s  applied  to  id V /d t. The 
problem i s  now rutrorked w ith
V « * V l x2 + a 3x l x2 + ai Kl X2 + V z  + blt2 + 2k2X3 + V a *
T h «  e v a lu a tin g  dV /d t, w  o b ta in  as the c o e f f ic ie n ts  o f:
I t  can b « ' r o i l y  ch .o ted  th a t  th e e ,  „ „  b« fo rced  to  zero h ,  ohoo.ing
\  '  I .  ^  ^  ^  ^
go H  B -  2Xg ( b e -  I )
« d  '  "  * 4  * ,  a ,  )* .
V i s  p o s i t iv e  d e f in i te  fo r  n > 0 and dV/dt n eg a tiv e  eemi- 
d tif in ie e  i n  a  manner aueh th a t  theorem 2.6 a p p lie s . Thus th e  system 
i s  g lo b a lly  a sy m p to tica lly  s ta b le  fo r  be < t .
The r e s u l t in g  V proved to  have a form which was su ccess fu l in  
d e te rm in in g  a s u i ta b le  dV/dt to  dem onstrate g lo b a l asym ptotic 
s t a b i l i t y .  S chu ltz  remarks th a t th i s  seems to  be the c h a r a c te r is t ic  o f 
She Szego approach, i . e . ,  i t  works. The method of ronstTxic.ting ¥(x) 
to  be n eg a tiv e  se m i-d e f in ite  may be overly r e s t r i c t i v e ,  b u t , as has 
been seen  in  th e  example above, th a t  i s  not a v i t a l  element of the 
Szego tech n iq u e .
S ch u ltz  comments th a t  any o b jec tio n  to  the b as ic  assumption ( th a t 
th e  n o n l in e a r i ty  be rep resen ted  by a polynomial) on the grounds th a t 
i t  may be im possib le  to  prove Rlobnl asym ptotic s t a b i l i t y  fo r  a 
uystcm , which i s  in  fa c t  g lo b a lly  a sym pto tica lly  s ta b le ,  simply because 
th e  assum ption r>£ the n o n lin e a r ity  in  polynomial form produces an- 
unbounded output fo r  Jarge x , i s  not v a l id .  In  th e  range of physica l 
a p p l ic a b i l i ty  of the  system in  q u es tio n , polynomial re p re se n ta tio n  of 
a n o n l in e a r i ty  i s  .almost always p o ss ib le .
One approach Co th e  g enera tion  of Liapunov fun c tio n s i s  th e  use 
of s tan d ard  o r canonic forma, Two canonic forms have been proposed by 
L ur’ e [1 1 ] and a th i rd  by Letov [ 9 ] ,  Gibson [ 3 ]  remarks th a t  w h ile  th e  
second and th i rd  canonic forms a re  p e r f e c t ly  v a l id  from e. m athem atical 
p o in t o f v iew , they  do not appear to  be m otivated by , nor a p p lic a b le  
to ,  a wide range of phy sica l c o n tro l system s. The f i r s t  canonic form, 
however, appears to  apply to  many n o n lin ea r co n tro l system s. Me. s h a l l  
th e re fo re  r e s t r i c t  ou rse lves to  a p re lim in ary  d iscu ssio n  of th e  f i r s t  
canonic  form o f L u r 'e .  For a comprehensive trea tm en t of th e  methods of 
L u r 'e  and L etov , the ru ider snould r e f e r  to Letov [9 ] .  Schultz remarks 
th a t  e x ten s io n s  due to  Rekasius [18 ] a re  given adequate coverage in  th e  
n o n lin e a r  te x t  by Gibson [3  J.
Popov [1 6 J g iv es th re e  v a r ia tio n s  of canonic form s, a l l  o f which 
reduce to  th e  f i r s t  canonic form. Gibson remarks th a t th e  advantage of 
th e  use o f such canonic forms i s  n o t m erely th a t  V fun c tio n s have 
been developed Cor them, but a lso  th a t s im p lified  s t a b i l i t y  c r i t e r i a  
a re  a v a i la b le ,  which may s ig n if ic a n t ly  sim p lify  the an a ly s is .  A number 
of s im p lif ie d  s t a b i l i t y  c r i t e r i a  have been repo rted  in  the l i t e r a tu r e ,  
however, i t  i s  n o t our in te n tio n  to  d iscu ss  these  here . Gibson l i s t s  
te n  o f th e  more well-known s im p lif ie d  c r i t e r i a .
T ta  « n t  canonic I o ta  m y  M  i t U m t  W  th e  le l lo w iw  r e la t io n -
where z . i canonic v a r ia b le s
6 "  vaEiable  a t  in p u t to  n o n lin e a r ity  
m "  Val‘ia b le  a t  o u tPu t to  n o n lin e a r ity  (used below)
“ i  3hDBn t0  be a a g a tiv e  re s id u es  a t  po le s  o f G(s)
-  X£ shown below to  be po les o f G(s)
Bi  ^  sec  ° f  constan ts  (see below)
r  ^  ~ “ i  a consEa° t  (see below).
To shew th e  r e la t io n s h ip  of equations (B .l)  to  (E.2) to  a  non­
l in e a r  system  such aa F ig , 3 ,1 ,  one may w rite  equa tion  (E .l)  as
< P * )z i  » m i  -  l , . . , , n ,
where p ^  d /d t  and m » f ( e ) , Solving fo r  z , and s u b s t i tu t in g  In to
eq u a tio n  (E .2) y ie ld s
e f  “ i
S ince G (s) « ~ e(g)/m (a) (see  G ibson),  th e  abov’e. equa tion  i s
i f  th e  Laplace v a r ia b le  may rep lace  th e  d i f f e r e n t ia l  o p e ra to r. This 
dem onstrates chat and a re  defined  as above. Now i f  equa tion  
(11.2) i s  d i f f e r e n t ia te d  w ith  re sp e c t to  time and equa tion  (E .l)  i s  
s u b s t i tu te d ,  we o b ta in  eq u a tion  (E.3) w ith
"  "  “ i * ! '  r  "  "  ai 1 m <E -5)
Rekaaiuer t l 8 ]  has shewn th a t  any d if f e r e n c ia l  equa tion  in  th e  f i r s t  
canonic  form can be rep resen ted  by a block diagram as shown in  F ig . 3 .1
converge i s  t ru e  only fo r  system s v i th  s i mpl e  p o le s ,
COnSldet th e  Saturn o f 'P ig ,  3 ,1  and f in d  th e  e q u a t io n  
of th e  f i r s t  canonic torm fo r
G(s) = -j ,
(s+2) U+3) (s+5T
A p a r t i a l - £ tn e t io n  expansion y ie ld s
'  '  T # P  * 7 R 3 T  -
I ,  —a . of a ,  WcUHw, ml wmtloc
may be w r i t te n “
a t -  - a* , * £(«)
" , + f  (e)
" i S«3 + f ( . )
From eq u a tio n  (E . Z) ,
A V fu n c tio n  uui.hutih- to r  anniypin o f thu  f i r s t :  canonic fo i':< 
hfis b r^n  givi-n hy I.u r’c- as
V ■= /  f  (tOili1 + ‘ ' 1 ,r'r? +
♦ < • , .« ,  «„> -  * v - 2 1 ■" * v S 1
♦ * Cf -Fi*3ii« S  <■••■♦ c„ -« -r ’n -r V
The c o n s ta n ts  ^  can be e i th e r  re a l  o r complex. The r e a l  X ^ a  in  
th e  above eq u a tio n s a re  designated  as X ^  The correspond- .
ing  canon ic  v a r ia b le s  may a lso  be shown to  be r e a l .  The remaining 
(n  -  s)  X. a re  complex conjugate p a ir s  and a re  designated  Xg+j ,
^ s+ 2 ’ " * ' * * n -V  'rtle corresponding canonic v a r ia b le s  za+1>. . . ,  zR 
l ik e w ise  appear as complex conjugate p a ir s .  Consequently th e  q u ad ra tic  
form s $ and P can only  take  on r e a l  v a lu e s , and $ can only be 
nonncgative  fo r  p o s i t iv e  v a lues  of th e  constan ts  A j , and C^. The 
q u a d ra tic  lorm  K w i l l  take  on only nonnegative values i f
( i )  Re (X.)  • 0 lo r  a l l  i >- 1 , . . .  ,n , i . e . ,  a l l  the polef. o f G(s) 
a re  in  th e  3.111’, ami
( i i )  th e  cunatau ti. a .  a ti ' r e a l  fo r  re a l X .'s  and complex conjugate 
p a ir ; ,  t o r  complex I'vrnjiif.atv p a ir s  ul Xj.
Under vhosv r -o tt r i f t i im n  th -  V fi-itc tion  of equation (K.h) w ill  take 
on only tiouuej’.al ive value:; i i  th e  n o n lin ear element s a t ia f ie s
j  fI,v ide 4  (1 lo r  a l l  |o | > 0 f (») " «■
fM ! t ei'i Ht ia t i it;; < .jm« i on IK.I,) and su b sti I nt i.np, equations (E .l)
a .— .fa. :w au.
W l ^ t . .  r .  I t  i ,
pwlM. «. MbA ^  Wma.^.M
“ flku c h e  t e m  c tm ta t a l n g  f ( e )  e q u a l t o  *ero ,  a t  th e  same tim e  r e t a i n ­
in g  t h e  d e i in i to u v s H  o f  th e  s ig n  o f  a v / d t .  This can be • icom p liehed  
by B e t t i n g
j ,  ............
(E.S)
A  %  -  " . i ' '  - '  -
The im lu titm  u! tht> ahuvc i-i|uat.inna y ie ld s  s u f f ic ie n t  cond itions 
fo r  I:lit- sLabi l i t y  of a --.yst vm dvm'i'ilu-d by th tl f irsC  i.'anonic form of 
rli f 'f e r e n t ia l  vqn.il imi.-i. I t  in iMvnumi [irac tii'i’ rind sdoms q u ite  approp- 
r i.tii*  11- r o tv i  I <1 i-tjuatii'iii!, nui'h ay tnjn.itiims (K .8 ), th a t y ie ld  
in it 'V iv iv iit. I 'o n .ii i i i ' tu i ,  ;iii n t. ib i l i t y  w ju a tio n H ,
Ejwmj-.li' K.:>: C uusiil-r thv pr-'vimv, r>xampU* H .l .  Apply the V
i 'jiic i.ii'n  .»t i ion CK.i.1 I., vf.tiii'Hsli chi' 1 Lmitii of s t a b i l i t y .  
, |y/tli. i an be l.mnd by Mubm (l « t im; nil'" equation  {E. ' /).
av -  < V i  * ■ v ?  ‘ V t  ’ ' '  z l i ' i  * 312z 2 “  ' k A
■ t '■' ) !  < A, t I .1’, - ~ 7  'h " ' i )K l
• < a ,  -  i -  ( - 1  v i  ) *»
( 4,, < --'j " , " , " ,  - 
Uioi JV/JI. nay 1»- "■t t i n e
■mti <il 1 (c ) <"l'ial t " S-MI aiHl by npliH-t tug fhv values oi the
k -  ( , . , )  _  , k .  y
and a ., , w hich , when solved sim u ltaneously , give
" a - - " ,  d , - u $ .
"  T " l '  '  " I l k .  I .  " t  w — l b  " W k .  b r  .
contit-iHl-.s, a  iiimnJtaiK-vue nonJiiipiw e^nniions roust be so lved . For 
n  -•* 2 tin; problem  in  no t u su a lly  d i f f i c u l t ,
Thua equal inti beeonies
V
eqiint. i ntt (K.7)
% ; - t  ^ 4 ,  - U a ,  ' l l f m ,  ) .
s f t  V in /inriii ive (ii-l inii.i :iin! vlV/ilt in ncj’ativc semi-definite, 
uy.'i 11 vi i.“ globally in.vmptol i eal 5y stable provided that the 
rilxncuirjly  /  I (i!)de j  tl V |( ’| > 0 ,  1(0) « 0 .
T1 tin- I'ditHt.'ixtl >■• in tin- eaiumie equation is positive, (E.7) 
nan be itir.u! ive del inite under rouch weaker reut rietions than the 
requirement tiial t lie term eon;,if win;; I (v) be zero, To show this, 
write. (K.7) an
In  o rd e r  Chat dV/dt be n eg a tiv e  d e f in i te ,  th e  con stan ts  Aj aed C, 
must be  p o a iti .v e , and
ReCAj) > 0 ,  i  » 2 , . .  ,n .
% e  c o n s ta n t r  must be nonnegative, and
• Bi  + 2a . (  / r  -  ) » 0 ,  i  »
(6 . 10)
Ufldei” th e  iiiu'Vi- i.h«- V fun c tio n  oi" (K.6) w il l  be
VM»iiivi> iliU in i i v i-vimi i I ihv i|ti;.ulvalii- form » ( z ^ , . . .  ,2n ) i s  om itted . 
Thu ilvf i v i t i v«' ilV/iit w ii!  I ixn bo ueRar.ivn evm i-defi’- i t c .  Equation 
(.V.. !<>) uviy In- ! !‘ i<lacv<J by
Zit.Vr -  }' ■-■{ '  * fl. c: 0 i  = I , . . . , n  (K. 11)
Tlu; ru ih irit.n  m r-qiuuii.u (E .I , )  and Ihv ..'onstrn tn t /  l‘(e)do i 0 
fo r  a l l  |«-| -• u , 1 («J =• 0 , y ie ld  iiufi.u:io«r. ro n d itio n s  fo r  asymp- 
l u t i c  St,ihi l i l  y fo r  many mmdll lona. Thvnc a re  summarized by L u r 'e  In :
a a t i . f i . .  th e  fo llow ing  co n d itio n .!
( i )  Ij. and f!; a re  r e a l  fo r  i  s  B,
'Vi QIld Bi  " "  aach complex conjugate p a i r ,  fo r  a c i s n ,
( i i )  h o U j)  > 0 fo r  i -  l , . . , , n ,
( i i i )  r  > 0 ,
( iv )  J  £ (e )do  £ 0 fo r  a l l  | r |  > 0  and £(0 ) = 0 ,
th en  th i s  syatem i s  g lo b a lly  a sy m p to tira lly  s ta b le  i f  th e re  e x is t s  a t 
l e a s t  one s o lu t io n  of the act; o f s t a b i l i t y  equations (E .1I) w ith the
ro o te  a i  “a being r e a l ,  and th e  ro o ts  ag+1 being
eoatplex con juga te  p a i r s .
RozenVitaser | '11 ] has shown th a t  requirem ent ( i i i )  in  th e  above 
theorem can be rep laced  by r  ' a 0 , a s ig n if ic a n t  g e n e ra liz a tio n .
We have a lread y  seen th a t the so lu tio n  procedure becomes in c reas­
in g ly  complex no n in c re a se s . Schultz I"22 j comments th a t w ith  a la rg e  
number oi term s in  V, vho c e n tra l  problem of c o n s tra in in g  dV/dt to  
be a t  Iv asl n ep .arivc  semi-del in i t e  becomes p ro h ib itiv e .  We w i l l  now 
d esc rib e  two methods which overcome th i s  problem by assuming a simple 
q u a d ra tic  V (as d id  iizego), where th e  c o e f f ic ie n ts  of V can contain  
h ig h e r unh-v term s .is nee.•usury.
F . THE VARIABLE GRADIENT METHOD.
ttfe now d isc u s s  th e  v a r ia b le  g rad ien t method of Schultz and Gibson 
[ 2 3 ] .  For a  d e ta i le d  d isc u ss io n  of th e  v a r ia b le  g rad ien t method, a lso  
see S chu ltz  [ 2 2 ] ,  Gibson [3 ]  and Willems [2 6 ] ,  As th e  name im p lie s , 
th e  v a r ia b le  g ra d ie n t method i s  based upon th e  assumption of a v ec to r 
VV w ith  n undeterm ined components. The fo llow ing  lemma i s  a  u se fu l 
gu ide in  th e  s e le c t io n  of th e  g rad ien t.
Lemma F . 1 : A n ecessary  and s u f f ic ie n t  co n d itio n  such th a t  a con tin ­
uous v e c to r  fu n c tio n  g(x) bo th e  g ra d ie n t o f a s c a la r  fu n c tio n  is  
t h a t  th e  m a tr ix
Hence, i f  g W  "  VV<*>, w$ have, from th e  lemma, th a t  the 
fo llow ing  (n -O n /2  vquatiotw  must be s a t i s f ie d :
be sym m etric, where Bgi
v e c to r  fu n c tio n  g (x ) .
g denote th e  components of the
(F .l)
. W - d ,  -  w w a  -  " w -
i .  ^  th. p a  ^   ^ ^
^  [ h .  m .  A « t ^  ,  ^  b .  k .  n  .  .
l i n e  in te g r a l
« ' ( ' " - *  ( , . : )
along any path joiaing the origin of the suta .p.« to the paiflt x. 
In order to emphasize the r o U  of the gradient function, Theorem 
2 .6  i s  r e s ta te d  as:
Theorem F .2 ; I f  f o r  th e  system  o l equations x ■ f  (x ) , w ith  
£<0) = 0 ,  th e re  e x is t s  a reg ion  n and a  r e a l  v ec to r fu n c tio n  W , 
w ith  elem ents VV. such th a t
( i )  -  OW ./OXj,) ,
( i i )  W i s  not z e ro  a t  any p o in t in  fl, except a t  th e  o r ig in ,
( i i i )  dV /dt n Wx i  i) fo r  x f  0 , and dV/dt ~ 0. fo r  x -  0 ,
( lv )  dV/dt in  n o t id e n t ic a l ly  zero in  U on a so lu tio n  of th e  
system , o th e r  than  a t  x = 0,
and i f  th e  a c a la r  fu n c tio n  V, fam ed  by a l in e  in te g ra l o f W , as
V - /  VV'dx
has th e  fol-lowine p r^ p e r r ic a i
( i )  i t  is  jiD iiitiw  d c f i j i i t i ' 
f i i )  <nu> ol thu Burfacca V = bounds 0,
then  th e  givon  sytstom x - ’ t ( x)  iti afiym ptotically  s ta b le  in  D.
T his i s  sim ply « r e * ta t « * m t ^  T h e o ry  2.6 to  in d ic a te  a s h i f t  
i n  c-mphasig.
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1. Assume a  g ra d ie n t o f the form
"l * =uW«, + .
W2 a21(>)s1 ♦ a22(i!)x2 . . • * "bW,,
% •nlW*! * S,W», * ,
(The a - j  'e  may be w r itte n  as co n stan ts  u n t i l  the  need a r is e s  
to  allow  chem to  be more com plicated .)
2 . From th e  v a r ia b le  g ra d ie n t ,  form dV/dt as dV/dt =» W £.
3 . In con.junct.ion w ith  and su b jec t to  th e  requirem ents of the  
g e n e ra lis e d  c u r l  eq ua tions (F ,1 ), c o n s tra in  dV/dt to  be a t 
le a s t  a e g a tiv c  m o m -d e fin ite .
In  g e n e ra l ,  an nt:tempt i s  made to  make dV/dt negative semi- 
d e f in i t e  in  as sim ple a way aa p o aa ib lc . This may be accomp­
l is h e d  i f  iw k - i in i te  term s in  dV/dt are  e lim in a ted , and then  
in  th e  nitnph-.st c a se ,
%  .  - K , j  K c 0
whore K is  i n i t i a l l y  assumed a con stan t. I f  dV/dt i s  con­
s tr a in e d  n« above, th e  rem aining terms in  dV/dt most be 
fo rced  to  can ce l. T his i s  accomplished by grouping terms of 
s im ila r  s t a t e  v a r ia b le s  and choosing th e  c i ^ 's  to  fo rce  
c n n c e jla t  ion .
4 .
c lo sed n ess  o f y .
T U .  p n m l m ,  ^  . .  l i k . ^  _ i _ .
= w i "  :  «—
' '  ' —  .
V V  »
|  BjjjXj + 022X2
2. dV/dt i s  determ ined  as
S  '  V i '  - I I  -  ° n  -  " z / i  '  -  ( °M  -  =11 )» j  -  « : X -
3 . Tn s a t i s f y  th e  curl «-qu;itiotia
'1%" * "u * "jml*'  * sB p  -
To I 'o n s ira in  dV/Jt to  bn negalivo  d c fi.n iro , make o 12> a 22
ron!!l.u,nt , ami an t uj-i 11 o ^ ,  > 0 ,  a j j  = a 2  ^ + a 22Sl ’
The: c u r l  v qu .itimi fiivefi
m12 ‘ r‘2 V  
und fh ; / i l ! y  we It.wv
an  “ w  B > 11'
4 .  ({orajmCf* V (x ) am) chi-ck f o r  d v l" in i t fn e s f t ,
which if! p o n lf iv e  d c f ln i tu  fo r  u22 > «2 i  > ° '
ThiB eo tabliB heB  g lobal M i t o t i c  s t a b i l i t y  of the m ill 
o f th e  above syal.cm of equations,-
Example T.4$ Consider fh» system described
XI °  ~ 3x2 "
x2 “ -  2x2 + 8(X ])X y
1.
vv = | 4 “ l2x 2 1
1 « 2 lx l * a 22x2 1
"  “  Xl^  “ n 8 ( x l ) -  t' 1 1 ' ^ )  ) * * i« , l
-  a *21 + a 22S<Z
3 . The s im p le s t manner in  which dV/dt may be constra ined  to  be 
n e g a tiv e  i s  i f  a 12 » = 0 . Note th a t th i s  ensures th a t  d ie
c u r l  eq ua tions a re  au to m a tica lly  s a t i s f i e d .  Then we have
g  .  -  * ' A '  -  * 1 1  * " n » ( " l '  ) '
The in d c -fin itv  term s in  may be com pletely elim inated  i f
Tims th e  g ra d ie n t i s  known to  be 
R(x,)x.
|. n 22x2
v ” / 1 r ' l2z8(xi)xiaxi * I a2zx2dxr
{ d 6 ao a c h o ic e  o f  sca le  fa c to r  to  e lim in a te  f ra c tio n s  
V = 2 J 1 B (x |)x]dx^  + 3x2 •
As long a .  -  f (x ^ )  -  ,  U u  in  the H i s t  and th ird
V 1 .  p , l t l »  W W g . .  a  O n  M  to  -
"  .*1 ■*■ * '  tl' , “  v i s  " " t  m ly  p o s itiv e  d e f in i te ,  b u t rep re sen ts  
*  o101154 s u r te c e  in  th e  »hoie  space, d v /d t is  n eg a tiv e  d e f in i te .  
On th e  b a s is  o f Theoreis 1.6 o r p . 2 the s p a te ,  i s  g lo b a lly  
a sy m p to tic a liy  s ta b le .  This i s  understandably  a b e t te r  answer 
th an  was re a l iz e d  using  A izerm an's p rocedure, since  both V and 
dV/dt r e f l e c t  th e  e f f e c t  o f th e  s p e c if ic  non linear fu n c tio n  
x c(Xj).
We have g iven  a resume here of the  powerful v a r ia b le  g rad ien t 
method. For ou r purposes we have considered  f a i r l y  s im p le ,. .s tra ig h t­
forw ard exam ples. The read e r should r e f e r  to  the  e x ce llen t d iscu ssio n  
g iven  in  th e  a r t i c l e  by S chu ltz  (221, where f a i r l y  complex examples a re  
co n s id e re d , and th e  f l e x i b i l i t y  of th in  approach 1n dem onstrated. The 
v a r ia b le  g rad ien t method reduces th e  cn-cond method of Liapunov to  a 
p r a c t ic a l  working to o l fo r  th e  a n a ly s is  of many non linear system s.
In  th e  next su c tio n  we consider a method which does not appear to  
be e n t i r e ly  m u e la te d  to  th e  v a r ia b le  g rad ien t method. However, no t 
much infoi.matK-n nr coverage in  given to  th is  method i.o the l i t e r a tu r e .
G . THE FORMAT METHOD,
A d iagona l m atrix  has s l a n t s  on th e  p r in c ip le
d iagona l on ly .
D efiniuon_G _._2! A skew-symmetric m a trix  P has no elements on the 
p r in c ip le  d ia g o n a l, and in  ad d itio n
For a skew-symmetric m a trix ,
I‘ * I1'1' « 0 
and P f t '  = 0 .
The form at method was developed by J .L , P<K*xkowski. C143,C1 5 ]  and 
i s  based upon th e  t'aj lowing theorem.
Theorem G. 1: li' D(x) i s  a d iagonal n x it m atrix  such th a t 
D l 'f  -  V(x)
and i f  l '(x )  i s  a re a l  s.kcw-nyiiimetri.c m atrix  u.ich Hint 
VV v ( ]) » )' ) r  
th e n , t i th e  cut'l eijunt i*>nii U--. 1 ) » te  s a t i  si ied  we have 
V(x) o VV t .
When ])(%) hiiii only one cl.-im-ui , d . .  “ L (x ), then 
V(x) ^ Dl‘ f r' ' I j j i j  *■
L OO h  
To 
1.
2 ,
i s i g n  d e f i i u v o .
8 1 -ra .m ie  t i i p u m v  I i .n c t h , , , ,  by  Ll„  „ „ llod.
W rito . Lh<! v c t t o r  f o n n n t
W  -  (  1) +  i '  ) f ,
t:ho ti« f t h e  a r b i t r a r y  f u n r t i o n s  and to  s a t i s f y  th e
f u r l  fq u a l.io m i ( K. i ) and tlu»n o b ta in  P and I),
Rv.tiiiiist- D(x) may have d itfu v e n t form s, i t  i s  customary to 
assume f ira t; t h.it ll(x) vontnina only tin- d , , element ( i .e .  
V(x) '■ dj j f ' j  •).  II l l i i n diu’H nut. y ie ld  a sa t is fa c to ry  Liapunov 
fu n c tio n ,  thou asmimi' th a t I)(x) contains only the d ^  
elem en t. Ai t e r  exhausting  n l I  the sin fiie  element p o s s ib i l i t i e s ,  
clifl'vvviil I "tins a re  I hen I r iv r l.
C,,UMl! u. i the fimetioiiM Vtxl mnl V(x) = 1)1'- f.
now (11 wen:.trite i he uiellied l>y me.mii Hi ail example.
i-iei example K. ■ described in the previous section, 
x, : x..
■Write the yeetm formal.
VV • ( li » 1‘ >•
2. The cu rl equa tions Rive
S«< L*2 * P»2 * l '4  > "  R i  W j > ■
L*2 * l» Z > ' " i  K , "  "z  k ,
I'Ji *
In the f i r m  t r i a l  a«mimi‘ th a t p is  cm nttnnt. T h erefo re ,
^  * P*2 ) 0
The curve equal.ion 5a H atia lied  i f  I. .  -  p i s con stan t. Thus
1 1 , ;  I 
v v  «  1 ,
I 1'K., I
EiitvRritiiiR tvi tiht.aia ti le  l.iapunov i u n e tim ia Rives 
VU) -  /  VV .lx
'Ik, + /  " dx,,
* r ?  • e ‘! •
V(x) • t'x!,.
fo r  p • tl, Vtx) in j to a iiiv e  del i i . i le  and V(x) (i; ueRntivv d e f ,
lo r  p ti, V(x) 11; ncRutivc del in i te  and V<,x) is p o s itiv e  d e f .
Thun the aval eitt in R.lobally uuymp! ot ie a l ly  iitnlil e lo r  til l  values
oi p . It in to  he noted i.hat oiUiouRh the Liapunov lim v tion  <>i. 
seel ion K and thnl Riven above a re  diVJ e rv iit , they both y ie ld  
th e  same rc s .J i t .
2. The c u r l  equations Rive •
k <  " 2 '  p ' z  ' X )  - k <  r , ) '  
k <  " 2  ( a .  t k ; '
£n tliv f irm , t r i a l  assunio th a t  p ia  ro n s ta n t. T horefore,
l' h  + l'x2 > " 0
The curve equAtirai in i f  L = - p  i s  eonntan t. Thus
l iU t’R r- itin R  tn  o iu u in  t.hv i .iop im nv  f im n tiu m ; (iiVi 
VU) '  VV dx
•= /  1 px'j -Ix, ♦ /  X px2 dx2
The (Ii r i v i l  iv v  iilonc, I h i1 t r n  i-vi i-k in  
V(>;> -  pxi,.
For !■ ' i), V<x) in pni’i l ivi- dcC in iio  and V(x) is  lU’R alivo Ut-f,
fu r  p ■ <1, VtxJ ik  m'jvil ive dvl in i l  1- im.l V(x) in ponitlvo
Thill, till’ (lyiKcoi i,; f'liib iilly  ut iv.il ly  h ta b le  fo r  a l l  vahu-s
ul p . I t  in tu  hv uolc’d ! h.ii h IU uiurIi the  Linptmov itm rtiv n  til 
Bf.vt ion P and Lhnl };ivi-n nhov- arc- d i i 'iv r e n t ,  ihvy both y ie ld  
the Hiiine. rom ilu.
CONCLUSION.
Wa have- shmm th a t tlm re  nre an in f i id .te  number of V fu n c tio n s , 
and t h e i r  corceapatidinB tim e d u r iv a tlv u s , which aw  capable of proving 
th e  s t a b i l i t y  l o r  1 invar ayatems. l?or l in o a rig ed  systems whose eigeti- 
vnl.uas have m>{-ativi> r e a l  p a r t s ,  a g enera l approach was in d ica ted  th a t 
a lvays gave an o s tin ia tc , a lthough o f te n  a poor one, o f th e  reg io n  of 
s t a b i l i t y .  'Vtiis Rviivral approach w a  i t i f ie x ib lo ,  In  th a t the forms 
of. V and dV/<tl wvre iii vt ;<t vti by thu  m.nnnur in  which the s ta te  
u a r ia b lo s  weti- dium 'ti.
Thu Aizvrman approiivft r u tu m u l to  tho in f in i t e  choice of dV /dt, 
anti th c rr tfo tv  V, ot  th e  1 in v a r syHtinn case by approxiw iting tb c  non- 
lin u - 'ir ity  by a "ht-sl 1 inea r"  k a iu  K. Hvry th e  i^ u a tiw i o r nonlinear 
exprt-snitm  w e d  i\»t hx'vn Hpvi-ii i t 'd , u ihnr than y ^ ! (Xj) -  (Xj) ,  
and tm r V ftmct ion si.': vc! ( n .it 1 ini' rry io n  nf s t a b i l i t y  fo r  a 
v . iric ty  i)i l '(X j). .i:-«ni.i.vuid wi t h th in  w.ih lhe SauR" approach, in  
wiiii-li t in 1 ii.in liH f.uiLy wan appruximatvil by a •polynomial am! V was 
t a i lo f tn l t o  lit.  t li»‘ :i |> crii!« - r.iX ". T h in  hv ttev  t i t  was aw.wnplishcd by 
atiM iiiii', v V  vnv.i :iiii ot hinhi-r o rder th.m l.bu iiooMKl-urdi-r
ti'n n s  il.i i ta l  f il  by  Mu' tii iiial -iii.ulrai i c - f r . r a  v h o ic r  fu r V. As ni>ted, th e
S k w ,  w t b . . !  I H i"  r i , '« l l . l l i y  «t Hi.- Mnrmm m n * *
s I l M l i n s  'I 'V 'i ' . »  h .  . n w « r , l * l  t . k ’ W I f *  W W f ”
ilof in i l  i' in  a i/.iriv t v "I wiiv".
«>. I l iM  v ,m o i.l i . i« l  V v V .v .iv v . I l .a l v .m l. i in r f  i k '  o Jv a r ta so n
,1 , ,      „„.l S..,.,;., .........    I "  - l i e .  " "  i , ’n
ll, ,, ., ,- ! ,,- ,. .,  whirl. :m . " r 1
„ t  an < < V ................ .... ........” ”
W l J l I m  "  V-
q u a d ra tic  form p lu s  an I n te g ra l .  However, Schultz comments th a t  in 
ord e r t o  make V g en e ra l enough to  cover « la rg e  v a r ie ty  o$ s i tu a t io n s ,  
too  many Cema have to  Included  i n  V. With a la rg e  number of terms 
i n  V, tu e  ce ttc rn l problem  of c fm atra in ine  dv/dc to  bo a t le a s t 
n eg a tiv e  se m i-d e f in irv  bccnmcfi p ro h ib itiv e .
Saego overramo t h i s  y r r b l r *  by B ta rtin g  w ith a s ta p le  quad ra tic  
V, but: allowltiB  t'a rh  ul tin- i'ooI Ti i'.ii>nt s to  cimt.uin a number oC highev 
:rd e r  te rm s , an nccv.si.iry . A a ia L h ir  p rori'durc  wan ,-idopLud in  the 
Variab le  C.riul'Pnt ntnl Pnmuii mvllmdH. Both mtit hods allowod the e o e f f i-  
c ie n ts  o f WV to  hi- u u itlin o a r , when neeiiesary , which w ets requ ired  to  
s a t i s f y  thy  c u r t  eq u a tio n # .
Altlumftii wo hcivi- tm ly d isoussi'd  methods fo r generating  Liapunov 
iunetio iiri I o r .-iiit i'ii,iDKms Hyyt I'tuu, ntvd stout rv search  has been conducted 
in  t h i s  a r e a ,  Svhuliz  I 22 1 pnitw ivd three moLixidif fo r  r.hn so lu tio n  of 
tum-iHitnni'iiioiis sytu .’iiu: vi.i t h r iivcond »cthi>d of Liapunov.
a,.., wv U,iv.' « h .^ n ,  t h v r c  i s  ih> n e t  way o f  r iv te ra in in f i  th e  r e q u ir e d  
I.i.ip iiivw  tn iH 't ih i!  upon  w h irli th*‘ Mtu-ond tiii'thr.'il i t i  b iiapd. H ow ever, we 
I m v  <lv'iriim:,l r .it r<l H un  t ti<'W a w  ,« sn 'r i w  vt' a y s l  i 'm a tie  m ethoda V.hat 
may b«  tiflw! t o  ,,b . . . in  a ri-«i>*» o f  th ro u g h  th e  u s e  o f  th e
nd m fth o il . l.i th e  f i n a l  im a lyw lw . th o tip h , h i doinp. a  s t a b i l i t y  
an,>W.n>, f.<r n p .m  i- - u l i i r  a y a l i i n ,  wu n.-cd tn  w tpli.JC  th e  p r o p e r t iM
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ABSTRACT
T h e  p u r p o s e  o f  t h i s  d i s s e r t a t i o n  i s  t o  p r e s e n t  c e r t a i n  
e x p r e s s i o n s  s a t i s f i e d  b y  t h e  p r e d i c t e d  c h a n g e  i n  o o s t  i n  a n  
o p t i m a l  c o n t r o l  p r o b l e m ,  a n d .  t o  i n d i c a t e  t h e  u n i f y i n g  r o l e  
t h a t  t h e s e  e x p r e s s i o n s  c a n  p l a y  i n  c o n t r o l  t h e o r y  a n d  c o m ­
p u t a t i o n .  T o  a c h i e v e  t h i s  e n d  a  p a p e r  b y  M a y n e  h a s  b e e n  
u s e d  a s  a  b a s i s ,  a n d  t h e  r e s u l t s  a n d  t h e m e  o f  t h i s  p a p e r  h a v e  
b e e n  e x p a n d e d  u p o n .
A  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i s  o b t a i n e d  w h i c h  i s  
s a t i s f i e d  b y  t h e  c o s t  f u n c t i o n  f o r  a n  a r b i t r a r y  c o n t r o l  o r  
c o n t r o l  p o l i c y .  T h e  D y n a m i c  P r o g r a m m i n g  T e c h n i q u e  i a  t h e n  
a p p l i e d  t o  t h e  c o s t  f u n c t i o n  i n  t h e  n e i g h b o u r h o o d  o f  s o m e  
n o m i n a l  o r  r e f e r e n c e  t r a j e c t o r y .  P r o v i d e d  t h a t  t h e  d e v i a ­
t i o n s  f r o m  t h e  n o m i n a l  t r a j e c t o r y  a r e  s m a l l ,  t h i s  l e a d s  t o  
t h e  d i f f e r e n t i a l  e q u a t i o n s  d e r i v e d  b y  M a y n e .  T h e s e  d i f f e r e n ­
t i a l  e q u a t i o n s  a r e  u s e f u l  f o r  o b t a i n i n g  o p t i m i z a t i o n ,  a l g o r i t h m s  
i n c l u d i n g  t h e  p o w e r f u l  D i f f e r e n t i a l  D y n a m i c  P r o g r a m m i n g  
( D . D . P . )  a l g o r i t h m s .
F r o m  t h e  d i f f e r e n t i a l  e q u a t i o n s  c e r t a i n  e x a c t  e x p r e s s i o n s  
f o r  t h e  c h a n g e  A V  i n  c o s t  d u e  t o  a  c h a n g e  i n  c o n t r o l  a r e  
o b t a i n e d .  T h e s e  e x p r e s s i o n s ,  w h i c h  e n a b l e  t w o  a r b i t r a r y  
c o n t r o l s  t o  b e  c o m p e r e d  a r m  u s e f u l  f o r  o b t a i n i n g  c o n d i t i o n s  
o f  p p t i m a l l t y ,  p a r t i c u l a r l y  s u f f i c i e n t  c o n d i t i o n s .  F u r t h e r  
e s t i m a t e s  f o r  t h e  e x p r e s s i o n s  f o r  A V  a r e  d e r i v e d ,  w h i c h  
l e a d  t o  e x p r e s s i o n s  6 V  w h i c h  a p p r o x i m a t e  A V .  O n e  o f  t h e  
a p p r o x i m a t i o n s  A V  l e a d s  t o  a  f i r s t  o r d e r  a l g o r i t h m  w i t h
p r o v e n  c o n v e r g e n c e .
T h e  a n a l y s i s  i s  t h e n  e x t e n d e d  t o  o b t a i n  n e w  d i f f e r e n ­
t i a l  e q u a t i o n s  f o r  p r o b l e m s  w i t h  f i x e d  e n d p o i n t  c o n s t r a i n t s  
a n d  f r e e  t e r m i n a l  t i m e ;  a g a i n  t h e  t w o  c o n t r o l s  c o m p a r e d  
q r e  a r b i t r a r y .  T h e  s e c o n d - o r d e r  a l g o r i t h m  o f  J a c o b s o n  . i s
t h e n  d i s c u s s e d .  I t  i s  t h e n  s h o w n  h o w  t h e  p r o b l e m  w i t h
t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s  c a n  b e  m o d i f i e d  s o  t h a t  t h e  
s e c o n d - o r d e r  D . D . p .  a l g o r i t h m  o f  J a c o b s o n  i s  n o w  a p p l i e d  t o  
a n  u n c o n s t r a i n e d  p r o b l e m .  T h e  f i r s t - o r d e r  a l g o r i t h m  i s  
t h e n  e x t e n d e d  t o  h a n d l e  t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s .
P r o b l e m s  w i t h  c o n t r o l  c o n s t r a i n t s  a r e  t h e n  c o n s i d e r e d .  
F o r  t h e  c a s e  w h e r e  t h e  o p t i m a l  c o n t r o l  i s  c o n t i n u o u s  f o r  a l l  
t  g  T ,  u s i n g  D . D . P .  o n  t h e  H a m i l t o n - J a c o b i - B e l I m a n  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n ,  c e r t a i n  d i f f e r e n t i a l  e q u a t i o n s  d e ­
r i v e d  b y  J a c o b s o n  a r e  o b t a i n e d .  T h e  s e c o n d - o r d e r  D . D . P .  
a l g o r i t h m  c a n  b e  m o d i f i e d  e a s i l y  t o  s o l v e  t h e s e  e q u a t i o n s ,  
a n d  a  f i r s t - o r d e r  a l g o r i t h m  e m e r g e s  a s  a  s p e c i a l  c a s e .  F o r  
t h e  p r o b l e m  w h e r e  t h e  o p t i m a l  c o n t r o l  i s  d i s c o n t i n u o u s  ( i . e .  
o f  t h e  B a n g - S a n g  t y p e ) ,  t h e  d y n a m i c  p r o g r a m m i n g  a p p r o a c h  i s  
u s e d  t o  d e r i v e  j u m p  c o n d i t i o n s  i n  t h e  p a r t i a l  d e r i v a t i v e s  
o f  t h e  c o s t  f u n c t i o n .  A g a i n ,  t h e  s e c o n d - o r d e r  D . D . P .  a l ­
g o r i t h m  c a n  b e  m o d i f i e d  t o  h a n d l e  t h e  b a n g - b a n g  c o n t r o l  
p r o b l e m .
F i n a l l y ,  t h e  a p p r o x i m a t e  e x p r e s s i o n s  A V  f o r  A V  a r e  
u s e d  t o  d e m o n s t r a t e  n e c e s s a r y  c o n d i t i o n s  o f ,  o p t i m a l i t y  f o r  
S t a t e  C o n s t r a i n e d  p r o b l e m s  a n d  n e c e s s a r y  a n d  s u f f i c i e n t  
c o n d i t i o n s  f o r  t h e  n o n - n e g a t i v i t y  o f  A V  f o r  s i n g u l a r  
c o n t r o l  p r o b l e m s .
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R E F E R E N C E S
I N T R O D U C T I O N .
M u c h  i n t e r e s t  h a s  c e n t e r e d  o n  t h e  p r o b l e m  o f  d e t e r m i n i n g  
t h e  o p t i m a l  c o n t r o l  f o r  t h e  d y n a m i c  s y s t e m  d e s c r i b e d  b y  n o n ­
l i n e a r ,  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  f o r m
x ( t )  =  f  ( x ( t )  , u ( t )  , t )  ;  x ( t Q )  ®  x Q .
T h e  c r i t e r i o n  o f  o p t i m a l i t y  i s  t h e  m i n i m i s a t i o n  o f  t h e  p e r ­
f o r m a n c e  i n d e x  o r  s o - c a l l e d  c o s t  f u n c t i o n a l
t ,
v < V V  "  /  , t l d t  +  P ( x ( t £ )  , t f ) ,
*0
w h e r e  t h e  p r o p e r t i e s  o f  f ,  L ,  F  a r e  p r e s e n t e d '  i n  C h a p t e r  1 .
S o m e t i m o H  i t  i s  r e q u i r e d  t h a t  x ( t )  a n d  u ( t )  s a t i s f y  
e o m e  o r  a l l  o f  t h e  f o l l o w i n g  c o n s t r a i n t s  5
g ( u ( t ) , t )  <  0 ,
, t f ) = 0,
S ( x ( t )  , t )  <  0 ,
w h e r e ,  g  i s  a  p  <  m  V e c t o r  f u n c t i o n  o f  u  a t  t i m e  t ,
$  i a  a  s e n  v e c t o r  f u n c t i o n  o f  x  a t  t i m e  t f ,
S  i s  a  q  <  n  v e c t o r  f u n c t i o n  o f  x  a t  t i m e  t .
T h e  o b j e c t  o f  t h e  c o n t r o l  p r o b l e m  i s  t o  c h o o s e  u ( t ) » t f i C t Q , t ^
s u c h  t h a t  t h e  n e c e s s a r y  c o n s t r a i n t s  a r e  s a t i s f i e d ,  a n d  t h e  
c o s t  i s  m i n i m i z e d .
T h e  o p t i m a l  c o s t  i s  g i v e n  b y
V ° ( x , t )  =  m i n  - [  /  f  L ( x ( t ) , u ( t ) +  F ( x ( t  J  , t f )  ] .
u ( t )  t _  f  £
T c C t , t £ ]
A p p l y i n g  t h e  d y n a m i c  p r o g r a m m i n g  t e c h n i q u e ,  [ 1 3 ,  t o  t h e  
a b o v e  e q u a t i o n  r e s u l t s  i n  t h e  w e l l  k n o w n  H a m i I t o n - J a c o b l -  
B e l l m a n  ( H - J - B )  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n :
-  i r 0 ( x 0 r t )  *  min C L ( x 6 , u , t )  +  < ^ ( x ° , t >  , £ ( x ° , u , t ) >  ]  
u ( t )  x
w h i c h  c a n  o n l y  b e  d e r i v e d  i f  t h e  o p t i m a l  c o s t  V °  i s  a s s u m e d  
t o  h a v e  c o n t i n u o u s  p a r t i a l  d e r i v i t i v e s  w . r . t ,  x  a n d  t .  T h e  
a b o v e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i s ,  i n  g e n e r a l ,  u n s o l v a b l e  
a n a l y t i c a l l y .  T h e  d i f f i c u l t y  o f  n u m e r i c a l  s o l u t i o n  o f  t h e  
e q u a t i o n  i s  e n o r m o u s ,  p r i m a r i l y  d u e  t o  t h e  h i g h  d i m e n s i o n a l i t y  
o £  t h e  e q u a t i o n f  w h i c h  m e a n s  t h a t  s t o r a g e  a n d  c o m p u t a t i o n a l  
t i m e  r e q u i r e m e n t s  a r e  i m m e n s e .
I n  1 9 6 0  t h e  L . Q . P .  p r o b l e m  ( l i n e a r  d y n a m i c s  w i t h  q u a d r a ­
t i c  p e r f o r m a n c e  i n d e x )  w a s  s o l v e d ,  C 2 7 L  T h i s  s t i m u l a t e d  
r e s e a r c h  i n t o  s e c o n d - v a r i a t i o n  t y p e  m e t h o d s .  M a r r l a m  [ 4 3 ] ,  
H i t t e r  [ 4 4 ] ,  M o  R e y n o l d s  a n d  B r y s o n  [ 4 0 ]  a n d  N o t o n ,  D y e r  
a n d  M a r k l a n d  [ 4 5  3  h a v e  d e r i v e d  a l g o r i t h m s  t h a t  c o n v e r g e  t o  
t h e  o p t i m a l  s o l u t i o n ,  i n  r a #  s t - a p  w h e n  a p p l i e d  t o  t h e  L . Q . e .  
p r o b l e m .  O n  n o n - * l l n « a r  p r u b l e m s ,  c o n v e r g e n c e ,  i i  i t  o c c u r s ,  
i s  r a p i d .
J a c o b s o n  [ 1 3 3  o u t l i n e s  t h e  d y n a m i c  p r o g r a m m i n g -  t e c h ­
n i q u e  ,  w h i c h  i s  a p p l i e d  t o  V ( x + 6 x , t ) ,  w h i c h  d e s c r i b e s  t h e
n o n - o p t i m a l  c o s t  i n  a  n e i g h b o u r h o o d  o f  s o m e  n o m i n a l  t r a j ­
e c t o r y  x ( - ) ,  d e f i n e d  b y  a  n o m i n a l  c o n t r o l  u ( * > .  P r o v i d e d  
t h e  c h a n g e  i n  t h e  s t a t e  v a r i a t i o n ,  6 x ,  i s  k e p t  s m a l l ,  
V ( x + 6 x , t )  c a n  b e  d e s c r i b e d  a d e q u a t e l y  b y  a  l o w  o r d e r  
p o w e r  s e r i e s  i n  6 x  a b o u t  x ; t .  S t o r a g e  r e q u i r e m e n t s  o f  
t h e  d e f i n i n g  p a r a m e t e r s  o f  t h e  t r u n c a t e d  s e r i e s  a r e  m o d e s t *  
I t e r a t i v e  t e c h n i q u e s  r e s u l t  t h a t  d e t e r m i n e  a  n e w  c o n t r o l  
f u n c t i o n  u + 6 u  a n d  t h u s  a  n e w  t r a j e c t o r y  x + d x  s u c h  t h a t  
t h e  n e w  c o s t  o b t a i n e d  u s i n g  t h i s  c o n t r o l  i s  l e a s  t h a n  t h e  
o l d  c o s t  u s i n g  u ( * ) .
M a y n e  [ 3 3 ]  u s e d  a  s i m i l a r  a p p r o a c h  f o r  d i s c r e t e ­
t i m e  f r e e - e n d p o i n t  p r o b l e m s ,  t h o u g h  h e  d i d  d e r i v e  a  s e c o n d -  
o r d e r  a l g o r i t h m  f o r  t h e  c o n t i n u o u s - t i m e  s y s t e m  b y  a l l o w i n g  
t h e  d i s c r e t e  c o n t r o l  p r o b l e m  f o r m u l a t i o n  t o  t e n d  t o  t h e  
c o n t i n u o u s - t i m e  f o r m u l a t i o n .  W e s t c o t t  [ 5 1 ]  r e f e r r e d  t o  
t h e  m e t h o d  a s  D i f f e r e n t i a l  D y n a m i c  P r o g r a m m i n g .  J a c o b s o n
[ 1 3 ] , [ 1 4 ]  d e v e l o p e d  t h e  n o t i o n  o f  D . D . P .  f u r t h e r ,  a n d  
s h o w e d  t h a t  t h e  s e c o n d  v a r i a t i o n  m e t h o d s  o f  [ 4 0 ] ,  [ 4 4 3  
a r e  a p p r o x i m a t i o n s  t o  M a y n e ' s  a l g o r i t h m .  M e  R e y n o l d s  [ 4 1 ]  
o b t a i n e d  a n  a l g o r i t h m  e q u i v a l e n t  t o  M a y n e ' s .
J a c o b s o n  [ 1 3 3 ,  [ 1 4 ] ,  [ 1 5 3 ,  [ 1 6 3  a n d  J a c o b s o n  a n d  
M a y n e  [ 1 8 ]  a p p l i e d  D . D . P .  d i r e c t l y  t o  c o n t i n u o u s - t i m e  
s y s t e m s  a n d  o b t a i n e d  n e w  a l g o r i t h m s  b y  a l l o w i n g  g l o b a l  
v a r i a t i o n s  i n  t h e  c o n t r o l ,  a s  o p p o s e d  t o  w e a k  v a r i a t i o n s .  
D y e r  a n d  M e  R e y n o l d s  [ 6  3 ,  [ 7 3  o b t a i n e d  r e s u l t s  w h i c h  
w e r o  s i m i l a r  t o  t h o s e  d e s c r i b e d  b y  J a c o b s o n  [ 1 6 ]  f o r  
b a n y - b a n g  c o n t r o l  p r o b l e m s .  D y e r  a n d  M e  R e y n o l d s  c o l l a t e d
t h e i r  r e s u l t s  i n  [ 8 3 .  J a c o b s o n  a n d  M a y n s  [ 1 8 , 3  a n d  
G e r s h w i n  a n d  J a c o b s o n  [ 9 ]  e x t e n d e d  t h e  a l g o r i t h m s  d e s ­
c r i b e d  b y  J a c o b s o n  [ 1 3 ] ,  [ 1 5 ]  t o  d i s c r e t e - t i m e  p r o b l e m s .  
D . D . P .  h a s  a l s o  b e e n  a p p l i e d  t o  s t o c h a s t i c  c o n t r o l  
p r o b l e m s .  F o r  r e f e r e n c e s ,  s e e  [ 1 8 3 .
T h e  a l g o r i t h m s  m e n t i o n e d  a b o v e  g e n e r a l l y  h a v e  o n e  
f e a t u r e  i n  c o m m o n .  T h e y  i n v a r i a b l y  r e q u i r e  t h e  m i n i m i z a t i o n  
w . r . t .  u  o f  t h e  r . h . s .  o f  t h e  H - J - B  e q u a t i o n ,  f o r  s o m e  
f i x e d  s t a t e  x  =  x ( * > .  T h i s  l e a d s  t o  a  c o n t r o l  w h i c h  c o u l d  
e s s e n t i a l l y  b e  d e s c r i b e d  a s  t h e  o p t i m a l  c o n t r o l  f o r  t h e  
s t a t e  x ( » ) .  I n  [ 3 6 ] ,  M a y n e  c o n s i d e r e d  t h e  c a s e  o f  c o m p a r ­
i n g  a n y  t w o  c o n t r o l s  o r  c o n t r o l  p o l i c i e s .  H e  d e r i v e d  e x a c t  
e x p r e s s i o n s  f o r  I V ,  t h e  c h a n g e  i n  c o s t  r e s u l t i n g  f r o m  a  
c h a n g e  i n  t h e  c o n t r o l .  O s i n g  t h e s e  e x p r e s s i o n s ,  h e  o b t a i n e d ,  
b y  m e a n s  o f  a  s t r a i g h t f o r w a r d  d i f f e r e n t i a l  e q u a t i o n  a p p r o a c h , ,  
g e n e r a l i z a t i o n s  o f  t h e  e q u a t i o n s  g i v e n  p r e v i o u s l y  i n  t h e  
l i t e r a t u r e ,  . H e  a l s o  d e m o n s t r a t e d  t h e  u s e f u l n e s s  o f  t h e  
e x p r e s s i o n s  o b t a i n e d  f o r  6 V  i n  o b t a i n i n g ,  i n  p a r t i c u l a r ,  
s u f f i c i e n t  c o n d i t i o n s  o f  o p t i m a l i t y .  A p p r o x i m a t i o n s  6 V  t o  
A V  w e r e  u s e d  t o  o b t a i n  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  o p t i m a ­
l i t y  f o r  S t a t e  C o n s t r a i n e d  p r o b l e m s  d e r i v e d  b y  J a c o b s o n ,
L e l e  a n d  S p e y e r  [ 2 6 3 .  T h e y  w e r e  a l s o  u s e d  t o  s h o w  h o w  
n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  n o n n e g a t i v i t y  
o f  A V  c o u l d  b e  o b t a i n e d  f o r  S i n g u l a r  c o n t r o l  p r o b l e m s .
I n  t h i s  d i s s e r t a t i o n ,  w e  a r e  p r i m a r i l y  c o n c e r n e d  w i t h  
t h e  c o m p a r i s o n  o f  t w o  a r b i t r a r y  c o n t r o l s .  T h e  b a s i c  t h e o r y  
i s  d e v e l o p e d  i n  a  u n i f i e d  m a n n e r  t h r o u g h  D i f f e r e n t i a l
D y n am ic  P ro g ra m m in g .  C o n s i d e r  t h e  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n
_  d v e x . t )  .  H ( x , w , V x ( x , t ) , t ) ,  t « Ct0 ,tf 3,
w h e r e  w  d e n o t e s  a  c o n t r o l  u ,  o r  a  c o n t r o l  p o l i c y  k U  * )  
w h i c h  g e n e r a t e s  u ( • ) .  V ( x , t )  ’ d e n o t e s  V u  o *  ,  a c c o r d ­
i n g  t o  t h e  c o n t e x t .  T h e  D y n a m i c  P r o g r a m m i n g  T e c h n i q u e  i s  
t h e n  a p p l i e d  t o  t h e  a b o v e  e q u a t i o n  i n  a  n e i g h b o u r h o o d  o f  
s o i n e  n o m i n a l  t r a j e c t o r y  x  ( • )  d e f i n e d  b y  a  n o m i n a l  c o n t r o l  
u C ) .  T h e n ,  p r o v i d i n g  t h e  s t a t e  v a r i a b l e  S x  i s  k e p t  s m a l l /  
a  l o w  o r d e r  e x p a n s i o n  c a n  b e  m a d e  a b o u t  x ; t .  T h i s  l e n d s  t o  
t h e  d i f f e r e n t i a l  e q u a t i o n s  s a t i s f i e d  b y  a ( t )  =  V { x , t )  -  
V u ( x , t )  ,  V x ( x , t ) ,  V ^ ( x , t )  w h i c h  w e r e  d e r i v e d  b y  M a y n e ,  
[ 3 6 1 .  I t  i s  t h e n  s h o w n  t h a t  i g n o r i n g  c e r t a i n  t e r m s  i n  t h e  
d i f f e r e n t i a l  e q u a t i o n s  s a t i s f i e d  b y  V ^ ( x , t )  a n d  v x x < x , t )  
r e s p e c t i v e l y ,  i n t r o d u c e s  e r r o r s  i n  a ( t ) .  T h e s e  c a n  b e  
r e s t r i c t e d  b y  a l l o w i n g  e i t h e r  w e e k  v a r i a t i o n s  i n  t h e  c o n ­
t r o l ,  o r ,  i n  t h e  c a s e  o f . g l o b a l  v a r i a t i o n s - i n  t h e - c o n t r o l ,  
r e s t r i c t i n g  t h e  s i z e  o f  t h e  S x ' s  a r t i f i c i a l l y .
F r o m  t h e  d i f f e r e n t i a l  e q u a t i o n s  s a t i s f i e d  b y  a ( t ) ,  
w e  o b t a i n  t h e  e x a c t  e x p r e s s i o n s  d e r i v e d  b y  M a y n e  [ 3 5 3 ,  
f o r  t h e  c h a n g e  6 V  I n  c o s t  d u e  t o  a  c h a n g e  i n  c o n t r o l .
T h e s e  e x p r e s s i o n s ,  w h i c h  e n a b l e  t w o  a r b i t r a r y  c o n t r o l s  t o  
b e  c o m p a r e d ,  e n a b l e  u s  t o  o b t a i n  c e r t a i n  w e l l  k n o w n  g l o b a l  
s u f f i c i e n t  c o n d i t i o n s  o f  o p t i m a l i t y ,  a s  w e l l  a s  a  l o c a l  
s u f f i c i e n t  c o n d i t i o n  o f  o p t i m a l i t y  s u g g e s t e d  b y  J a c o b s o n
i n  [ 1 3 ]  a n d  p r o v e d  b y  M a y n e  i n  [ 3 6 ] .  E s t i m a t e s . f o r  a V  
a r e  t h e n  d e r i v e d ,  w h i c h  l e a d  t o  e x p r e s s i o n s  A V  w h i c h  
a p p r o x i m a t e  A V ;  o n e  o f  t h e s e  i s  a  s t r o n g  v e r s i o n  o f  t h e  
w e l l  k n o w n  s e c o n d  v a r i a t i o n  f o r m u l a  f o r  t h e  c o s t  f u n c t i o n .
i t  i s  t h e n  s h o w n  t h a t  t h e  d i f f e r e n t i a l  e q u a t i o n s  u s e d  
f o r  t h e  a l g o r i t h m s  d e s c r i b e d  b y  K e l l e y  [ 2 8 ] ,  B r y s o n  a n d  
D e n h a m  [ 2 ] ,  J a c o b s o n  [ 1 3 ] ,  [ 1 4 ] ,  [ 1 5 ] ,  [ 1 8 ] ,  M a y n e  [ 3 3 ] ,  
M e  R e y n o l d s  [ 4 1 ] ,  M e  R e y n o l d s  a n d  B r y s o n  [ 4 0 ] ,  a n d  
M i t i t e r  [ 4 4 ] ,  a r e  s p e c i a l  c a s e s  o f  t h e  e q u a t i o n s  d e r i v e d .  
T h e s e  a l g o r i t h m s  a r e  o u t l i n e d  b r i e f l y  f o r  c o m p l e t e n e s s .
A l s o ,  o n e  o f  t h e  e s t i m a t e s  A V  f o r  •  A V  l e a d s  t o  t h e  f i r s t  
o r d e r  a l g o r i t h m  o f  M a y n e  a n d  P o l a k ,  w i t h  p r o v e n  c o n v e r g e n c e .
W e  t h e n  e x t e n d  t h e  a n a l y s i s  t o  t h e  p r o b l e m  w i t h  f i x e d  
e n d p o i n t  c o n s t r a i n t s  a n d  f r e e  t e r m i n a l  t i m e .  A g a i n ,  t h e  t w o  
c o n t r o l s  c o m p a r e d  a r e  a r b i t r a r y ,  w h i c h  l e a d s  t o  n e w  d i f f e r ­
e n t i a l  e q u a t i o n s  s a t i s f i e d  b y  p a r t i a l  d e r i v i t i v e s  o f  t h e  
c o s t  f u n c t i o n .  T h e  d i f f e r e n t i a l  e q u a t i o n s  o f  J a c o b s o n  [ 1 3 ] ,  
[ 1 8 ]  e m e r g e  a s  a  s p e c i a l  c a s e  o f  t h e s e  e q u a t i o n s .  W e  t h e m  
o u t l i n e  h o w  t h e  s e c o n d - o r d e r  a l g o r i t h m  o f  J a c o b s o n ,  [ 1 3 ] ,
[ 1 4 ] ,  [ 1 8 ] ,  c a n . b e  a d a p t e d  t o  s o l v e  t h e  f i x e d  e n d p o i n t ,  
f r e e  t e r m i n a l  t i m e  p r o b l e m .  I t  i s  t h e n  s h o w n  h o w  t h e  p r o b ­
l e m  w i t h  t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s  c a n  b e  m o d i f i e d  
s o  t h a t  t h e  s e c o n d - o r d e r  D . D . P .  a l g o r i t h m  o f  J a c o b s o n  c a n  
b e  a p p l i e d  t o  a n  u n c o n s t r a i n e d  p r o b l e m .  T h e  f i r s t - o r d e r  
a l g o r i t h m ,  [ 3 7 ] ,  i s  t h e n  e x t e n d e d  t o  h a n d l e  t e r m i n a l  
I n e q u a l i t y  c o n s t r a i n t s ,  [ 4 6 ] .
P r o b l e m s  w i t h  c o n t r o l  c o n s t r a i n t s  a r e  t h e n  c o n s i d e r e d .  
F o r  t h e  c a s e  w h e r e  t h e  o p t i m a l  c o n t r o l  i s  c o n t i n u o u s  f o r
a l l  t  c  [ t Q  ,  w e  o b t a i n  c e r t a i n  d i f f e r e n t i a l  e q u a t i o n s  
d e r i v e d  b y  J a c o b s o n  [ 1 3 ] ,  [ 1 8 ] .  T h e  s e c o n d - o r d e r  D . D . P .  
a l g o r i t h m  c a n  b e  m o d i f i e d  e a s i l y  t o  s o l v e  t h e s e  e q u a t i o n s ,  
a n d  a  f i r s t - o r d e r  a l g o r i t h m  e m e r g e s  a s  a  s p e c i a l  c a s e .  F o r  
t h e  p r o b l e m  w h e r e  t h e  o p t i m a l  c o n t r o l  i s  d i s c o n t i n u o u s  
( i . e .  o f  t h e  b a n g - b a n g  t y p e ) ,  t h e  d y n a m i c  p r o g r a m m i n g  
a p p r o a c h  i s  u s e d  t o  o b t a i n  c e r t a i n  e q u a t i o n s  s a t i s f i e d  b y  
p a r t i a l  d e r i v i t i v e s  o f  t h e  c o s t  f u n c t i o n  a t  s w i t c h i n g  t i m e s  
t i m e s  t j v  A l g o r i t h m s  f o r  s o l v i n g  t h e  b a n g - b a n g  c o n t r o l  
p r o b l e m  a r e  o u t l i n e d ,  w h i c h  d i f f e r  i n  t h e i r  c h o i c e  o f  t j  
a n d  t h e  c h a n g e  i n  s w i t c h i n g  t i m e s  f i t ,  t o  o b t a i n  a  n e w  
b a n g - b a n g  c o n t r o l  u ( « ) .  T h e  c h o i c e  o f  6 t t  g i v e s  j u m p  
c o n d i t i o n s  f o r  t h e  p a r t i a l  d e r i v i t i v e s  o f  t h e  c o s t  f u n c ­
t i o n  w h i c h  a r e  u s e d  i n  t h e  a l g o r i t h m .
W e  t h e n  c o n s i d e r  t h e  S t a t e  C o n s t r a i n e d  c a s e  w i t h  n o  
i n t e g r a l  c o s t .  I t  i s  s h o w n  t h a t  o n e  o f  t h e  a p p r o x i m a t i o n s  
& V  t o  A V  l e a d s  t o  n e c e s s a r y  c o n d i t i o n s  o f  o p t i m a l i t y .
T h e  n e c e s s a r y  c o n d i t i o n s  o f  J a c o b s o n ,  L e l e  a n d  S p e y e r  [ 2 6 ]  
e m e r g e  a s  a  s p e c i a l  c a s e .
N e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  n o n n e g a * -  
t i v i t y  o f  A V  f o r  s i n g u l a r  p r o b l e m s  a r e  t h e n  o u t l i n e d .  I t  
i s  s h o w n ,  M a y n e  [ 3 6 ] ,  h o w  o n e  o f  t h e  e x p r e s s i o n s  f o r  A V  
l e a d s  d i r e c t l y  t o  a  s t r o n g  v e r s i o n  o f  t h e  n e c e s s a r y  c o n d i ­
t i o n  o f  o p t i m a l i t y  d e r i v e d  b y  J a c o b s o n ,  [ 1 9 ] .  T h e  g e n e r a l ­
i z e d  L e g e n d r e - C l e b s c h  n e c e s s a r y  c o n d i t i o n s  a r e  d i s c u s s e d  
b r i e f l y f  a n d  s u f f i c i e n t  c o n d i t i o n s  a r e  d e r i v e d .
F i n a l l y ,  t h e  c o n c l u d i n g  s e c t i o n  s e e k s  t o  p l a c e  t h e  
m a t e r i a l  c o v e r e d  i n  p e r s p e c t i v e ,  a n d  t o  s u g g e s t  a r e a s  f o r  
f u t u r e  r e s e a r c h .
CHAPTER 1
D E F I N I T I O N S ,  A S S U M P T I O N S  A M D  P R E L I M I N A R Y  R E S U L T S
S Y S T E M  D E S C R I P T I O N
T h e  c o n t i n u o u s - f c i m e  d y n a m i c  s y s t e m  s t u d i e d  i n  t h i s  
d i s s e r t a t i o n  i s  a s s u m e d  t o  b e  d e s c r i b e d  b y  t h e  f o l l o w i n g  
f i n i t e  s e t  o f  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s
£ ( t )  ■  f  ( x ( t )  , u ( t )  , t )  ? x ( t o )  =  x q  ( 1 . 1 )
w h e r e  £  i s  a n  n - d i m e n s i o n a l  f u n c t i o n  ( n o n l i n e a r )  o f  i t s  
a r g u m e n t s ,  x ( t )  €  R n  d e s c r i b e s  t h e  s t a t e  o f  t h e  s y s t e m  
a t  a n y  t i m e  t  s  C t 0 , t f 3 ,  u ( t )  e  R m  r e p r e s e n t s  t h e  c o n t r o l  
v a r i a b l e s  a v a i l a b l e  a t  t i m e  t  e  [ t  , t ^ 3 .  T h e  s o l u t i o n  
o f  ( 1 . 1 )  i s  d e n o t e d  x ( t ; x ^ , t ^ , u ) .  T h e  s o l u t i o n  d u e  t o  
t h e  p o l i c y  k
u ( t )  =  k  ( x ( t )  , t ) ,  t  e. t t o , t f 3  ( 1 . 2 )
i s  d e n o t e d  b y  x ( t ; x o , t o , k ) ,  i . e .  x ( t ; x ^ , t ^ , k )  i s  t h e  
s o l u t i o n  o f
* ( t )  -  £ ( x ( t ) , k ( x ( t ) , t ) , t ) ?  x ( t Q )  -  x  .  ( 1 . 3 )
T h e  p e r f o r m a n c e  o f  t h e  s y s t e m  i s  m e a s u r e d  b y  t h e  p e r ­
f o r m a n c e  i n d e x  o r  " c o s t  f u n c t i o n a l "  :
+  F ( x ( t f ; x Q , t o , u ) , t f )- f iXa ' o ‘ ( 1 . 4 )
w h e r e  L  a n d  F  a r e  s c a l a r  f u n c t i o n s  ( n o n l i n e a r )  o f  t h e i r  
a r g u m e n t s .  T h e  f i n a l  t i m e  t £ may he  g i v e n  e x p l i c i t l y  o r  
i m p l i c i t l y .
S i m i l a r l y ,  i s  t h e  c o s t  d u e  t o  p o l i c y  k
a n d  i n i t i a l  c o n d i t i o n  ( x ^ , t ^ ) :
V*(.! , t  ) & f t f  K x t t j x  , t  , k ) , k ( x ( t ! x  , t  , k > . t ) , t ) d t  o o o o o o
T h e  o b j e c t  o f  t h e  c o n t r o l  p r o b l e m  i s  t o  c h o o s e  
u ( t ) , t  e  [ t 0 , t f 3 ,  s o  t h a t  c e r t a i n  c o n s t r a i n t s  ( t o  b e  d i s ­
c u s s e d  l a t e r )  a r e  s a t i s f i e d  a n d  V u  g i v e n  b y  { 1 . 4 )  i s  
m i n i m i z e d .  ( S i m i l a r l y ,  f o r  t h e  p o l i c y  k ) .
•I- F ( x ( t f ? x o , t o , k )  , t f ) < 1 .5 )
I I  B A S I C  A S S U M P T I O N S
T h e  f o l l o w i n g  a s s u m p t i o n s  a r e  n e c e s s a r y  a t  v a r i o u s  
s t a g e s  i n  w h a t  f o l l o w s .  T h e  b r a c k e t t e d  s t a t e m e n t s  a r e  
t h e  e x t r a  a s s u m p t i o n s  r e q u i r e d  w h e n  a  p o l i c y  k  r a t h e r  
t h a n  a  c o n t r o l  u  i s  b e i n g  c o n s i d e r e d .
T h e  s e t  S  c  R n  x  R m  x  t ,  w h e r e  T  &  [ t Q , t f ]  i s  
d e f i n e d  b y
S  &  { x , u , T | x  e  R n , u  c  1 1 , t  6  T )  w h e r e  f i  e  R m  I s  
b o u n d e d .
H I  f  ( x , u , t >  , M x , u , t )  f F { x , t )  a n d  t h e i r  p a r t i a l  d e r i v a t i v e s  
w . r . t ,  x  ( w . r . t .  ( x , u ) )  u p  t o  o r d e r  s  e x i s t  a n d  a r e
c o n t i n u o u s  i n  ( x , u , t )  f o r  a l l  ( x , u , t )  €  S .  ( k ( x , t )
a n d  i t s  p a r t i a l  d e r i v i t i v e s  w . r . t .  e x  u p  t o  o r d e r  s  
e x i s t  a n d  a r e  c o n t i n u o u s  i n  ( x , u , t )  f o r  a i l  ( x , u , t )  e  
e x c e p t  a t  a  f i n i t e  n u m b e r  o f  t i m e s  w h e r s  t h e y  h a v e  l e f t  
a n d  r i g h t  l i m i t s ) .
H 2  | | f ( x , u , t ) | |  s  M ( | i x | i + l ) ,  M  <  »  f o r  a l l  ( x , u , t )  e  S
( j | £ ( x , k ( x , t ) , t ) | |  5  M ( | | x | | + 1 ) ,  M  <  ”  f o r  a l l  x  e  R n  
t  €  T }  .
H 3  T h e  p a r t i a l  d e r i v i t i v e s  f ^ f X f U f t ) ,  L t ( x , u , t ) ,  F t ( x , t )
e x i s t  a n d  a r e  c o n t i n u o u s  i n  ( x , u r t )  f o r  a l l  ( x , u , t )  e
W h e n  H l , H 2  i n c l u d e  t h e  b r a c k e t t e d  s t a t e m e n t s  t h e y  
w i l l ,  w h e n  n e c e s s a r y ,  b e  r e f e r r e d  t o  a s  H 1 A ,  H 2 A .
L e t  G  d e n o t e  t h e  c l a s s  o f  p i e c e w i s e  c o n t i n u o u s  f u n c ­
t i o n s  f r o m  T  i n t o  f i .  A  f u n c t i o n  i s  d e f i n e d  t o  b e  p i e c e -  
w i s e  c o n t i n u o u s  i f  i t  i s  c o n t i n u o u s  e x c e p t  a t  a  f i n i t e  
n u m b e r  o f  p o i n t s  w h e r e  i t  h a s  f i n i t e  l e f t  a n d  s i g h t  l i m i t s ,  
a n d  h a s  a  f i n i t e  r i g h t  l i m i t  a t  t 0  a n d  f i n i t e  l e f t  l i m i t  
a t  t r
L e t  6 ( u )  d e n o t e  t h e  s e t  o f  p o i n t s  i n  T  a t  w h i c h  
u  i s  c o n t i n u o u s .
. 5 .
H I  P R O P E R T I E S  O F  T R A J E C T O R I E S  $ H a l k l n  [ 1 2 ]
W e  n o w  s t a t e  a  s t a n d a r d  r e s u l t /  t h e  p r o o f  o f  w h i c h  
c a n  b e  f o u n d  i n  a n y  g o o d  b o o k  o n  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s „ S e e  f o r  e x a m p l e  [ 4 ] .
P R O P O S I T I O N  1 . 1  L e t  H I ,  H 2  b e  s a t i s f i e d ,  8 = 1  f o r  
a l l  u  e  G  t h e r e  e x i s t s  a n  u n i q u e  s o l u t i o n  x ( t ? x  , t o , u )  
t o  ( 1 . 1 ) .  x ( t ; x 0 t Q , u )  i s  a b s o l u t e l y  c o n t i n u o u s  a n d  
d i f f e r e n t i a b l e  o v e r  6 ( u ) .
N O T E :  H 2  p r e v e n t s  t h e  p o s s i b i l i t y  o f  a . f i n i t e  e s c a p e  t i m e .
T h e  f o l l o w i n g  l e m m a ,  s t a t e d  w i t h o u t  p r o o f ,  w i l l  b e  
u s e d  a  g r e a t  d e a l  l a t e r ,  e s p e c i a l l y  t o  s h o w  u n d e r  w h a t  c o n ­
d i t i o n s  a n y  a p p r o x i m a t i o n s  w e  m i g h t  m a k e  a r e  g o o d .
P R O P O S I T I O N  1 . 2  ( G e n e r a l i z e d  G r o n w a l l ' s  I n e q u a l i t y ) .  
S u p p o s e  t h a t  £ ( t )  i s  a  r e a l - v a l u e d  c o n t i n u o u s  a n d  p i e c e -  
w i s e  d i f f e r e n t i a b l e  f u n c t i o n  d e f i n e d  o v e r  T ,  t h a t  g ( t )  
i s  a  r e a l - v a l u e d  p i e c e w i s e  c o n t i n u o u s  f u n c t i o n  d e f i n e d  o v e r  
T ,  a n d  t h a t  L  i s  a  c o n s t a n t .  I f
f ( t )  s  L f ( t )  +  g ( t )
f o r  a l l  t  e  T  f o r  w h i c h  £ ( t )  i s  d i f f e r e n t i a b l e  a n d  g ( t )  
i s  c o n t i n u o u s ,  t h e n
£ ( t )  s  e L t ( f ( 0 )  +  |  Q ^ g i T l d t )  f o r  a l l  t  c  T .
P r o o f .  s e e  [ 1 2 3
P R O P O S I T I O N  1 . 3  L e t  1 12  b e  s a t i s f i e d .  L e t  u  e  G .  T h e n
t h e r e  e x i s t s  a n  N  e  ( 0 , » )  s . t .
I | x ( t ; x Q , t Q , u ) | |  <  N  .
P r o o f .  F o l l o w s  f r o m ,  H 2  a n d  a n  a p p l i c a t i o n  o f  t h e  G r o n w a l l  
i n e q u a l i t y .
W e  h a v e  d e f i n e d  t h e  t r a j e c t o r y  x ( t ; x 0 , t o , u )  c o r r e s ­
p o n d i n g  t o  t h e  c o n t r o l  f u n c t i o n  u ( f c ) .  . L e t  x ( t )  d e n o t e
x ( t ? x 0 , t 0 » u > , x { t >  d e n o t e  x ( t ? x 0 , t o u ) ,  a n d
f i x ( t )  =  x { t )  -  x ( t )  ( 1 . 6 )
T h e  v e c t o r  v a l u e d  f u n c t i o n  S x ( t )  i s  c a l l e d  t h e  v a r i a ­
t i o n a l  t r a j e c t o r y  f o r  t h e  c o n t r o l  f u n c t i o n  u ( t )  w . r . t .  t h e  
c o n t r o l  f u n c t i o n  u ( t ) .  w e  t h e n  h a v e
6 * ( t )  =  f  ( x { t )  , u ( t )  , t )  -  f  ( x { t )  r u ( t )  , t )  f o r  a l l
t  e  0  ( u )  n  0  ( u )  ( 1 . 7 )
D e f i n e
A f  ( t )  &  f  ( x ( f c )  , u ( t )  , t )  -  £ ( x ( t ) , u ( t ) , t )  ( 1 . 8 )
k ( t , U i U )  ^  f ( x ( t ) , u ( t ) , t )  -  £ { x ( t ) , u ( t ) , t >  -  A f ( t >
-  f l x ( x < t ) , u ( t ) , t ) i x { t )  ( 1 . 9 )
. 7 .
A d d i n g  a n d  s u b t r a c t i n g  l i k e  t e r m s
6 x < f c )  =  £ ( x ( t ) , u ( t ) , t )  -  £ ( x ( t ) , u ( t ) , t )  +  £ x ( x ( t )  , u ( t )  , t ) 6 x ( t )  
-  £ x ( x ( t )  , u ( t )  , t )  6 x ( f c )  +  f ( x ( t ) , u ( t ) , t )  -  f  ( x ( t )  , u ( t )  , t )
+ £(x(t),a(t),t) - £(x(t),u(t>,t)
a n d  r e a r r a n g i n g
6 x ( t )  »  , u ( t )  , t ) 6 x ( t )  + £ ( x ( t )  , u ( t )  , t )  -  f  ( x ( t )  , u ( t )  , t )
+  £ ( x ( t )  , u ( t )  , t )  -  £ ( x  ( t )  , u ( t )  , t )  -  £ ( x ( t )  , u ( t )  , t )
+  f  ( x ( t )  , u ( t )  , t )  -  £ x ( x ( t )  , u ( t )  , t )  d x ( t )
w e  c a n  w r i t e
ix(fc) =  £ x ( x ( t ) , u ( t ) , t ) 6 x C t )  *  &f(t) +  k ( t , u , u )  .  ( 1 . 1 0 )
P r o m  t h e  t h e o r y  o f  d i f f e r e n t i a l  e q u a t i o n s ,  i f  ♦ ( t , t ^ 3 ) 
i s  t h e  t r a n s i t i o n  m a t r i x  f o r  S A ( t )  «  £ x ( x , u , t ) S x ( t )  , 
t h e n
f t
6 x ( t )  «”  6 ( t , t 0 ) 6 x ( t 0 ) + j  9 ( t , r )  (&£(n)  + k ( i , u , u ) ) d r  ( 1 . 1 1 )
°  f o r  a l l  t i l
w h e r e  S x { t Q )  «  0  w h e n  x ( t 0 )  «  x ( t Q )  =  x ^ .
L e t  t h e  m e t r i c  d : G  x  q  ■* r  h e  d o f i n a d  b y
d ( u , u )  6 f , £  l l a ( t )  -  u ( t ) I | 4 t d .ia
a l s o  h a v e
cjt £ llu(t) - S i t H I ' a t / f V V 3* 2 a(u,5)/(t£- t0). ( i .u )
T h e  f o l l o w i n g  d e f i n i t i o n  o f  d i s t a n c e  i s  e m p l o y e d  b y  
H a l k i n  [ 2 2 ] .  F o r  B e l ,  l e t  y ( E )  b e  t h e  l e n g t h  o f
s e t  B .  I f  E =  < t , t  e  T ,  u ( t )  *  u ( t ) }  ,  t h e n
d 1 ( u , u )  =  y ( E )  .  ( 1 . 1 4 )
We n o w  p r o v e  u n i f o r m  b o u n d e d n e s s  o f  v a r i a t i o n a l  
t r a j e c t o r i e s .
P R O P O S IT IO N  1 , 4  L e t  H I ,  H 2 b e  s a t i s f i e d ,  a  -  1 .  L e t  
u , u  c G , I f  e i t h e r
( i )  £ u ( x , u , t )  e x i s t s  a n d  i s  c o n t i n u o u s  i n  < x , u , t )  f o r
a l l  ( x , u , t )  e  S ,  a n d  d ( u , u )  s  e 
o r  ( i i )  d j  ( u , u )  £  e 
t h e n
| | 6 x { t ) | !  £  c e ,  o  < « ,  f o r  a l l  fc c T  .
P r o o f  ( ! )  F r o m  P r o p o s i t i o n  1 . 3  w e  h a v e  t h a t  x ( t > x 0 , t 0 , u )  
i s  u n i f o r m l y  b o u n d e d  o v e r  T ,  f o r  a l l  u  e G . F r o m  H I ,  H 2 
a n d  t h e  f a c t  t h a t  f u < x ,u , f c )  e x i s t s ,  w e  k n o w  t h a t  t h e r e  
a r e  c o n s t a n t s  o , , ^  < ”  s . f c .
| | £  ( x ( t )  , u ( t )  , t )  -  f  ( x ( t )  , u ( t )  , t )  | | s  o , | | 6 x ( t ) | |
| | f  ( x { t )  , u ( t )  , t )  -  £ ( x ( t )  , u ( t )  , t )  | | s  o 2 | | u ( t )  -  u ( t )  | |
P r o m  P r o p o s i t i o n  1 . 1 ,  t h e  s c a l a r  f u n c t i o n .  | | x ( t )  -  x ( t ) ] |  
i s  c o n t i n u o u s  o v e r  8 ( u )  n  8 ( u ) ,  T h u s
~  | | S x ( t )  | | a  | l * ( t )  -  x ( t )  |  |
-- j | £ ( x ( t )  , u ( t )  , t )  -  f  ( x ( t )  , u ( t )  , t )  | | 
s  | | f ( x ( t ) , u ( t ) , t )  -  £ ( x ( t ) , u ( t ) , t ) | |
+ | | £ ( x ( t ) , u ( t ) -  £ { x ( t ) , u ( t ) , t ) | |
S O, I  | Sx( f c ) I  I + c a I | u ( t j  -  u ( t ) j  I .
A p p l y i n g  t h e  G r o n w a l l  i n e q u a l i t y  g i v e s  t h e  r e s u l t .
( i i )  We h a v e  | | £ ( x ( t ) , u ( t ) , t )  -  £ { x ( t ) , u ( t ) , t ) | |  s  L a . 
T h e n ,  f o r  a l l  t  e 8 ( u )  n  6 ( u )
I | x ( t )  -  x ( t )  I I  s  o ,  | | x ( t )  -  x ( t )  |  |  +  c x I B )
w h e r e  E  i s  d e f i n e d  a s  b e f o r e ,  a n d  x W  i s  t h e  c h a r a c -  
t e r i a t i c  f u n c t i o n  o f  t h e  s e t  E .  i » e .  a  f u n c t i o n  e q u a l
t o  o n e  w h e n  t  e E ,  a n d  z e r o  w h e n  t  c T \ B .
B y  a p p l y i n g  G r o n w a l l ' s  i n e q u a l i t y ,  w e  o b t a i n
ft
| 1 6 x ( t )  | | s  c 3 J x ( E ) d r  f o r  a l l  t  e  T ,  o a < » .  
t o
i . e .  | | S x ( t ) | |  s  c e  , c  < ® .
F o r  e v e r y  u  e G , l e t  6 x ( t )  b e  a  v e c t o r  f u n c t i o n  
o f  t  d e f i n e d  a n d  c o n t i n u o u s  o v e r  $ ,  d i f f e r e n t i a b l e  
o v e r  6 ( u )  n 6 ( u )  a n d  s . t .
6 x { t )  ■  f x ( x ( t ) , u ( t ) , t ) 4 x ( t )  +  A f ( t )  
6 x ( t 0 ) a  O ( 1 . 1 6 )
( 1 . 1 5 )
w h e r e  t i f ( t )  i s  d e f i n e d  i n  e q u a t i o n  ( 1 . 8 ) .
6 x ( t )  i s  c a l l e d  t h e  a p p r o x i m a t i o n  t r a j e c t o r y  f o r  t h e  
v a r i a t i o n a l  t r a j e c t o r y .  T h e n ,  l e t t i n g  <$> ( t , t Q ) b e  t h e  
t r a n s i t i o n  m a t r i x  a s s o c i a t e d  w i t h  f x ( x , u , t ) ,  g i v e s
< 5 x ( t)  -  6 x ( t )  =  » ( t , t ) k ( T , u , u ) d t  f o r  a l l  t  e  T .
( 1 . 1 8 )
P R O P O S IT IO N  1 . 5 . L e t  H i ,  H 2 b e  s a t i s f i e d ,  s  =  2 .  L e t  
u , u  s  G . T h e n
( i )  t h e r e  e x i s t s  a  < »  s . t .
( 1 . 1 7 )
| | l t ( t , u , 5 )  I I  s  K , I | « x ( t )  I I *  f o r  a l l  t  « I \ *
11.
( i i )  t h e r e  e x i s t s  a  k 2 < »  s . t .
| | k < T , u , u ) I I  s  K j j | 6 x ( t ) I  I f o r  a l l  t  e  T .
P r o o f .  ( i )  . B y  d e f i n i t i o n  o f  6 x ( t ) ,  a n d  f r o m  P r o p o s i ­
t i o n  ( 1 . 3 ) ,  t h e r e  e x i s t s  K  < »  s . t .
! | 6 x ( t )  11 s  K f o r  a l l  t  k 1'
a n d  f r o m  < 1 . 9 )
k ( t , u , u )  == f  ( x ( t )  , u ( t )  , t )  -  f  ( x ( t )  , u ( t )  , t )  -  A f  ( t )
-  f x ( x ( t ) , u ( t ) , t ) S x ( t )  .
H oW f f o r  a l l  t  e  T  s . t .  u ( t )  == u ( t )  ,
k ( t , u , u )  -= f  ( x ( t )  , u ( t j  , t )  -  f  ( x ( t )  , u ( t )  , t i
-  f x ( x  ( t )  , u ( t )  , t ) 6 x ( t )
T h u s
k ( t , u , U )  •» f  ( x ( t )  +  6 x ( t )  , u ( t )  , t )  -  f  ( x ( t )  , u ( t )  , t )
-  f x . ( x ( t ) , u ( t )  , t ) 6 x ( t )  .
D e n o t e  t h e  RHS b y  t h e  v e c t o r  f u n c t i o n  ip ( t ? 6 x ( t )  , u )  . 
C l e a r l y  tp ( t ? 0 , u )  =  0 ,  a n d  b e c a u s e  o f  o u r  a s s u m p t i o n s  '
*  ( t , - 6 x , u )  h a s  s e c o n d  p a r t i a l  d e r i v a t i v e s  w . r . t ,  6 x ( t ) , 
w h i c h  a r e  c o n t i n u o u s  w . r . t .  5 x ( t )  a n d  p i e c e w i s e  c o n t i n u ­
o u s  w . r . t .  t .  T h e n
I i x | t l  ^
'  * U x ( t )  »  0
a n d  t h e r e  e x i s t s  K j  <  »  s . t .
I |p(t,£x(t) , u )  | | s  K x | | 6 x ( t . )  | | 2 v t s T
a n d  V 6 x ( t )  w i t h  | j d x ( t ) [ | s  K.
^ ( t i g x  ( t )  , 5 ) 1  , ^  0
J . U l t ,  -  0
| | * ( t , 6 x ( t )  , u )  | | s  K ! | | 5 x ( t i )  | | * V t  s  T ,  V  f ix  w i t h
I i 6 x ( f c ) 1 | s  K
i . e .  | | k ( t , u , u ) | |  s  ^  | | 6 x ( t ) | | 2 V u .u  e G ,  ¥ t  e T \ E .
( i i )  k ( t , u , u )  =  £  ( x  ( t )  +  6 x ( t ) , u ( t ) , t )  -  £ ( x { t ) , u ( t ) , t )
-  f x ( x ( t )  , u { t )  ,t) f 5 x ( t )  .
D e n o t e  t h e  RHS b y  t h e  v e c t o r  f u n c t i o n  i } i ( t , 5 x ( t )  , u ) .  C l e a r l y  
^ ( t , 0 , u )  =  0 ,  a n d  b e c a u s e  o f  o u r  a s s u m p t i o n s ,  ip ( t , 6 x ( t )  , u )  
h a s  a  d e r i v a t i v e  w . r . t .  6 x { t )  w h i c h  i s  b o u n d e d  V t  e T ,
V u c G , a n d  V £ x ( t ) . s . t .
| i 6 x ( t ) | [ s  K .
H e n c e ,  t h e r e  e x i s t s  K ?  <  « ’ s . t .
. 1 3 .
I l * < t ; 6 x ( t ) , u ) I  I s  K z l | 6 x | I  V t  e  T ,  u  €  G  a n d
5 x ( t )  s , t ,  | | 6 x ( t ) | |  £  K ,
i . e .  I | k ( t , u , u )  I I S K2 j | 6 x ( t )  I I Vt. e T ,  u , u  e G .
I t  c a n  n o w  b e  s e e n  t h a t  6 x ( t )  -  6 x ( t )  i s  s m a l l  w h e n ­
e v e r  k ( t , U / t t )  i s  s m a l l ?  i . e .  f r o m  a b o v e  r e s u l t  w h e n e v e r  
5 x ( t )  i s  s m a l l ?  i . e .  w h e n e v e r  t h e  t w o  t r a j e c t o r i e s  x ( t )  
a n d  x ( t )  a r e  c l o s e  t o g e t h e r .  I n t u i t i v e l y  w e  c a n  s e e  
t h a t  i f  v ( E )  i s  " m a d e "  s m a l l e r ,  i . e .  i f  u ( t )  «= u ( t )  
o v e r  a  l a r g e r  s u b s e t  o f  T ,  t h e n  6 x ( t )  i s  m a d e  s m a l l e r  
( P r o p o s i t i o n  1 . 4 ) ,  a n d  t h e n  b y  P r o p o s i t i o n  1 . 5 ,  6 x ( t )
a p p r o x i m a t e s  6 x ( t ) .
P R O P O S I T I O N  1 . 6 .  L e t  H I ,  H 2  b e  s a t i s f i e d ,  s  =  2 .  L e t
u , u  «  G .  I f  e i t h e r
( i )  f u ( x , u , t ) , £ x u ( x , u , t )  e x i s t  a n d  a r e  c o n t i n u o u s  i n  
( x , u , t )  f o r  a l l  ( x , u , t )  e  S ,  a n d  d ( u , u )  s  e  
o r  < i i )  d 1 ( u , u )  ^  c  
t h e n
| | 6 x { t )  -  f i x ( t ) | |  s  c e 2  ,  c  <  «  ,  V t  6  T .
. 1 4 .
P r o o f .  ( i )  D e f i n e  z ( t )  £  6 x ( t )  -  f i x ( t )  .
T h e n  z ( t 0 )  =  0 .
S o ,  f r o m  ( 1 . 1 8 )
4 ( t )  = $ ( t , T ) k ( r , u , u ) d T ]
=  f f v ( x ( t ) , u ( t ) , t ) * ( t , r ) k ( T , u , u ) d r  +  k ( t , u , u )
J t o
■  f x ( x ( t )  / U ( t )  , f c )  ( 6 x ( t )  -  6 x ( t ) )  +  k ( t , u , u )
=  f ( x , u ( t ) , t )  -  £ { x ( f c ) , u ( t ) , t )  -  f x ( x ( f c ) , u ( t ) , t ) 5 x { t )
=  £ x ( x ( t ) , u ( t ) , t ) 6 x ( t )  -  £ x ( x ( t ) , u ( t ) , t ) 6 x ( f )  +  r ( t )
w h e r e  | | r ( t ) | |  s  K l | | 6 x ( t ) | j 4  K i  <  »
s  K 2 e z  f r o m  P r o p o s i t i o n  1 . 4 ,  K 2  <  » .
H e n c e
4 ( t )  «  £ x ( x  ( t )  , u ( t ) ,  t ) z  ( f c )  +  r  ( f c )
+  [ f „ ( x  ( f c )  , u ( f c )  , t )  -  £  ( x ( t )  , u ( f c )  , f c )  ! ) 6 x ( f c )  .
f j r  I Iz-tfc) 11 s  | (fc) | i f o r  a l l  fc c 6 (u )  n 6 (u)
s | i£x ( x ( t )  , u ( t )  ,fc) | I | | a ( t ) | |  + | | r ( t ) | |  
+ Ks | | u ( t )  -  u ( t )  S I 11 6x(fc) | 1 .
A p p l y i n g  t h e  G r o n w a l l  i n e q u a l i t y  g i v e s  t h e  r e s u l t ,
W e  h a v e  t h a t
( 1 . 1 9 )
i  ! | k ( t , u , u )  1 Jd t  + f ,i | k ( T , u , u ) < $ T  
J B •l T /B
f r o m  P r o p o s i t i o n  1 . 5  ( i ) ,  t h e r e  e x i s t s  K t  <  »  s . t .
| | k ( T , u , u ) | |  s  K 2  ! | ' J x  ( t )  |  j 2 f o r  a l l  t  e T \ E  
a n d  1 . 5  ( 1 1 ) ,  t h e r e  e x i s t s  K s  <  »  s . t .
|  j k ( T , u , u ) j |  s  K j | l i x ( t ) | |  f o r  a l l  t  e  E .
P r o m  P r o p o s i t i o n  1 . 4  ( i i ) ,  w e  h a v e , r e m e m b e r i n g  d ( u , u )  -  y ( E ) ) ,
( 1 . 1 9 )  g i v e s  t h e  r e s u l t .
T h e  h y p o t h e s i s  i n  P r o p o s i t i o n  1 . 4  ( i ) ,  ( 1 . 6  ( i > )  c a n  b e  
r e p l a c e d  b y
( ! )  H I A ,  H 2 A  a r e  s a t i s f i e d ,  s  »  1 ,  ( s = = 2 )  a n d  d ( u . u )  s  E .
A p p l y i n g  a n  i n t e g r a l  v e r s i o n  o f  P r o p o s i t i o n  1 . 2  t o  e q u a t i o n
P R O P O S I T I O N  1 . 7  L e t  U / U  e  G .  I f  e i t h e r
H i ,  32 a r e  s a t i s f i e d ,  8 - 2 ,  £ i s  l i n e a r  i n  u ,  a n d  
d ( u , u )  s  e  o r  d t ( u , u )  s  e ,  o r
( i i )  H 1 A ,  H 2 A  a r e  s a t i s f i e d ,  s  «  2  a n d  | | u ( t ) - u ( t )  | |  s  e  
f o r  a l l  t  c  T .  T h e n
| | 6 x ( t ) - 6 x ( t )  | |  s  c e S  c  <  » ,  V t  e  T  
w h e r e  6 x ( t )  i s  t h e  s o l u t i o n  o f
6 x ( t )  =  f x ( x ( t )  , u ( t )  , t )  6 x ( t ) + f u ( x ( t )  , u ( t )  , t )  6 u  1 . 2 0  
d ? x ( t 0 )  =  0  1 . 2 1
S u ( t )  4  u ( t )  -  u ( t )
( i )  & f ( t )  =  f u ( x ( t )  , u ( t ) , t ) 6 u { t )  a n d  t h e  r e s u l t  f o l l o w s  
i m m e d i a t e l y  f r o m  P r o p o s i t i o n  1 . 6
( i i )  6 f  ( t )  ®  £ u ( x { t )  , u ( t )  . t ) f i u ( t )  +  r ( t )
w h e r e  | | r ( t ) | | s  K i e 2  ,  . K i  <  »
T l x e r e f o r e
= 4>(t ,T)C)t(T,u,u) + r ( t ) 3 d T
U s i n g  t h e  p r o o f  o f  P r o p o s i t i o n  1 . 6  ( ! )  w e  h a v e  t h a t  a n  e x t r a
£ x  ( x  ( t )  , u ( t )  , t ) 4 ( t , T ) C k ( T , u , u ) + r ( T )  3 d T
+  k ( t , u , u ) + r ( t )  
=  $ x ( x ( t ?  , u ( t )  +  k { t , u r u )  +  r ( t )
t e r m  o f  n o r m  K z e *  i s  i n t r o d u c e d . □
CH A PTER 2
P R O P E R T IE S  OF THE CO ST FU NCTION
! •  DIFFERENTIABILXTy OF THE COST FUNCTION s Mayne 1 3 5 1 .
PROPOSITION 2 .1  L e t  H I , H2 b e  s a t i s f i e d ,  u  e G. Then
( i )  Vu ( x ( t ) , t )  and i t s  p a r t i a l  d e r iv a t iv e s  w . r . t .  x  up
t o  o r d e r  s  e x i s t  and  a r e  c o n tin u o u s  i n  (x ,f c ) ,
( i i )  v £ ( x ( t i ) , t )  and i t s  p a r t i a l  d e r iv a t iv e s  w . r . t .  x  up
t o  o r d e r  s - 1  e x i s t  and a r e  c o n tin u o u s  in  ( x , t ) , 
e x c e p t  w here u  i s  d i s c o n t in u o u s .
L e t H1A, H2A b e  s a t i s f i e d .  Then
( i l l )  Vk ( x { t ) , t )  and  i t s  p a r t i a l  d e r iv a t iv e s  w . r . t .  x up
t o  o r d e r  s e x i s t  and a r e  c o n tin u o u s  i n  ( x , t ) ,
( tv )  Vk ( x ( t ) . t }  and i t s  p a r t i a l  d e r iv a t iv e s  w . r . t .  x  up
t o  o r d e r  s - 1  e x i s t  and a r e  c o n tin u o u s  in  ( x , t )  , 
e x c e p t  w here k i s  d i s c o n t in u o u s .
P ro o f :  C o n s id e r  Vu { x ( t i )  , t i ) , and th e  fo llo w in g  s y s te m :
z ( t )  «  g (z  ( t )  . t ) ) (2 .1 )
w here
z i t )  4  ( x o ( t )  f X  I t ) )
gC t) 6 ( L t x t t ) , a ( t ) , t ) , f ( x ( t )
I . e .  = L l x l t )  ,u ( t )  , t ) . (2 . 2 )
T h en , i f
z ( t i )  = ( 0 ,x ( t i> )  (2 .3 )
H(x0 ( t ) , x ( t ) l  * x0 ( t )  + F (x )
we hav e
Vu ( x ( t , ) , t i )  -  B ( « ( t ( » « ( t i ) , t , ) )  (2 .4 )
and H I s  s  t im e s  c o n t in u o u s ly  d i f f e r e n t i a b l e .
( i )  (McShane L42 3 , Theorem 6 9 .4 ) .
L e t  z ( t ? z i  , t i ) d e n o te  th e  s o lu t io n  o f  equ (2 .1 )  
w i th  i n i t i a l  c o n d i t io n  ( z i , t i ) ,  z i  g iv e n  in  equ  ( 2 .3 ) .
(The dep en d en ce  on u i s  e m i t te d  f o r  c o n v e n ie n c e ) .
z ( t , z i , t i )  and  i t s  p a r t i a l  d e r i v i t i v e s  w . r . t .  Zi 
o f  a l l  o r d e r s  l e s s  th a n  o r  e q u a l  t o  s  e x i s t ,  and a r e  
c o n t in u o u s  i n  ( t , z i , t i )  f o r  a l l  t , t i  e T , a l l  
z i  e Rn + 1 . S e t t in g  t. = t £ and u s in g  e q u a t io n  2 .4 ,  
g iv e s  (1 ) .
( i i )  L e t  t , t i  e 6 ( u ) .  Then th e r e  e x i s t s  e > 0 s . t .  
i f  | 6 t i |  < e ,  u i a  c o n tin u o u s  on C t i , t i + 6 t ] 3 .  L e t
z i  d e n o te  t h e  i t h  com ponent o f  z ,  g 1 t h e  i t h  com ponent 
o f  g  e t c .
D e fin e
* i ( 6 t 1) = l z i ( t ? z i , t i + 6 t i )  -  z i ( t ? z i , t i ) 3 / d t i  (2 .5 )
Now
z1 ( t ? z i  , t i + 6 t i )  = z 1 ( t ; y , t I )
w here
y 4 & z i ( t l ? Z i ; t i 4  S t i )
= z { - g 1,( z ( t £ fz i  , t i + 6 t i )  , t £) 6 t i  (2 .6 )
w here
c ( . t i  , t \ + 6 t i l .
, t , )  -  (2 .7 )
w here
z* = Q z ,4 -(l-0 ) (y - z i )  f o r  some 0  s 6 s 1 ,
H ence, s u b s t i t u t i n g  (2 .6 )  i n t o  (2 .7 )  and u s in g  (2 .5 )  
g iv e s  s
As i t j  *  0 ,  t ^  -»■ t t , y -»■ ■*■ z 1 .
H ence from  th e  c o n t i n u i t y  o f  zz and g ,  z fc e x i s t s  
f o r  a l l  t , t i  ? 9 (u) and i s  g iv e n  by
2 t  ( t ; Z ;  , t  J  - - z z r t j )  ( 2 , 6 )
The RHti o f  (2 .8 )  and i t s  p a r t i a l  d e r iv a t iv e s  w . r . t .  
z up t o  o r d e r  s - 1  e x i s t  and a r e  c o n tin u o u s  i n  
f o r  a l l  t , t j  e 9 (u ) , p o s s e s s in g  l e f t  a n d /o r  r i g h t  l i m i t s  
a t  t h e  re m a in in g  p o i n t s . A llo w in g  t  + t ^  from  th e  
l e f t ,  and u s in g  e q u a t io n  (2 .4 )  y i e l d s  ( i i ) .
( i i i )  & ( iv )  W ith t h e  e x t r a  a s su m p tio n s  on k ,  
f ( x , t )  « £ ( x , k ( x . t ) , t )
s a t i s f i e s  th e  o r i g i n a l  a ssu m p tio n s  on f . H ence , th e
. p r e v io u s  d l s c u i is io n  i s  a p p l i c a b l e  t o  Vk . ^
. 2 0 .
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j?REPOSITION 2 . 2 : L o t H I , H2 b e  s a t i s f i e d ,  u  e G. Then
-V“ ( x ( t )  , t )  = H ( x ( t )  » u (t)  , v “ ( x ( t )  , t )  , t )  (2 .9 )
f o r  a l l  t  e 6 ( u ) , w here
H ( x ( t )  , u ( t )  ,X ( t)  , t )  = L ( x ( t )  , u ( t )  , t )  + XT ( t ) f  ( x ( t )  , u ( t )  , t )
{2 . 10)
F o r  a l l  t  e T -  0 ( u ) , t h e  l e f t  a n d /o r  r i g h t  l i m i t s  a r e  
g iv e n  by t h e  same e x p r e s s io n  w i th  u ( t )  h av in g  th e  c o r r e s ­
p o n d in g  l e f t  a n d /o r  r i g h t  l i m i t s .
P r o o f :  From (1 .4 )
V u ( x ( t )  , t )  -  j t f LU(Tl,,i(T>,T>at + F<x( tf ) , t E> ( 2 - 1 1 )
Now we a p p ly  t h e  Dynamic Program m ing T ec h n iq u e  t o  
e q u a t io n  ( 2 .1 1 ) .
vi ft+At f t f
V (x(t) ,t )  = I L (x(t) ,u (t) ,T )d x  + 1 L{x (t) , u ( t )  ,T )d-r + F (x (tf ) , t f )
t  t+At
ft+6t
= L(x(t), u ( t ) ,  t)d i  + V • (x(t+At) ,t+At)
Jt
ft+6t u
=  L ( x (t ) ,U ( t )  ,T)dT +  V ( x f & x , t+ A t ) .
Jt
Now, make At s m a l l ,  and ap p ro x im a te  u {t) o v e r  [ t , t + 6 t ]  by 
th e  c o n s t a n t  v a lu e  u ( t )  , w ,;ere f o r  any  t i  e T -  6 (u) , 
t i  |  [ t , t + A t j . Then
VU ( x ( t ) , t )  “  L ( x ( t ) , u ( t ) , t ) A t  + Vu (x+A x,t+A t)
D o w , b e c a u s e  o f  o u r  a s s u m p tio n s , expand 
Vu {x+A x,t+At) i n  a  power s e r i e s  a b o u t t h e  p o i n t  ( x , t )  f o r  
a l l  t  e 0(u) :
v u t x ( t )  , t >  =  L ( x ( t )  , u ( t )  , t ) 6 t  +  v a ( x ( t )  , t )  +  , t ) 6 t
a  +  < v “ ( x ( t )  , t )  , f ( x ( t )  , o ( t )  , t ) > .  i t  +  O ( A t ' )
- | ~ ( x ( t )  , t ) i t  =  L ( x ( t )  , u ! t )  , t } 6 t
+  < v “ ( x ( t )  , t )  , f ( x ( t )  , u ( 0  *  0 < A t 2 )
v " , 3 V U / S t  a r e  i n d e p e n d e n t  o £  u  { t l ,  D i v i d i n g  b y  A t  a n d  
a l l o w i n g  i t  t o  t e n d  t o  z e r o ,  u s i n g  e q u  ( 2 . 1 0 )  g i v e s  t h e  
r e s u l t .  Q
N o t e s  We c a n n o t  e x p a n d  V u ( x + i x , t + i t )  i n  a  p o w e r  s e r i e s  
a b o u t  t h e  p o i n t  ( x ( t s ) , t i )  ,  s a y ,  w h e r e  t j  e T -  0 ( u ) , 
b e c a u s e  v £  i s  n o t  c o n t i n u o u s  i n  ( x , t )  a t  t ,  -  f r o m  P r o p o  
s i t i o n  2 . 1  ( i i ) .
I f  H 1 A ,  H 2 A  a r e  s a t i s f i e d  f o r  s o m e  p o l i c y  k ( x , t ) ,  
t h e n  w e  h a v e
- | ^ l x ( t )  , t )  -  » ( x ( t )  , k ( x ( t )  , t )  , v j ( x ( t )  , t )  , t )  
f o r  t  e 0 ( k )  ,  w h e r e
H ( x ( t ) ,  k ( x ( t ) , t ) ,  Mt) , t )  « L ( x ( t )  , k ( x ( t )  , t )  , t )
+  XT ( t ) f ( x ( t ) , k ( x ( t ) , t )  , t ) .
(2 . 12)
( 2 . 1 3 )
I l l  TH E A D JO IN T  D IF F E R E N T IA L  EQUATION
U s u a l l y  I n  t h e  c o n t r o l  l i t e r a t u r e ,  t h e  s o l u t i o n  X ( t )  
o f  t h e  a d j o i n t  d i f f e r e n t i a l  e q u a t i o n  i s  g i v e n .  D e f i n e  
,  l i t )  ( 2 . 1 4 )
P i t )  -  , t ) .  1 2 . 1 5 )
P R O P O S I T I O N  2 . 3  :  L e t  u  e  G
( t )  L e t  H I ,  H2 b e  s a t i s f i e d ,  s  == 2 ,  T h e n  X ( t )  i s  t h e  
s o l u t i o n  o f
- X ( t )  == H x ( x { t )  , u ( t ) ,  X ( t )  , t )  ,  V  t  e  T  ( 2 . 1 6 )  
X ( t f )  =  F x ( x ( t f ) . t j , )  ( 2 . 1 7 )
( i i )  L e t  H 1 A ,  H 2 A  b e  s a t i s f i e d ,  s  =  3 .  T h e n  P ( t )  i s  
t h e  s o l u t i o n  o f
- P ( t )  =  H ^ t x t t )  , u ( t )  , X ( t )  , t )  +  ^ ( x ( t )  , u ( t )  , t ) P ( t )
+  P ( t ) £ x ( x ( t )  , u ( t )  , t ) , V  t e T  ( 2 . 1 8 )
P ( t f )  = F x x fS f V ' fc£ ) ( 2 . 1 9 )
( 1 )  ^ V ^ t x ( t )  , t )  *  v ; t ( * < t >  f t )  + V ^ x ( x ( t )  , f c ) £ ( x ( t )  , u ( t )  , t )
(2 . 2 0 )
z u i d  b y  P r o p o s i t i o n  2 . 2
- V ^ ( x ( t )  , t )  «* H ( x ( t )  , u  ( t )  , V x ( x ( t )  , t )  , t )
=  L ( x ( t )  , u ( t )  , t )  + v “ ( x ( t )  , t ) f ( x ( t )  , u ( t )  , t )  
f o r  a l l  t  c  0 { u ) ,  a n d  s o
-v“.S(t), t) - ,5(t> ,Xlt) ,ti IV^Slt) ,t)£(ii(t),a(t),t) (2 .21)
S u b s t i t u t i n g  e q u a t i o n  ( 2 . 2 1 )  i n t o  e q u a t i o n  ( 2 . 2 0 )  g i v e s  
e q u a t i o n  ( 2 . 1 6 ) ,  f o r  a l l  t  e  8 ( u ) .  T h e  r e s u l t  f o l l o w s  
f r o m  P r o p o s i t i o n  2 . 1 ( i ) .  '
(11' , t )  I t )  + % &(tl , t )  ^ 6 ( 0 ,5 ( 0  ,ti
a n d  f r o m  e q u a t i o n  ( 2 . 2 1 )
- V ^ C x C t )  , t )  - ^ f i t t )  , u ( t )  , t )  + f  ( x ( t )  , u ( t )  , t ) P ( t )
+  P ( t ) f  ( x ( t ) , u ( t ) , t i
+  I  V "  ( x ( t )  , t )  f ,  ( x ( t )  , u ( t )  , t )  W "“i 1
S u b s t i t u t i n g  ( 2 . 2 3 )  i n t o  e q u a t i o n  ( 2 . 2 2 )  g i v e s  t h e  
r e s u l t .
I V  EXACT D IF F E R E N T IA L  EQUATIONS FO R V  ( x ( t )  , t )  ,t)
I t  i s  t h e  p u r p o s e  o f  t h i s  s e c t i o n  t o  o b t a i n  t h e  g e n e r a l  
d i f f e r e n t i a l  e q u a t i o n s  o b t a i n e d  b y  M a y n e  [ 36]  f o r  V  ( x ( t ) , t )  
( x ( t )  , t )  ,  w h e r e  V  d e n o t e s  V u  o r  a c c o r d i n g  t o  t h e  
c o n t e x t .  H o w e v e r ,  w e  s h a l l  u s e  a  d y n a m i c  p r o g r a m m i n g  
a p p r o a c h ,  s i m i l a r  t o  t h a t  u s e d  i n  C 1 3 ] ,  [ 1 5 ] ,  [ 1 8 ] ,  e x b e p t  
t h a t  w e  w i l l  c o m p a r e  t w o  a r b i t r a r y  n o n o p t i m a l  c o n t r o l s  
u ,  u  e  G .
V i e  w i l l  n e e d  t h e  f o l l o w i n g  r e s u l t s ;
3 § V ( S ( t ) , t )  .  V t ( i ( t ) . t )  +  V x ( x ( t )  , t ! £ ( i i ( t )  , u ( t )  , t )  , ( 2 . 2 4 1
a j V S l t l . t )  * » « ( * ( «  . t )  +  , t ) f  ( * ( t )  , u ( t )  , t )  ( 2 . 2 5 )
, t )  , t ) + < v l m ! x ( t i  , t i  , £ ( i t ( t )  , u ( t )  , t ) >  ( 2 . 2 6 )
D e f i n e
a ( t )  =  V ( x ( t )  , t )  -  V u ( x ( t )  , t )  ( 2 . 2 7 )
w h e r e  V  d e n o t e s  V u  o r  V k  a c c o r d i n g  t o  t h e  c o n t e x t .  W e  
h a v e ,  f r o m  e q u a t i o n  ( 2 . 2 7 )  t h a t  
A V  =  a ( t 0 ) .
D e f i n e
X ( t )  -  V x ( x ( t ) , t )  ( 2 . 2 8 )
F ( t )  »  V x x ( x ( t )  , t )  ( 2 . 2 9 )
A s s u m e  t h a t  t h e  c o s t  V u ( x , t )  i s  1 s m o o t h  e n o u g h t o  
a l l o w  a  p o w e r  s e r i e s  e x p a n s i o n  i n  A x  a b o u t  x ( t ) ,  t h e  t r a ­
j e c t o r y  a s s o c i a t e d  w i t h  t h e  c o n t r o l  u ( t ) .  E x p a n d i n g  t o
. 2 5 .
f i r s t  o r d e r
V  ( x 4 - 6 x , t )  =  V ^ C x t t )  , t ) W x ( i t ( t )  , t )  6 x  +  h i g h e r  o r d e r  t e r m s  i n  6 x .  
S u b s t i t u t i n g  i n t o  e q u a t i o n  ( 2 . 9 )  ,  w e  h a v e ,  i n  t e r n s  o f  
t h e  t r a j e c t o r y  x ( t ) :
-  , t )  -  | ^ z “ ( x { t )  , t ) 6 x  f  H ( 0 )  ( 2 . 3 0 }
”  L ( ) * 5 x , U , t )  + < V ^ ( X , t >  +  V ^ t X r t i S X  +  H ( 0 )  , f  ( x t - 6 x , u , t ) >
I f  5 x  i s  s u f f i c i e n t l y  s m a l l ,  t h e n  e q u a t i o n  ( 2 . 3 0 )
c a n  b e  e x p a n d e d  t o  f i r s t  o r d e r  i n  6 x  w i t h  e r r o r  0 ( 6 x 2 ) .
A t  t h i s  s t a g e  w e  i n t r o d u c e  t h e  c o n c e p t  o f  w e a k  a n d  
s t r o n g  v a r i a t i o n s .  D e f i n e  a  w e a k  v a r i a t i o n  i n  t h e  
f o l l o w i n g  w a y . *
I f  w e  h a v e  a  t r a j e c t o r y  x ( t ) , t  e  T ,  t h e n  6 x ( t )  i s  
a  w e a k  v a r i a t i o n  o f  x ( t )  i f f
| |  f i x  ( t ) | j  S C  V t  e  r
| |  6 A  ( t ) | |  5  e  e  >  0  V t  e  T
A  s t r o n g  v a r i a t i o n  i s  w h e n  o n l y  c o n d i t i o n  ( 2 . 3 2 )  h o l d s
H o w  t o  r e s t r i c t  t h e  s i z e  o f  t h e  6 x ' s  a r t i f i c i a l l y  f o r  
s t r o n g  v a r i a t i o n s  w i l l  b e  d i s c u s s e d  l a t e r  i n  C h a p t e r  
5 - I I - 4 .
E x p a n d i n g  t h e  c o a t  V u { x , t )  t o  s e c o n d  o r d e r  a b o u t  
x ( t )  a n d  s u b s t i t u t i n g  t h e  r e s u l t  i n t o  e q u a t i o n  ( 2 . 9 )
( 2 . 3 1 )
( 2 . 3 2 )
g i v e s ,  i n  t e r r a s  o f  x ( t ) :
- ^ y u ( x , t ) - | ^ ( 5 , t ) 6 x - % < 5 x , V ^ K ( x , t ) f i x > +  H ( 0 )  i 2 . 3 3 )
= L  W x , u , t ) + < i £ ( x , t ) W ^ < x , t )  d « 4 V ^ ( x , t )  6 x 6 x m ( 0 )  , f  ( x + 5 x , u , t ) >
W e  u s e  t h e s e  e q u a t i o n s  t o  o b t a i n  d i f f e r e n t i a l  e q u a ­
t i o n s  f o r  a ( t > ,  x ( t )  a n d  P  ( t ) .  T h r o u g h o u t  t h e  n e x t  
r e s u l t  w e  a s s u m e  t h a t  t h e  6 x ' s  r e m a i n  s m a l l  e n o u g h  f o r  
o u r  e x p a n s i o n s  t o  b e  t r u e .
P R O P O S I T I O N  2 . 4 :  L e t  u , u  e  G .
( i )  L e t  H I ,  H 2  b e  s a t i s f i e d ,  s  =  2 .  T h e n ,  i f  t h e  a b o v e
a s s u m p t i o n  i s  s a t i s f i e d ,  a ( t ) ,  X ( t )  a r e  t h e  s o l u t i o n s
o f
-  & ( t )  =  H ( x { t )  , u ( t )  , X ( t )  , t )  -  H ( x ( t >  , u ( t >  , X ( t ) , t )  ( 2 . 3 4 )
-  i i t )  =  H x ( x ( t )  , u ( t )  , X ( t )  , t )  +  P ( t ) 6 f ( t )  ( 2 . 3 5 )
w i t h  b o u n d a r y  c o n d i t i o n s
a ( t f )  =  0  ( 2 . 3 6 )
X ( t f )  -  P x ( x ( t £ ) , t f )  ( 2 . 3 ? )
( i i )  L e t  H I ,  H 2  b e  s a t i s f i e d ,  s  *> J.  T h e n  i f  t h e  a b o v e
a s s u m p t i o n  i s  s a t i s f i e d ,  P ( t )  i s  t h e  s o l u t i o n  o f
, 2 7 ,
- P f t )  = H x x ( x ( t )  , u ( t )  , X ( t }  z U l t )  , t ) P { t )  ( 2 . 3 8 1
+ P(t)£ (5(t) ,u(t) ,t)+ " vL. S(t) (t)
1=1 1
w i t h  b o u n d a r y  c o n d i t i o n s
-  ^ x x ( x ( f c £ )  , t £ )  ( 2 . 3 9 )
& £ ( t )  i s  d e f i n e d  i n  e q u a t i o n  ( 1 . 8 )
P r o o f :
( 1 )  E x p a n d  t h e  R H S  o f  e q u  ( 2 . 3 0 )  t o  f i r s t  o r d e r  i n  6 x .
T h e n ,  f o r  6 x  s u f f i c i e n t l y  s m a l l ,  w e  h a v e ,  u s i n g  
e q u  ( 2  . 2 7 ) e
- ^(x(t) ,t) -|^S(t),t)8x
«  H ( x ( t )  , u ( t )  , X ( t )  , t ) + H x ( x ( t )  , u ( t )  , X ( t )  , t ) 6 x K P ( t ) f i x , f  ( x ( t )  r u ( t )  , t ) >
S i n c e  e q u a l i t y  h o l d s  f o r  a l l  6 x  s u f f i c i e n t l y  
s m a l l ,  w e  m a y  e q u a t e  l i k e  p o w e r s  o f  < 5 x .  T h i s  g i v e s
-  | ^ u ( 5 ( f c }  , t )  -  | | ( t )  «  H S ( t )  , u ( t )  A ( t )  , t )
-  » H x ( x ( t )  , u ( t ) , X ( t )  , t ) + P ( t ) i ( x ( t )  , u ( t )  , t )
N o w ,  b e c a u s e
, t )  -  - M i t t )  ,a(t> , t )
w e  h a v e  f r o m  e q u a t i o n s  ( 2 . 2 4 )  -  ( 2 . 2 5 ) ,  e q u a t i o n s
( 2 . 3 4 ) ,  ( 2 . 3 5 )  .
. 2 8 .
T o  p r o v e  t h e  t e r m i n a l  c o n d i t i o n s  
a ( t f J  =  v u ( x ( t £ l , t £ )  -  v ^ ( x ( t £ ) , t £ )
-  F  ( i t ( t £ )  , t £ )  -  F ( x ( t f )  , t f )  »  0
a (fc £ ) -
”  F x ( 5 ( t f )  , t £ )
( i i )  E x p a n d  t h e  R H S  o £  e q u  ( 2 . 3 3 )  t o  s e c o n d  o r d e r  i n  
8 x .  T h e n ,  f o r  6 ;{  s u f f i c i e n t l y  s m a l l ,  w e  h a v e ,  
u s i n g  e q u  ( 2 . 2 7 ) s
-  |^ e“ S ( t )  ,t l  -  | | ( t )  -  y  S ( t i  ,t i  -  M x ,
® H ( x ( t )  , u ( t )  , X ( t )  , t ) - H i x ( x ( t ) , u ( t )  , X ( t )  , t ) 6 x + < P ( t )  5 x , f ( x ( t ) , u ( t )  , t ) >  
+ < 6 x , ( 15H x x ( x ( t )  , u ( t ) , X ( t )  , t )  +  P ( t ) £ x ( x ( t )  , u ( t )  , t )
, t ) f  6 ( 0  ,u (0  ,t ) ) to >
U s i n g  e q u s  ( 2 . 3 4 ) ,  ( 2 . 3 5 ) ,  w e  a r e  l e f t  w i t h  t h e  c o e f ­
f i c i e n t s  o f  ( 6 x z ) .  F i n a l l y ,  u s i n g  e q u  ( 2 . 2 6 )  g i v e s  
( 2 . 3 8 )  .
T h e  t e r m i n a l  c o n d i t i o n :
p i t , )  &
□
T h e  d i f f e r e n t i a l  e q u a t i o n  f o r  V £ ( x ( t ) « t )  h a s  a  
t e r m  i n v o l v i n g  V ^ ( x ( t )  , t ) .  T h i s  t e r m  a r i s e s  b e c a u s e  
w e  a r e  i n t e r e s t e d  i n  t h e  r a t e  o f  c h a n g e  o f  n o t  
a l o n g  x ,  t h e  t r a j e c t o r y  g e n e r a t e d  b y  u ( t ) ,  b u t  a l o n g  x ( t ) .  
T h e  d . e .  f o r  v “ x < 5 ( t )  , t )  i s  g i v e n  b y  ( 2 . 3 8 ) .
I n  t h e  r e s t  o f  t h i s  s e c t i o n  w e  c o n c e r n  o u r s e l v e s  
w i t h  o b t a i n i n g  d i f f e r e n t i a l  e q u a t i o n s  f o r  a ( t / ,
, t >  ,  V ^ ( x ( t )  , t )  w h e r e  k ( x , t )  i s  a  p o l i c y  w h i c h  
g e n e r a t e s  ( x ( t > , u ( t ) ) .
S u p p o s e  t h a t  w e  h a v e  a  c o n t r o l  u ( t )  z G  w i t h  a s s o ­
c i a t e d  t r a j e c t o r y  x ( t ) .  T h e n  a s s u m e
k ( x ( t ) , t )  «  k ( x + 6 x » t )
»  k ( x , t )  +  ( 2 . 4 0 )
t o  s e c o n d  o r d e r  i n  S x ,  a s s u m i n g  t h a t  5 x  i s  e m a i l  e n o u g h .
N o w ,  i n  t h e  s a m e  w a y  a s  b e f o r e ,  a s s u m e  t h a t .
V k ( x ( t ) , t )  i s  ' a n o o t h  e n o u g h ’ t o  a l l o w  a  p o w e r  s e r i e s  
e x p a n s i o n  i n  6 x  a b o u t  x ( t ) .  E x p a n d i n g  t o  s e c o n d  o r d e r .
Vk (5 + 6 x ,t ) -  v k ( x , t ) W ^ ( i i , t ) 6 x + y x TV^:[6 , t ) 6 x
+  h i g h e r  o r d e r  t e r m s  i n  6 x
S u b s t i t u t i n g  i n t o  e q u a t i o n  < 2 . 1 2 )  ,  v i s i n g  e q u  ( 2 . 2 ? )  z
-  |^ 7 U(x(fc) , t )  - | | { t )  " | ^ ( x ( t )  , t ) 6 x - % < 6 x , |^ x (5 ( t i  ,t)6 x > + H (0 )
=  L ( x + 6 x » k ( x t - 5 x , t )  , t )  + < v £ ( x , t )  +  V ^ ( x , t ) 6 x
+  6 x 6 x  +  H ( 0 )  ,  f  ( j H - 6 x , k ( x + < S x , t )  , t ) > .  ( 2 . 4 1 )
S i n c e  w e  h a v e  n o t  I n t r o d u c e d  a n y  a p p r o x i m a t i o n s  
t h i s  e q u a t i o n  i s  s t i l l  v a l i d  g l o b a l l y .
( 2 . 4 1 )  i s  g e n e r a l l y  i m p o s s i b l e  t o  s o l v e  n u m e r i c a l l y  
b e c a u s e  o f  t h e  p o s s i b i l i t y  o f  i n f i n i t e  s t o r a g e  s p a c e  
r e q u i r e d  f o r  t h e  p a r a m e t e r s  o f  t h e  p o w e r  s e r i e s  e x p a n ­
s i o n .  H o w e v e r ,  i f  6 x  i s  s u f f i c i e n t l y  s m a l l ,  t h e n  
V ^ ( x + 6 x , t )  c a n  b e  e x p a n d e d  t o  s e c o n d  o r d e r  i n  6 x  w i t h  
e r r o r  ( S x 2 ) .  B q u  ( 2 . 4 1 )  b e c o m e s :
~ y S ( t )  , t )  , t >  6 x >
=  L ( * 5 x , k ( i ! + « x . t )  , t )  +<vJ(R,t)
+  ( x t | 5 X & X , f  ! x - f ' 5 ; ; , k ( x l 6 x , t )  , t ) >  ( 2 . 4 2 )
W e  a r e  n o w  i n  a  p o s i t i o n  t o  o b t a i n  d i f f e r e n t i a l  
e q u a t i o n s  f o r  a ( t ) ,  V ^ ( x , t ) ,  V ^ x ( x , t ) .  A g a i n ,  w e  a s s u m e  
t h a t  t h e  6 x ' s  r e m a i n  s m a l l  e n o u g h  s o  t h a t  t h e  e x p a n s i o n s  
w e  m a k e  w . r . t .  8 x  a r e  v a l i d .  ( F o r  t h e  c a s e  o f  s t r o n g  
v a r i a t i o n s ,  w e  r e s t r i c t  t h e  s i z e  o f  6 x  a r t i f i c i a l l y  u s i n g  
a  p r o c e d u r e  e x p l a i n e d  i n  d e t a i l  i n  C h  5 - 1 1 ,  a n d  i n t u i t i v e l y  
b a s e d  o n  t h e  r e s u l t  o f  P r o p o s i t i o n  1 . 4 ) .
. 3 1 .
D e f i n e
KCt) -  k x ( x ( t )  , t )  (2 .4 3 )
Y (t)  -  k j u j tS t t )  , t )  (2 .4 4 )
P R O P O S I T I O N  2 . 5  L e t  H 1 A , H2A b e  s a t i s f i e d ,  8 = 3 .
L e t  u  e G . T h e n ,  p r o v i d i n g  t h e  a b o v e  a s s u m p t i o n  h o l d s ,  
a ( t ) ,  X ( t )  a n d  P ( t )  s a t i s f y  t h e  f o l l o w i n g  d i f f e r e n t i a l  
e q u a t i o n s  *.
-  & ( t )  = H ( 5 ( t )  , k ( x ( t )  , t ) , X ( t )  , t )  -  H ( x ( t )  , u ( t )  A ( t )  , t )  ( 2 . 4 5 )
-  i ( t )  = H x ( x ( t )  , k ( x ( t )  , t ) , X ( t )  , t )  +  P ( t ) A f ( t )  ( 2 . 4 6 )
+ KT(t)Bu(I(t) ,k(S(t) ,t) ,l(t) ,t)
- f i t )  =  s ^ S i t )  , k S i t )  , y  , x i t i  , k S ( t >  , o  , m m
+  P l t i ' ^ l x l t )  , k ( x ( t )  , t )  , t )
+  ^ ( t l c n ^ l x l t )  , k ( x ( t )  , t )  , X ( t )  , t ) + f ^ ( x ( t )  , k S l t )  , t )  , t ) P ( t ) ]
+  I H y j j I x I t )  , k 6 ( t )  . t ) X ( t )  , t ) + 4 S ( t )  , k S ( t )  , 0  , t i P ( t ) A ( t )
+  f k l x ( t )  , t )  A l t )  i t ) K ( t )
+  E  H ^ S ( t )  . k l k l t )  , t )  A l t )  , t ) T «  I t )
1 -1  “  1
+ "vL, (!(t) .OM.It) (2.47)
1=1 ” “ 1 1
w i t h  b o u n d a r y  c o n d i t i o n s
a ( t f ) =  0  ( 2 .4 8 )
M t f ) ~ P x U ( t f ) , t f ) ( 2 .4 9 )
P t f ) "  ( 2 .5 0 )
d f f t )  =  f ( x ( t ) ,k ( x ( f c ) , t> , t )  -  £(x(t) ,u (fc> ,t) ( 2 .5 1 )
a n d  Hy i s  t h e  i 1"*1 c o m p o n e n t 0 £ y 1 i s  t h e  1 t h  com po­
n e n t  o f  y t  A f^  i s  t h e  i fc^  c o m p o n e n t o f  A f e t c .
P r o o f : F ro m  e q u  ( 2 ,4 2 )  w e h a v e
-  - | E ^ ( S , t ) « x - < & c , | ^ 4 c S , t ) 6 x >
= H (x+6x,k(i«-Sx,t) ,X (t)  , t )  + < P ( t)6 x
+ 6x5x,f(x+6x,k(x4-6x,t) ,t}>  ( 2 .5 2 )
E x p a n d in g  t h e  RtlS o f  ( 2 .5 2 )  a b o u t  x , k ( x ( t )  , t )  , w e o b t a i n  
H (x ,k (x , t )  ,X , t )
4<Hx (x ,k (x ,t) ,X ,t )4 -P ( t) f (x ,k (x , t )  , t ) + l f  (t)Hu ( x ,k (x , t )  ,X ,t)  ,5x>
+  %<Hb (x ,k (x ,t) ,X » t) ,k ^ x (x ,t)5 x 6 x >
+ %<K(t)6%, ( i y ( x , k ( x , t )  ,X ,t)  + £ ^ (x ,k (x ,t ) , t )P ( t ) )6 x >
. 3 3 .
+ % <G x(9ux(x,k(ii,t) ,A ,t)  + £ ^ (x ,k (x ,t )  , t ) P ( t ) ) ,K(t)6x>
+  % < K ( t ) d x , H u u { x , k ( x , t ) X , t ) K ( t ) 6 x >
+ %<6x, @ ^ ( x , k ( x , t )  ,X ,t)+ £ ^ (x rk ( x , t ) ' , t ) P ( t ) - f P ( t ) f ( x ,k ( x , t )  ,fc))6x>
+  %<^ x x ( x ,t )6 x 6 x ,f  ( x ,k (x , t )  , t )  > + h i g h e r  o r d e r  t e r r a s .
N ow , f o r  a l l  6 x  s u f f i c i e n t l y  s m a l l ,  t h e  h i g h e r  o r d e r  
t e r m s  c a n  b e  n e g l e c t e d  a n d  t h e  c o e f f i c i e n t s  o f  l i k e  p o w e r s  
o f  fix  o n  t h e  LHS a n d  KBS o f  e g u  ( 2 .5 2 )  m ay b e  e q u a t e d :
-  I ^ t )  -  = H (x ,k (x ,t]  ,X ,t'f
-  t> =  Hx ( x ,k (x , t )  ,X ,t)  + P ( t ) £ ( x ,k ( x , t )  , t )
+  KT (t)H u ( x , k ( x , t ) , X , t )
-  I ^ ^ i x . t )  = H ^ ( x ,k ( x , t )  ,X ,t)  +  f x (x ,k (x ,t>  , t ) P ( t )
+  P ( t ) f x ( x , k ( x , t ) , t )
+  K ^ (W L ^ ,(x ,k (x , t )  ,X ,t)+ £ y (x ,k (x , t)  , t ) P ( t )  ]
+ C H ^ (x ,k (x ,t)  ,X , t )+ f^ (x ,k (x , t )  , t ) P ( t )  f K ( t )
+ K ^ ( t ) H ^ (x ,k (S ,t ) ,X ,t )K ( t)
+ % I ^ ( x ,k ( x , t )  ,X,t)Y, (t)+  I ( x , t ) f ( x , k ( x , t )  ,t) 
i « i  0  1 1=1 *™ i
U s in g  ( 2 .2 4 )  -  ( 2 .2 6 )  i n  t h e  a b o v e  e q u a t i o n s ,  g i v e s  
e q u a t i o n s  ( 2 .4 5 )  -  ( 2 . 4 7 ) .
T h e  b o u n d a r y  c o n d i t i o n s  : s e e  P r o p o s i t i o n  2 . 4 .  ^
T h e  e q u a t i o n s  o b t a i n e d  a b o v e  a r e  t h e  sam e a s  
t h o s e  o b t a i n e d  b y  M ayne [ 3 6 ] ,  w h ic h  a r e  t h e  n o n o p tira a .1  
v e r s i o n  o f  t h o s e  d e r i v e d  b y  J a c o b s o n  [ 1 3 3 ,  [ 1 5 ] ,  [ 1 8 3 .
V APPROXIMATE DIFFERENTIAL EQUATIONS FOR 
Vx (x(,t) , t )  , Vx x ( x ( t )  , t ) :  M ayne [ 3 5 ] .
P r o p o s i t i o n  2 . 4  i s  n o t  u s e f u l  c o m p u t a t i o n a l l y  f o r  
f i r s t  o r d e r  a l g o r i t h m  b e c a u s e  o f  t h e  a p p e a r a n c e  o f  t h e  
> t)  t e r m  w h ic h  i s  fo u n d  b y  s o l v i n g  e q u a t i o n s  
{ 2 .3 8 ' a n d  ( 2 . 3 9 ) .  I n  t h e  f o l l o w i n g  r e s u l t  w e e s t i m a  
t h e  e r r o r  a r i s i n g  i n  a ( t ) ,  X ( t)  f ro m  t h e  o m m is s io n  o f  
t h e  V ^x ( x , t ) A f ( t )  t e r m .
PROPOSITION 2 . 6 : L e t  H I ,  H2 b e  s a t i s f i e d ,  s  «  2 .  I f
( i )  f u ( x , u , t )  e x i s t s  a n d  i s  c o n t i n u o u s  i n  ( x , u , t )  f o  
a l l  ( x , u , t )  e s ,  a n d  d ( u , u )  s  e ,  o r
( i i )  d i  ( u ,u )  s  e ,  
t h e n ,  & ( t ) , X ( t ) ,  w h e r e s
- a c t )  = H (x (t)  ,u ( t )  ,X ( t)  , t )  -  H(X(t) ,u ( t )  ,X (t) , t )
- X ( t )  -  Hx ( x ( t )  , u ( t )  ,X { t)  , t )  
w i t h  t h e  u s u a l  b o u n d a r y  c o n d i t i o n s  
a ( t £ ) =  0
X ( t f ) «  P x ( x ( t f ) , t f ) 
a r e  t h e  e s t i m a t e s  f o r  a ( t ) , X ( t )  d e f i n e d  b y  ( 2 . 3 4 ) ,
(2 .3 5 )  s u c h  t h a t
1 la ( t) -S ( t) || s  C ie2 
l|X (t)-? (t)l!  s  C%E c , ,c 2 < ®
P r o o f
- | _ ( a ( t ) - a { t ) }  » H (x ,u ,X ,t)-fl(x ,u ,X ,t)-^ l(x ,u ,X ,t)-H 3 (X ,u ,X ,t)
( 2 .5 3 )
(2 .5 4 )
( 2 .5 5 )
( 2 .5 6 )
(2.57)
(2.58)
. 3 6 .
=  L ( x , u , t ) + x ' r f  ( x , u , t )  - L  ( x , u , t )  - X T f  ( x , u , t )  
- I . ( x , u , t ) - P f ( ; , u , t > * L ( x , u rt)+ A f< x ,u ,t)
=  C X ( t ) - M t ) ] T A f ( t ) .
- ^ ( X W - X t o )  =  H x ( x , u , X , t j - H ( x , u , X , t > + P ( t ) A £ ( t )
■  ^ ( x k )  , u ( t )  , t )  [  X ( t ) - X ( t ) ]  +P( t )  A £  ( t )
( i )  ||A f( t)H  s  C a | | u ( t ) - u ( t ) | i  c 9 < «
( i i )  ll& f(t)|i 5  c v  ( \ < "  t  c E ,  A f ( t )  « = 0 , t  4 E
A p p ly in g  G r o n w a l l s  i n e q u a l i t y  g i v e s  ( 2 . 5 8 ) .  U s in g  
( 2 .5 8 )  a n d  a p p l y i n g  G r o n w a l l s  i n e q u a l i t y  a g a i n  g i v e s  ( 2 .5 7 )
0
P r o p o s i t i o n  2 . 5  i s  n o t  u s e f u l  c o m p u t a t i o n a l l y  s i n c e
t h e  t h i r d  o r d e r  p a r t i a l  d e r i v a t i v e  o f  V ( x , t )  w . r . t .  x
i s  n o t  k n o w n . I n  t h e  f o l l o w i n g  th e o r e m  we e s t i m a t e
t h e  e r r o r  a r i s i n g  f ro m  t h e  o m i s s i o n  o f  t h e  unknow n g u a n -
t i t l e s  .
D e f in e  a
u*(fc) -  k ( x ( t )  , t )  . ( 2 .5 9 )
PROPOSITION 2 . 7 : L e t  H1A, H2A b e  s a t i s f i e d ,  s  = 3 .  I f  e i ,th e r
( j )  f u ( x , u , t )  e x i s t a  a n d  i s  c o n t i n u o u s  i n  ( x , u , t )  f o r  a l l  
c S ,  a n d  d { u * ,u )  s  e,  o r
( i i )  d  i ( u * ,u )  s  e 
t h e n  & ( t ) , X ( t ) , P ( t ) , w h o re s
- £ ( t )  = H (x (t)  ,u * (t)  ,X (t) , t )  -  H (x (t)  ,u ( t )  ,X ( t)  , t )  (2 .60)
- s < t l  -  , a * ( t )  , X ( t )  , t )  +  KT ( t | I ^ ( i ( o  , u *  ( t )  , X ( t )  , t )  ( 2 . 6 1 )
+  P ( t ) t i ( t )
- # < t i  -  ^ , 6 ( 0  ,u«(t) , $ ( t l  , t )  +  ^ S ( t )  , u * ( t )  , t ) p ( t )
+  P ( t ) £ x ( x ( t )  , u * ( t )  , t )
*  f  -M ti , t )  + £® S(t) ,u«(ti , t ) P ( t ) ]
+  L i l y y ^ x i t )  , ' J ‘ ! t )  , M t )  , t )  +  £® S(ti , a * ( t )  , t ) P ( t ) 3 T K ( t i
, u *  ( t )  , X ( t )  , t ) K ( t i
*  2 H ^ 6 ( 0 , u * ( t i , X ( t ) , t ) Y l ( t )  ( 2 - 6 2 )
1-1  “  1
w i t h  t h e  u s u a l  b o u n d a r y  c o n d i t i o n s
a ( t g )  =  0  ( 2 . 6 3 )
X ( t t )  =  P x < x ( t f )  , t £ )  ( 2 . 6 4 1
P ( t £ > »  r t £ )  ( 2 . 6 5 )
a r e  t h e  e s t i m a t e s  f o r  a ( t ) , X ( t ) , P ( t )  g i v e n  b y  e q u a t i o n s  ( 2 . 4 5 )  - 
( 2 . 4 7 )  s u c h  t h a t
1 | a ( t )  -  a ( t )  | |  4  c ^ . 3 ( 2 . 6 6 )
I | X ( t )  -  M t )  11 s  ( 2 . 6 7 )
l i P C f c )  - P ( t ) | | s  c v -  C i » c i r G s < " ) ( 2 . 6 8 )
P r o o f  - | ^ ( a ( t ) - n < t ) )  t  X ( t ) - X  ( t )  1 T A £ ( t )  ( 2 . 6 9 )
-  ^ ( A ( t ) - X ( t ) )  =  }ix ( x ( t ) , u * ( t ) , X ( t )  , t ) - H x ( x ( t )  , u * ( t )  , ^ ' ( t )  , t )
+  KT ( t ) U i u ( 5 ( t )  , u * ( t )  , x ( t )  , t ) - g ^ ( x ( t )  , u * ( t )  , x ( t )  , t ) l
+  [ P ( t )  -  ^ ( t ) I A f ( t )
=  i : f x ( x ( t ) )  , u * ( t )  , t ) + £ u ( x ( t )  , n * ( t )  , t ) K ( t ) f  ( X ( t ) - M t ) )
+  r . P ( t )  ~ P ( t ) 1 A £ ( t )  ( 2 . 7 0 )
-  | j ( P ( t ) - P ( t ) )  »  R ^ l x l t )  , u * ( t )  A l t )  - t i - H I 0 [ ( i ( t ) , a * ( t ) , X ( t )  , t )  
t  £ J ( x l t )  , u * ( t )  , t )  ( P i t ) - P i t ) )
+ (P(t)-P(t))£xS(t),a»lt),t)
1 K T < y t H m S ( t )  , u * i t )  I t )  - t i - i y i l t )  , u *  I t )  ,X I t )  
+  f ^ l l l t )  , 0 *  t )  , t )  ( P i t ) - P i t ) ) ]
+  t B ^ S l t )  , a * I t )  A l t )  ' t ) - H ^ ( x l t )  , u * ( t )  A l t )  , t )  
t  £ ® S ( t )  , u * ( t )  , t )  ( P ( t ) - P ( t ) ) ] T K ( t )
+  KT ( t ) £ H u a G l t )  , u * ( t )  A l t )  . t ) - H m ( x ( t )  , u « ( t )  , $ ( t )  , t ) ] K ( t )
+  U l ^ S t t )  , u * I t )  A l t )  , t )  -  ^ S ( t )  , n * I t )  , $ | t )  . t l l ^ l t i
+ I 't_ ,< « ( t ) . t ) A f , ( t )
1 1  ” “ 1 1
i - j
+ t  f j j S  , u *  , t ) + f u  (S,u* , t ) K ( t )  ]T ( P  I t )  - P  I t ) )
I P  I t ) - 6  ( t i ) t f  ( 1 , 0 *  , t ) + £  ( i , u *  , t ) K ( t )  ]
• T. ( X j - X j ) C K  I t ) ( x , u * , t ) + f  ( x , u * , t ) K ( t )
1 1  1 1  ™ 1  “X1
+  £ u < i i l » * , t ) Y t ( t i ]
t  £  v | L ,  ( x , t ) A f . | t )
»  £  <XH- X , ) G ,  ( t ) + £  v L ,  ( i t ( t )  , t ) 6 £ ,  ( t )11 1 l 1 i=i *=i 1
+  C f x f f , u * , t ) + £ u ( 5 , a * , t ) K ( t ) ] T ( P l t ) - P ( t ) )
+  I P  I t )  - p  I t )  ) C £ x ( x , o * , t ) + f u ( x , u * , t ) K  I t )  ]  
w h e r e ,  b e c a u s e  o f  o u r  a s s u m p t i o n s ,  t h e  G i ( t ) ,  i = l ,  . .  n  
a r e  p i e c e w i s e  c o n t i n u o u s  f u n c t i o n s .
, t )
( 2 . 7 1 )
. 3 9 .
E q u a t i o n s  ( 2 . 6 9 )  -  ( 2 . 7 1 )  h a v e  t e r m i n a l  c o n d i t i o n s  o f  
z e r o  a t  t i m e  t £ .
N o w ,  f r o m  t h e  a s s u m p t i o n s  o n  £ ,  f o r  a l l  t  e  T
l l A f ( t ) H  s  L X | | u *  ( t )  -  u ( t ) | |  L i  <  ®
From the continuity of a3v(x(t) ,t)/'axi3x:i3^ w.r.t. (x(t),t)
( S e e  P r o p o s i t i o n  2 . 1 ) ,  a n d  t h e  c o n t i n u i t y  o f  x ( t )  w . r . t .  t ,
» V x x < x ( t > , t ) / 8 x 1  i s  c o n t i n u o u s  w . r . t .  fc c  T  a n d  h e n c e  b o u n ­
d e d .  T h e r e f o r e
\\ ii Lz | |u N t) -u ( t) | |  , L2 <«
D o f d n e  z ( t )  t o  b e  t h e  n * + n  v e c t o r  w i t h  c o m p o n e n t s  
,  P i j ( t ) ,  i » j  =  1 ,  n  a n d  g ( t )  t h e  c o r r e s p o n d i n g  
v e c t o r  c o n s t i t u t e d  f r o m  X ( t ) ,  P ( t ) .
T h e n ,  f o r  a l l  t  c  0 ( u * )  n  0 ( u )
~  4 p ( z ( t ) ~ z ( t ) >  “  H ( t )  f z ( t ) ~ z  ( t )  1  +  K & f v ( f c ) h ,  ( t )  
av- k » l
w h e r e  t h e  m a t r i x  I I  ( t )  i s  p i e c e w i s e  c o n t i n u o u s  a n d  t h e  
v e c t o r  h ^ ( t ) ,  k  =  1 ,  . .  n  i s  c o n t i n u o u s  i n  T .  H e n c e  z ( b )  
i s  c o n t i n u o u s  a n d  p i e c e w i s e  d i f f e r e n t i a b l e  i n  T .  A p p l y i n g  
G r o n w a j I s  i n e q u a l i t y  t o  e q u a t i o n  ( 2 . 7 1 )  w h e r e
( i )  | |  A £  ( t )  | |  L i  | | u * ( t )  -  u ( t )  |1  L i < “
( i i )  | |  A f  ( t )  |1 • ' L 3 ,  t  r  1 5 ,  L s  < M ( t )  = 0 ,  t  t  B .
w e  o b t a i n
| | z ( t ) - a ( t }  | |  < ^ i , , L i, <
H e n c e  | | P ( t ) - P ( t ) | |  r  o , r  o ,  <
U s i n g  t h e  a b o v e  r e s u l t  i n  e g u  ( 2 . 7 0 )  a n d  a p p l y i n g  G r o n -  
w a l l e  i n e q u a l i t y  y i e l d s  e g u  . - . 6 7 ) .  T h e n ,  u s i n g  ( 2 . 6 7 )  i n  ( 2 . 6 9 )  
a n d  a p p l y i n g  G r o n w a l l a  i n e q u a l i t y  a g a i n ,  y i e l d s  ( 2 . 6 6 )
V I  EXACT E X P R E S S IONS FO R  Av M a y n e C 3 6 ] .
B e c a u s e  u ,  u  a r e  a r b i t r a r y  m e m b e r s  o f  G ,  t h e y  c a n  b e  
i n t e r c h a n g e d  i n  t h e  p r e v i o u s  s e c t i o n .  H o w e v e r ,  w e  n o w  
h a v e  f o r  a ( t )
a ( t )  =  V u ( x ( t ) , t )  -  V ( x ( t ) , t )  ( 2 . 7 2 )
w h e r e  V  d e n o t e s  V u  o r  a c c o r d i n g  t o  t h e  c o n t e x t .
C l e a r l y ,  w e  s t i l l  h a v e  
a(t0> «  A V .
P R O P O S I T I O N  2 . 8 :  L e t  H I ,  H 2  b e  s a t i s f i e d ,  s  =  2 .
L e t  u ,  u  c  G .  T h e n  a ( t )  ,  V ^ ( x ( t ) , t )  a r e  t h e  s o l u t i o n s  o f
-  & ( t )  =  H ( x ( t )  , u ( t )  , ^ ( x ( t )  , t )  , t ) - H ( x ( t )  , u ( t )  , v ^ ( x ( t )  , t )  , t )
-  vj(x(t) ,t) «  H x ( x ( t )  , u ( t )  ,v“u<t} ,t) ,t}^(x(t) ,t)t £ i(t) 
w i t h  b o u n d a r y  c o n d i t i o n s
a ( t £ )  -  0  
v“(K(t£) , t £ )  «  F x ( x ( t f )  , t £ )
w h e r e
t i f 1 ( t )  “  f ( x ( t ) , u ( t ) , t )  -  f ( x { t ) , u ( t ) , t )
p r o o f  I n t o r c h a n g o .  ( x , u )  w i t h  ( x , u )  i n  t h e  p r o o f  o f  
P r o p o s i t i o n  2 . 4 .
S u p p o s e  w o  u s o  p o l i c y  k ( x ( t ) , t )  t o  g e n e r a t e  ( x , u )
L e t  k ( x ( t )  , t )  : :  k ( x + , S x , t )
o  k  ( x , t ' ) + k x ( x , t )  f i x t 3 i <Sxj ' k x x { x , t )  f i x  
t o  s e c o n d  o r d e r  i n  f i x ,  a s s u m i n g  f i x  i s  s m a l l  e n o u g h .  D e f i n e
K ( t )  ^  k x ( x ( t )  , t )  (2.  7 9 )
Y ( t )  -  k X ) t ( x ( t i  , t )  ( 2 . 8 0 )
( 2 . 7 3 )
( 2 . 7 4 )
( 2 . 7 5 )
( 2 . 7 6 )
( 2 . 7 7 )
g g B S g g i p W  . 2 . 9 :  L e t  H 1 A ,  H 2 A  f a e  s a t i s f i e d ,  0 - 3 .
T h e n  a ( t )  s a t i s f i e s  t h e  f o l l o w i n g  e q u a t i o n
- S i t )  =  H ( x ( t )  , u ( t l  , V ^ ( x ( t )  , t )  , t )  -  H ( x ( t )  , i c ( x ( t )  , t )  , V ^ ( x ( t )  , t )  , t )  ( 2 * 8 1 )
a C t j )  =  O  ( 2 . 8 2 )
a n d  V ^ ( x , t )  ,  V ^ ( x , t )  s a t i s f y  e q u a t i o n s  ( 2 . 4 6 )  a n d  ( 2 . 4 7 )  
w i t h  ( x , k ( x , t ) , K, y )  r e p l a c i n g  ( x , k ( x , t ) ,K ,Y )  .
P r o o f  S e e  t h e  p r o o f  o f  P r o p o s i t i o n  2 , 5 .  ^
L e t  H I ,  H 2  b e  s a t i s f i e d  b  -  1. Then w e  h a v e
f fc£
( i )  a v  -  I C H ( x ( t ) , u < t )  , A { t )  , b ) ~i l [ Zl t )  , u ( t )  , X ( t ) / t ) 3 d t  ( 2 . 8 3 )
J t o
f r o m  P r o p o s i t i o n  2 . 4 .
( 1 1 )  AV ■  C H ( x ( t )  , u ( t )  , V ^ ( x ( t )  , t )  , t ) - K ( x ( t )  , u ( t )  , v “ ( x ( t )  , t )  , t ) ] d t  ( 2 . 8 4 )  
f r o m  P r o p o s i t i o n  2 . 8 .
L e t  H 1 A ,  H 2 A  b e .  s a t i s f i e d ,  a  =  1 .  T h e n  w e  h a v e
( i i i )  M  *  ( t f f » ( x ( t )  , k ( x ( t )  , t )  , X ( t )  , u ( t )  A ( t )  , t ) 3 d t  ( 2 . 8 5 )
f r o m  I ' r o p o s i t i o n  2 . 5 .
( to )  /IV =  f  t o C x l t i  , u ( t )  ,t )  , t ) - B ( K ( t )  , k ( x ( t )  , t i  , t )  , t )  J d t
t o  (2 .86)  
f r o m  P r o p o s i t i o n  2 . 9 .
T h e s e s  e x p r e s s i o n s  f o r  AV a r c  t h e  s a m e  a s  t h o s e  g i v e n  
b y  M a y n c i  (,‘ 3 6 1 .  T h e y  a m  u s e d  i n  f u r t h e r  c h a p t e r s  t o  e s t a b - '  
l i s h  c o n d i t i o n s  o f  o p t i m a l i t y .
4 2 .
C H A PTER 3
Su f f i c i e n t  c o n d i t i o n s  o p  o p t i m a l i t y
O u r  a p p r o a c h  c o n t r i b u t e s  n o t h i n g  t o  t h e  d i s c u s s i o n  
o f  o b t a i n i n g  n e c e s s a r y  c o n d i t i o n s .  T h e  m a j o r  d i f f i c u l t y  
i s  p r o v i n g  L H a l k i n ]  t h e  e x i s t e n c e  o f  a  s e p a r a t i n g  h y p e r ­
p l a n e  b * t w e e n  t h e  r e a c h a b l e  s e t  o f  t h e  l i n e a r i z e d  s y s t e m  
( e q u s  ( 1 . 1 5 } ,  ( 1 , 1 6 ) )  a n d  t h e  s e t  w h i c h  i s  t h e  i n t e r s e c ­
t i o n  o f  t h e  s e t  o f  d e c r e a s e d  c o s t s  a n d  t h e  s e t  o f  p e r m i s ­
s i b l e  f i n a l  s t a t e s .
H o w e v e r ,  t h e  e x p r e s s i o n s  w e  h a v e  o b t a i n e d  f o r  A V  ' 
a r e  f a r  m o r e  u s e f u l  f o r  p r o v i n g  t h e  s u f f i c i e n c y  o f  t h e  
m i n i m u m  p r i n c i p l e ,  i . e .  t h a t  i f  t h e r e  d o e s  n o t  e x i s t  
u s  <■. b ,  f c i  £  f l ( v i )  s u c h  t h a t  H  ( x  ( t i . )  , u i  ,  X { t i ) , t i )  < 
( H ( x ( t i ) , u ( t | >  , X ( t i ) , t i )  t h e n  u  i s  o p t i m a l .  S a t i s f a c t i o n  
o f  t h e  m i n i m u m  p r i n c i p l e  i s ,  o f  c o u r s e ,  s u f f i c i e n t  f o r  
o p t i m a l i t y  o n l y  f o r  p r o b l e m s  o f  s p e c i a l  s t r u c t u r e .
X G L O B A L  S U F F I C I E N C Y  R E S U L T S
W e  g i v e  t h e  r e s u l t s  f r o m  M a y n e  [ 3 6 j ,
1 .  f ,  L ,  F  l i n e a r  i n  x  
C o n s i d e r  t h e  s y s t e m  d e f i n e d  b y :
f  ( x , u , t )  =  A ( t ) x  +  *  ( u , t )
L ( x , u , t )  =  m 'r ( t ) x  +  O ( u , t )
F ( x >  «  n T x
. 4 3 .
w h e r e  A ,  m , 8  a r e  c o n t i n u o u s .
H x ( x , u , X , t )  «  m(t )  +  A T ( t ) X ( t )  
w h i c h  i s  i n d e p e n d e n t  o f  x .  T h e r e f o r e ,  ¥ t  e  T ,  V x  e  R ? ,  
w e  h a v e
v“(x(t),t) -v “<x(t),ti - i(t)
I f  w e  n o w  u s e  e q u a t i o n  ( 2 . 8 4 )  ,  w i t h  X ( t )  r e p l a c i n g  
V x ( x ( t ) , t ) ,  w e  s e e  t h a t  t h e  s a t i s f a c t i o n  o f  t h e  m i n i m u m  
p r i n c i p l e  b y  ( x , u )  I m p l i e s
A V  a  0  f o r  a l l  u  6  G .
2 .  f  l i n e a r  i n  X }  l>, F  c o n v e x  i n  x
L e t  f  b e  d e f i n e d  a s  a b o v e ,  a n d  l ,  F  b y  
L ( x , u , t )  «  n ( x , t )  +  6 ( u , t )
F ( x )  »  6 ( x )
w h e r e  n ,  5  a r e  c o n v e x  i n  x  a n d  L ,  F  s a t i s f y  H I ,  H 2 ,  a  ”  2 .
£ ( x , u , t )  = n ( x ( t ) , t )  +  n ^ 6 c ( t )  , t )  ( x - x ( t ) )  +  9  ( u  , t )
L ( x , u , t )  k  L ( x , u , t )
F  (X )  -  F  ( x  ( t f ) )  +  F x ( x  ( t f ) ) ( x - x  ( t ) )
F ( x )  K F ( X ) .
T h e n ,  i f  V  d e n o t e s  t h e  c o s t  w i t h  L  r e p l a c e d  b y  L ,  F  b y
F ,  w e  h a v e
V u ( x 0 , t e l  =  V U < X 0 r t 0 )  V D  «  G
T h e r e f o r e
V“ (* 6 - V  - T“ !* o ' V  * ^ ^ o ' V  ■ *a s G -
i . e .  A V  i  6 V  v  »  e  < 5 .
B u t ,  f r c m  t h e  p r e v i o u s  e x a m p l e ,  s a t i s f a c t i o n  o f  t h g  m i n i ­
m u m  p r i n c i p l e  b y  ( x , u )  i m p l i e s  A V  a  o ,  a n d  h e n c e
A V  a  0  f o r  a l l  u  e  G .
3 .  T e r m i n a l  C o n s t r a i n t s
C o n s i d e r  t h e  p r o b l e m  i m m e d i a t e l y  a b o v e ,  w i t h  t h e  
a d d e d  t e r m i n a l  c o n s t r a i n t s  
x ( t f )  =  x f .
A s s u m e  ( x  , u )  s a t i s f y  t h e  m i n i m u m  p r i n c i p l e  f o r  t h e  
m o d i f i e d  p r o b l e m  w i t h  t e r m i n a l  c o s t  
# { x )  «  F(x) + c ^ ( x - x g )  
a n d  n o  c o n s t r a i n t ,  i . e .  w i t h
X ( t f > «  F x ( x ( t f ) )  +  c
S i n c e ,  f o r  a l l  u  e  G  s u c h  t h a t  x ( t ^ )  =  x ^  t h e  
t o t a l  c o s t  f o r  t h e  o r i g i n a l  a n d  m o d i f i e d  p r o b l e m s  a r e  
t h e  s a m e ,  s a t i s f a c t i o n  o f  t h e  m i n i m u m  p r i n c i p l e  i m p l i e s ,  
a s  b e f o r e ,  t h a t  A V  a  0  a n d  A V  a  0  f o r  t h e  p r o b l e m  w i t h  
t e r m i n a l  c o s t .
A s s u m e  n o w  t h a t  w e  h a v e  a  t e r m i n a l  i n e q u a l i t y  c o n ­
s t r a i n t s
a T x ( t f )  -  b  s  C ,.
A s s u m e  t h a t  ( x , u )  w h e r e
a T x ( t f )  =  b
s a t i s f y  t h e  m i n i m u m  p r i n c i p l e  f o r  t h e  m o d i f i e d  p r o b l e m  
w i t h  t e r m i n a l  c o s t
F ( x )  =  F ( x )  +  c C a T x - b ]  
f o r  s o m e  s c a l a r  c  >  0 ,  a n d  n o  c o n s t r a i n t ,  i . e .  w i t h  
X ( t f )  =  p x ( x ( t f ) )  +  c a .
S i n c e ,  f o r  a l l  u  e  G  s a t i s f y i n g  t h e  t e r m i n a l  c o n s t r a i n t #
otA (t£)-b: - c[tiT(it(tf)-j(t£)): s o 
w e  h a v e
F i x )  s  F { x ) .
H e n c e ,  o p t i m a l i t y  o f  ( x , u )  f o r  t h e  o r i g i n a l  p r o b l e m  
f o l l o w s .
4 .  f  l i n e a r ;  L ,  F  Q u a d r a t i c  
C o n s i d e r  t h e  s y s t e m
* ( t )  =  & ( t ) x ( t )  +  B { t ) u { t )  ,  x ( t Q )  =  0
w i t h
L ( x , u , t )  «= l $ x T Q ( t ) x  +
F { x )  «  % x T Q f x  
w h e r e  A ,  B ,  Q a r e  p i e c e w i s e  c o n t i n u o u s ,  Q , Q f  >  0  
C o n s i d e r  t h e  p o l i c y  $
K ( x , t )  =  K  ( t ) x  
K ( t )  =  - B T { t ) P ( t )  
w h e r e  P ( t )  i s  t h e  s o l u t i o n  o f  t h e  n o r m a l  R i c c a t i  e q u a t i o n .
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a s s u m e d  t o  e x i s t  I n  ( t o , t f )  .  T h e n  i t  i s  e a s i l y  s h o w n  
t h a t  V *  i s  q u a d r a t i c  i n  x .
V ^ ( x , t )  =  % x T P  ( t )  x
s o  t h a t
v^(»,t) -  P ( t ) l
^ ( x . t )  -  P ( t ) .
I n  f a c t  P ( t )  i s  t h e  s o l u t i o n  o f  e q u  ( 2 . 4 7 ) ,  a l o n g  a n y  
( x , u ) ,  s i n c e  V x x x  i s  z e r o .
P r o m  e q u a t i o n  ( 2 . 6 6 )  t h e  c o s t  V u ( x 0 , t 0 )  -  V ^ ( x 0 # t 0 )  
f o r  a n y  u  «  <3 i s  g i v e n  b y
V  =  f  I [ H ( x , u , v i t x , t ) , t )  -  B ( x , k ( x , t ) , V ^ ( x , t ] „ t ) ] a t
J t o
b g  X
”  I  C % X T Q ( t ) X  +  i i u T u  +  x T P  ( t )  { A X + B U )  
jfcO
-  2 $x T Q ( t ) x  -  % x T K T ( t ) K ( t ) x
-  x T P ( t ) { A + B K ( t ) } x ] d t
t f
»  f C b u T u  +  x T P ( t ) B ( t ) u  -  x T P ( f c ) B ( t ) K ( t ) X
t o  -  l|XTKT(t)K (t)x3d t
*  f  £ E%U$ U ~  XTKT t t ) u  +  ^XTKT ( t ) K ( t ) X ' ] d t
J t
C o n s i d e r  n o w  t h e  a d d i t i o n  o f  a  t e r m i n a l  c o n s t r a i n t  
x ( t £ )  =  x f .
. 4 7 .
W e  d e a l  w i t h  t h i s  b y  c o n s i d e r i n g  a  m o d i f i e d  p r o b l e m  w i t h  
t e r m i n a l  c o s t
$ ( x )  =  P ( x )  + c T ( x - x f ) .
C o n s i d e r  t h e  p o l i c y
k ( x , t )  =  u * ( t ) + K ( t ) x ( t )  
u *  ( t )  «  - B ' r ( t ) X  ( t )
K ( t )  »  - B T ( t ) P ( t )
w h e r e
v £ ( x , t )  -  P ( t ) x ( t )  + l ( t l  
.  P ( t )
T h e n ,  w e  h a v e  f r o m  e q u  { 2 .3 5 )  ,  w i t h  x ( t )  =  0  u ( t )  =  0  
- X ( t )  -  $ y x ( t ) , u *  ( t )  , X < t )  , t ) + P ( t )  ( f  ( x , u * , t ) - f  ( x , u , t ) )  
=  [ A T ( t )  t  K T ( t ) B T ( t ) ] X ( t )  
w i t h  b o u n d a r y  c o n d i t i o n  
X { t f )  «  c .
a n d  P ( t )  i s  t h e  s o l u t i o n  o f  t h e  n o r m a l  R i c c a t i  e q u a t i o n  
a s s u m e d  t o  e x i s t  o n  T .  H e n c e s
x ( t )  “  A i  ( t ) x ( t )  +  B ( t ) u *  ( t )  » x ( t . ^  «  0
u * { t ) »  - B ^ ( t ) X ( t )  a n d  A , ( t )  =  A ( t )  +  B ( t ) :  :
- X ( t )  -  A i T ( t ) X ( t )  ,  X ( t f )  -  c .
I f  * ( t  , t ) i s  t h e  t r a n s i t i o n  m a t r i x  a s s o c i a t e d  w i t h  
A t ( t ) ,  . t h e n
ft fx ( t £ ) B j t  » ( t f  ,-c )B { T )u*  (-r)dT
w h e r e  W  i s  t h e  c o n t r o l l a b i l i t y  m a t r i x  c o r r e s p o n d i n g  t o  
( A j  ( t )
A s  b e f o r e ,  w e  h a v e  f r o m  e q u  ( 2 . 8 6 )  ,  f o r  a n y  u  6  G
V -  f  r ^ x T Qx+% u'r u + C v 5 ( x , t )  3 T {Ai X+Bu )
J t O
- 4 x ^ Q x - ^ k - [ V ^ ( x , t )  2 '1 ( A i x + B k )  ] d t
-  f  [ l j u T u t  ( x T P + X T ) B u - S i k T k -  ( x ' T P + X T ) B k ] d t  
fca
*si u  ( t )  " k  ( x , t ) ) T ! ; u  ( t )  - k  ( x , t )  ] d t  2  0
J t o
T h o r o f o r o ,  k  i s  o p t i m a l  f o r  t h e  m o d i f i e d  p r o b l e m  ( i . e .
6 V  ;• 0  f o r  a l l  u  i  G )  .  T h u s  k  i s  o p t i m a l  f o r  t h e  o r i g i ­
n a l  p r o b l e m  w i t h  t e r m i n a l  c o n s t r a i n t :  
x ( t f ) =  - W ( t f , t 0 ) c  =  x £ .
O b v i o u s l y ,  i f  t h e  s y s t e m  i s  c o m p l e t e l y  c o n t r o l l a b l e ,  x £  
m a y  b e  a r b i t r a r y ,  f o r  c  «  c i ,  s a y ,  t h e  r e s u l t a n t  p o l i c y
k  s a t i s f i e s  s  V k ( x 0 , t 0 )  f o r  a l l
* l t f ! x o ' t o ' u > -  - » l t £ , t 0 ) c , .
5 .  T h e  W e l e r s t r a s s  E x c e s s  f u n c t i o n
F o r  t h e  c a l c u l u s  o f  v a r i a t i o n  p r o b l e m  o f  c h o o s i n g  
a n  o p t i m a l  c u r v e ,  t h e  s y s t e m  d y n a m i c s  a r e :
* ( t )  =  U ( t )  
i . e .  H ( x , u , X , t )  =  L ( x , u , t )  +  X T u
L e t  R  b e  a  p o l i c y  w h i c h  s a t i s f i e s  o u r  a s s u m p t i o n s ,  
a n d  a l s o
H u ( x , k ( x , t ) v £ ( x , t )  , t )  =  0  f o r  a l l  x  < R n ,  t c T .
H e n c e
V k ( x , t )  »  - I , u < K , k ( x , t ) , t ) .
F r o m  e q u  ( 2 . 6 6 )
A V  *  B ( x ( t )  , u ( t )  , k ( x ( t )  , t )  , t ) d t  
) t
w h e r e
E ( x , u , w , t )  -  L ( x , u , t ) - L ( x , w , f c ) - L u ( x , w , f c ) ( u - w )  
i s  t h e  W e l e r s t r a s s  E x c e s s  f u n c t i o n .  C l e a r l y  t h o  n o n ­
n e g a t i v i t y  o f  E  f o r  w  -  k ( x , t )  f o r  a l l  x  c  R n ,  t  <■ T  
i s  a s u f f i c i e n t  c o n d i t i o n  f o r  t h e  g l o b a l  o p t i m a l i t y  o f  k .
6 .  H a m i l t o n - J a c o b i  -  b o H n u m  R e s u l t  -  B o l l m m  a n d  D r e y f u s  [ 1 ? .  
P r o m  ( 2 . 8 4 ) ,  i f  t h e r e  e x i s t s  a  u ,  s a t i s f y i n g  H I ,  H 2  a n d
H ( x , u , v " ( x , t ) , t )  ?  H ( x , u , v “ ( x , t ) , t )
f o r  a l l  ( x , u , t )  e  s ,  t h e n  V u ( x , t )  & V u ( x , t )  f o r  a l l  
u  e 3 ,  X  6  t  e  T .
W e  h a v e  f r o m  P r o p o s i t i o n  2 . 2
-V“ ( x , t )  = , t )  ¥ t  c 6 ! u ) .
N o w  s u p p o s e  t h a t  t h e  o p t i m a l  c o n t r o l  f o r  s t a t e  x ( t )  
i s  c o n t i n u o u s ,  a n d  d e n o t e  t h e  o p t i m a l  c o s t  f u n c t i o n  C o r  
t h e  s t a t e  x ( t ) ,  b y  V ° ( x ( t ) , t ) .  T h e n  w e  h a v e
- V ° ( x ( t )  , t )  =  m i n  H ( x ( t )  , u ( t )  , V ° ( x ( t )  , t )  , t )  V t e T .  
u e G  K
-  t h e  H - J - B  e q u a t i o n .
U s i n g  t h e  a b o v e  e q u a t i o n  i n  p l a c e  o f  ( 2 . 9 )  J a c o b s o n  
o b t a i n s  o p t i m a l  v e r s i o n s  o f  t h e  e q u a t i o n s  g i v e n  i n  P r o p o ­
s i t i o n s  2 , 4 ,  2 . 5  i n  t h e  s e n s e  o f  a  m a x i m u m  r e d u c t i o n  
i n  c o s t .
I t  c a n  b e  s h o w n  ( s e e s  C h a p t e r  8 )  t h a t  i f  t h e  o p t i m a l  
c o n t r o l  i s  d i s c o n t i n u o u s ,  t h e n  P r o p o s i t i o n  2 . 1 ( 1 )  d o e s  
n o t  n o c c e s a r i l y  h o l d  f o r  V °  ( x ( t ) , t ) .
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I I  A  L O C A L  S U F F I C I E N C Y  T H E O R E M  F O R  S T R O N G  V A R I A T I O N S  
I N  C O N T R O L
j j ! M M A  3 . 1 :  L e t  Z, W d e n o t e  c l o s e d ,  b o u n d e d  s u b s e t s  o f
R n  a n d  R m  r e s p e c t i v e l y .  L e t  < | > : Z x W x T  +  r ,  a n d  i t s
p a r t i a l  d e r i v a t i v e s  w . r . t .  { z , w )  b e  c o n t i n u o u s ,  e x c e p t  
a t  a  f i n i t e  n u m b e r  o f  p o i n t s  i n  T , a n d  s a t i s f y , f o r  s o m e
( i )  < t > ( z , o , t )  " 0  t o r  a l l  ( z , t )  e  Z x T
( i i )  | | * w ( 2 , o , t )  | |  «  c i  | | z | | 2 f o r  a l l  ( z , t )  e Z x T
( i i i )  <t’w w ( o , o , t )  >  0  f o r  a l l  t  e  T
( i v )  * ( o , w , t )  > 0  f o r  a l l  . ( w , t )  e  W  x T s . t .  w  /  0 .
Then, t h e r e  e x i s t s  a n  m  >  0  a n d  a n  a  >  0  s . t .
» ( ; • . , W / t )  a  % u w T w  +  r  
f o r  mil ( z , w , t )  c  Z  X w  x  T  s . t .  | | z | |  s  c 3 w h e r e
I r j  c i  ! | z | | '  | |w | |   ^ .
P r o m t :  F r o m  ( i i i )  a n d  t h e  p i e c c w i s e  c o n t i n u i t y  o f
K w {0 ' ° 1 t h e r e  t i X i s t a  1.1 > 0 , n i  > 0 s . t .
^ww{ z ,w ,t )  -  « i i  o (3 .1 )
f a r  a l l  % x W * T  s . t .  Hall < w , , \ \ v \ [  *, c-i.
I lonoo,  f o r  a l l  | |w| |  • r - i , wo havo from (3.1 )  and ( i )
*  ( 2 , w , t )  ■■ % u i w T w  +  ^ ( 2 , 0 , t ) W .
. 5 2 .
P r o m  ( i v )  a n d  t h e  c o n t i n u i t y  o f  < ( > ( • ) ,  t h e r e  e x i s t s  a n  
E g  >  0 ,  a ,  >  0  s u c h  t h a t
<Mz,W,t) 5  Q g
f o r  a l l  ( z , w , t )  g  2  x  w  x  t  s . t .  [ [ z j |  ^  e z ,  | | w | |  >  c i -  
L e t  d  b e  d e f i n e d  a s  
d  »  m a x  w T w
WfW
T h e  l e m m a  f o l l o w s  f r o m  ( i i )  ( j i 4 > ^ ( z  , o , t ) w | |  s  O i | | z | l ' | | w | ! )
w i t h  «  m i n  f ' r i  ,? .* ],  «  -  m i n  C a w a g / d l .
□
L E M M A  3 . 2 :  L e t  H 1 A ,  H 2 A  b e  s a t i s f i e d ,  8 = 3 .  L e t
x i , u  i G .  D e f i n e  41 ( • )  b y
$ ( 6 x , w , t )  "  H ( x { t ) + f i x , v H - u ( t ) + K ( t )  i 5 x , \ ^ ( x { t ) + 5 x , t )  , t )
-ii(x(t) +fix,u(t) +K(t)fix,v£(x(t) +5x,t) ,t)
w h e r e
w  u  ( t )  - u  ( t y - K  ( t )  f i x .
T h e n ,  i f  t h e r e  e x i s t s  a n  f. •> 0  s . t .  d ( u , u )  s  e ,
, H f i x { f c )  , w ( t )  , t )  -* ^ n w 1 ( t ) w { t ) + r ( t )  ( 3 . 2 )
w h e r e
1 r ( t )  1 s  c l . d ( u , u )  V  .  ( 3 . 3 )
A l s o ,  t h e r e  e x i s t s  a  c  <•' ■» s . t .  
t f
j  w T ( t ) w ( t ) d t  f t  c i  d ( u , u )  I f .
P r o o f s  C o n s i d e r  t h e  s y s te m
* ( t )  =  g ( x ( t )  , w { t )  , t )  ,  x ( t 0 ) »  x
w h e r e
g ( x , w , 0  =  f ( x , w + u ( t ) + K ( t )  ( x - x ( t ) )  , t )
I f  w ( t )  5  0 ,  t h e  c o r r e a p o n d i n g  t r a j e c t o r y  i s  x ( t ) ;
i f  w ( t )  0  0 ,  t h e  c o r r e s p o n d i n g  t r a j e c t o r y  i s  x ( t ) .
S i n c e  g { - )  s a t i s f i e s  t h e  h y p o t h e s i s  o f  P r o p o s i t i o n
1 . 4  ( i i )  ,
| | S x ( t ) | |  f. C z d ( W , 0 )  C 2  <  =°
w h e r e  6 x ( t )  5  x ( t )  -  x ( t ) .
H e n c e ,  f o r  s o m e  c $  < ™
d ( u , u )  s  C 3 C l ( W , 0 )  .
S i n c e  w ( t )  z  u ( t ) - u ( t ) - K ( t ) < S x { t )  a n d  f o r  s o m e  c t ,  <  » ,  
| | 6 x ( t ) | |  :  C h d ( u , u )  f o r  a l l  t ,  T ,  i t  f o l l o w s  t h a t  f o r
s o m e  cu  >* » > ,  f o r  a l l  u  r  G
d ( w , o )  s  o 8 d ( u , u )  .
i . e .  d ( w , o )  < I d ( u  , u ) / c ;i , c s d  ( u , u )  1 .
T h e m ,  i f  d ( u , u )  •- k  r t h e r e  e x i s t s  c ,  > 0  s . t .
| | A x ( t ' . ) | l  <  c ,  V t <■ T.
Nov i t  can  b e  o a « j . 2 y  s h o w n  f c l i a t  * a s  d o f i n o d  a b o v e  
s a t i s f i e s  t h o  h y p o L h o a l n  o f  L e m m a  3 . 1 .  H e n c e ,  i f  
d ( u , i i )  « l  ( s o  t h a t :  | | f i x { t . ) | |  <  r.t V t  i T )  w o  h a v e  t h a t  
* ( f i x ( t )  , w ( t )  , t >  s a t i s f i e s  e q u  ( 3 . 2 )  w i t h  | r ( t . ) |  s  
- c i  | | 6 x ( t ) i | s l l w ( t )  | | .  S o  t h e r e  e x i s t s  a  c  <  <» s . t .  f o r
( 3 . 4 )
a l l  t  g T ,  u  g G  s . t .  d ( u , u )  s  e ,  | r ( t ) |  s a t i s f i e s  
e q u  ( 3 . 3 )
A l s o
P R O P O S I T I O N  3 . 1  L e t  H 1 A ,  H 2 A  b e  s a t i s f i e d  s  =  3 ,
u ( t )  e  i n t e r i o r  o f  f i  f o r  a l l  t  c  T .  I f  f o r  a l l  t  e  T :
( I )  Hu ( x ( t )  , u ( t )  , X ( t . )  , t )  ^  0
( I I )  B u u { x t t )  , u ( t )  , M t )  , t )  > 0
( i l l )  H ( x ( t ) , u , X ( t ) , t )  >  H ( x ( t ) , u ( t ) , X ( t ) , t )  f o r  a l l  
u  r. £1 s . t .  u  /  u ( t )
( i v )  T h e .  m a t r i x  l U c c a t i  d i f f e r e n t i a l  equation
- f  ( t )  =  H x x ( x ( t )  , u ( t )  ,T (t) , t ) H - f x ( x ( t )  , u ( t )  , t ) P ( t )  
+  P ( t ) i x ( x ( t )  , u ( t )  , t )
-  KT ( t )N u u ( x { t ) ,n ( l  ) ,X ( I )  , t ) B ( t )  
v /il’h  b o u n d a ry  rond.L t.io n
w 1 ( t ) w ( t ) d t
a  o 0 [ d ( w , o ) j 2  f r c m  ( 1 . 1 3 )
a  c L d ( u , u )  } s f r c a n  ( 3 . 4 )
f o r  s o m e  c  e  ( o , ” )
0
P i t , )  -
i s  b o u n d e d  ( l i a s  n o  c o n j u y a t o  p o i n t s )  i n  T
. 5 5 .
t h e n ,  u  i s  l o c a l l y  o p t i m a l  i n  t h e  s e n s e  t h a t  
v V 0 , t 0 )  >  V 5 U 0 , t 0 )  f o r  a l l  u  G G  s . t .  u  ^  u  
a n d  d { u , u )  & e  f o r  s e m e  e  >  O .
j  K ( t )  =  - ^ ( x , u , l , t ) [ H ^ ( 5 , n pA , t ) + f y ( x f u f t ) P f t ) ]  ( 3 . 5 )
a n d  X ( t )  i s  t h e  s o l u t i o n  o f  E g u s  ( 2 . 1 6 )  a n d  ( 2 . 1 7 ) .
P r o o f :  C o n s i d e r  t h e  p o l i c y  d e f i n e d  b y
i c ( x , t )  =  u ( t )  +  K ( t )  ( x ( t ) - x ( t ) ) .
P r o m  ( i v ) ,  P ( t )  e x i s t s  f o r  a l l  t  c  T ,  s o  t h a t  k  i s  w e l l  
d e f i n e d  a n d  s a t i s f i e s  o u r  a s s u m p t i o n s .  F r o m  P r o p o s i t i o n
2 , 5  w e  h a v e ,  f o r  u *  =  u  a n d  H u ( x ( t )  , u ( t )  , X ( t )  , t )  *  0
, t )  »  X ( t >  
v ^ x ( x ( t )  , t )  =  r ( t ) .
A l s o ,  t h e  c o n t r o l  u  t h a t  m i n i m i z e s  t h e  s e c o n d  o r d e r  e x ­
p a n s i o n  w . r . t .  ( x , u )  o f  H ( x , u , V x ( x , t ) , t )  a b o u t  ( x , u )  i s  
u ( t )  +  K ( t )  | x ~ x ( t )  .1 w i t h  K ( t )  d e f i n e d  i n  e g u  ( 3 . 5 ) .
F r o m  o q u  ( 2 . 8 6 )  w o  h u v o
,^-f g
A V  -  l ' H ( x + A x , u , V  ( x + 6 x , t )  , t )
-  n ( x + . S x , u c i < ( t ) 6 x , V ^ ( x + 6 x , t )  , f c ) l d t
m
a  ij<x w  ( t ) w ( t ) d t  +  r ( t ) d t  f r o m  L e m m a  3 . 2
. 5 6 .
I r ( t ) j  s  c E d ( u , u )  ] 3 V t  e T .
A V  a  % a c [ d ( u  , u )  ] 2  + r  f r o m  L e m m a  3
w h e r e
| r |  s  c ( t f - t 0 ) [ d ( u , u ) ] 3 
H e n c e ,  t h e r e  e x i s t s  a n  e  e  ( o , e )  s . t .  d ( u , u )  
A V  a  % a c [ : d ( u , u ) 3 2 .
C O R O L L A R Y  3 . 2  T h e r e  e x i s t s  e  >  0  s . t .  
v " ( x 0 + S x , t 0 > ;• v k ( x o + ( i x , f c 0 )  f o r  a l l  a  ,  G 
u  /  u ,  d ( u , u )  £. e  f o r  a l l  6 x  s . t .  II 6x11 s  e .
s  c  i m p l i e s
□
. 5 7 .
CH A PTER 4
F U R T H E R  E S T I M A T E S  O F  AV M a y n e  [ 3 6 ] .
j ^ e  f i r s t  d e r i v e  a  f i r s t  o r d e r  e s t i m a t e  o f  A V  w h i c h  w i l l  
b e  u s e d  l a t e r  i n  C h a p t e r  5 - 1 - 3 .
P R O P O S I T I O N  4 . 1 :  L e t  u , u  e  G .  I f  e i t h e r
( i )  H 1 A ,  H 2 A  a r e  s a t i s f i e d ,  a  =  2  a n d  d { u , u j  s  e ,  o r
( i i )  H I ,  H 2  a r e  s a t i s f i e d ,  s  =  2  a n d  d i ( u , u )  s  e , t h e n a
A V  =  C H ( x ( t )  , u ( t )  , X ( t >  , t ) - H ( x ( t )  , u ( t )  , X ( t )  , t ) ] d t  +  e ,  ( 4 . 1 )
' t o
w h e r e  | e i |  s  c e ! ,  c  <  »
a n d  X ( t ) ,  i s  t h e  s o l u t i o n  o f  e q u s  ( 2 . 1 6 }  ( 2 . 1 7 ) .
P r o o f :  F r o m  ( 2 . 8 4 ) :
m -  j [Bil,+«i;,u,v“ ( » s < ,t i  ,t)-H (i+ si,u ,v J(S ts> t,t) , t i l  a t
== f [H(X ,U ,A( t )  , t )  -  H (X ,U ,X( t )  , t ) ] d t
r ' i  -  _  -
+  (L H  ( x * , u , V “ ( x * ( t )  , t )  , t ) - f l „ ( x » , u , v “ ( x » ( t )  , t )  , t )
%
+  V ^ x ( x *  ( t )  , f c )  ( f  ( x , u , t ) - f  ( x , u , t ) )  ] 6 x ) d t  
w h e r e  x *  ( t )  «  x  ( t )  • K 0 6 x ( t )  ,  0  s  0  «  1 .
. 5 8 .
W e  h a v e  f r o m  P r o p o s i t i o n  1 . 4  t h a t  | | 6 x ( t ) | j  s  d e ,  c i  <  
f o r  a l l  t  c  T .  T h e  t e r m s  i n s i d e  t h e  s e c o n d  i n t e g r a n d  
a r e  o f  t h e  f o r m  0 ( u ( t ) ) - e ( u ( t ) ) .  H e n c e  t h e  r e s u l t  
f o l l o w s .
t  o
W e  n o w  g i v e  a  s e c o n d  o r d e r  e s t i m a t e  o f  A V .  T h e  
c o r o l l a r y  f o l l o w i n g  t h e  r e s u l t  w i l l  l e a d  t o  a  n e c e s s a r y  
c o n d i t i o n  o f  o p t i m a l i t y  f o r  s i n g u l a r  c o n t r o l  p r o b l e m s  
( C h a p t e r  1 0 }  ,  M a y n e  C 36], a  f u r t h e r  d e v e l o p m e n t  o f  t h e  
c o r o l l a r y  l e a d s  t o  a  s t r o n g  v e r s i o n  o f  t h e  u s u a l  s e c o n d  
v a r i a t i o n  f o r m u l a .
P R O P O S I T I O N  4 . 2 :  L e t  u , u  <  G .  I f  e i t h e r
( i )  H 1 A . H 2 A  a r e  s a t i s f i e d ,  s  =  3  a n d  d ( u , u )  s  e ,  o r
( i d ) H I ,  H 2  a r e  s a t i s f i e d ,  s  =  3  a n d  d  ( u , u )  s  e ,  t h e n  
t f
A V  -  f  C A H ( t ) + i A H v ( t ) + P  ( t ) A f  ( t )  } T 6 x ( t )  ] d t +  e ,  ( 4 . 2 )  
fc o
w h e r e  | e i  | s  c r . J ,  c  <  =- 
6 x ( t )  =  x ( t ) - x  ( t )
A H ( t )  =  H ( x , u , X , t ) - H ( x , u , X , t )
A H x ( t )  =  H x ( ; , u , X , t ) - H x { x , u , X , t )
A £ ( t )  =  f ( x , u , t ) - £ ( x , u , t )  ( 4 . 3 )
a n d  X ( t )  ,  P ( t )  a r e  t l i e  s o l u t i o n s  o f  ( 2 . 1 6 )  -  ( 2 . 1 9 )  .
P r o o f :  E x p a n d i n g  t h e  i n t e g r a n d  o f  e q u  ( 2 . 8 4 )  a b o u t
x ( t )  j . r . t .  x  u p  t o  s e c o n d  o r d e r  a n d  n e g l e c t i n g  t h e  s e c o n d  
o r d e r  t e r m s  y i e l d s  t h e  I n t e g r a n d  i n  e q u  ( 4 . 2 ) .  T h e  n e g ­
l e c t e d  t e r m s  a r e :
,u ( t>  ,v “ (i t« ( t )  , t )  , t )
""xx***-51*1 ,t) ,tl
+ <£X(X« ( t )  , u ( t l  , t ) - £ x (x » ( t )  , 5 ( t )  , t ) ) ^ x (x" ( t )  , t )  
+ V ^ l x . I t )  , t ) ( £ x (x * ( t )  , u ( t )  , t ) - £ x (x * (t>  , 5 ( t )  , t ) )  
n  -
+  2  v  ( x * ( t ) , t ) ( £ ( x , u , t ) - f ( x , u , t ) I ] 6 x ( t )
1 = 1  x x x i
w h e r e  x * ( t )  =  x < t ) + 6 6 x ( t ) } 0  <  6  s  1 .
S i n c e ,  f r o m  P r o p o s i t i o n  ( 1 . 4 )  | | 6 x ( t )  | |  s  c i e ,  C i  <  ®
f o r  a l l  t e T ,  a n d  t h e  t e r m s  i n s i d e  t h e  b r a c k e t  a r e  a l l
o f  t h e  f o r m  4> ( u  ( t ) ) - < M u  ( t ) )  < t h e  r e s u l t  f o l l o w s .
□
C O R O L L A R Y  4 . 3 :  P r o p o s i t i o n  4 . 2  h o l d s  i f  6 x ( t )  i s  r e ­
p l a c e d  b y  t h e  a p p r o x i m a t i o n  6 & ( t )  g i v e n  b y  e q u s  ( 1 . 1 5 ) ,
( 1 . 1 6 ) .
P r o o f :  I f  5 x ( t )  i s  r e p l a c e d  b y  S f t ( t )  i n  t h e  i n t e g r a n d
o f  P r o p o s i t i o n  4 . 2 ,  t h e n  a  f u r t h e r  e r r o r  o f  t h e  f o r m
t £
[ 0 ( u ( t ) ) - 0  ( u ( t } ) : ) ' , ' [ 6 x ( t ) - f i 2 ( t )  ] d t
J t 0
i s  i n t r o d u c e d .  S i n c e ,  f r o m  P r o p o s i t i o n  1 . 6 ,
| |  6 x ( t )  - 6 x ( t )  | |  s  c a e z ,  c ?  <  « ,  t h e  e r r o r  i s  n o t  g r e a t e r  
t h a n  c3e9.
0
f i R O P O S I T I O N  4 . 4 ;  L e t  t h e  h y p o t h e s i s  o f  P r o p o s i t i o n
4 . 2  b e  s a t i s f i e d .  T h e n
t £
J t o
+  ! s 6 8 ( t £ ) P J ! ) i ( x ( t f )  , t £ ) i S ( t £ )  +  e ,
w h e r e
| e i |  s  c e 3 ,  c  <  »
Q ( t )  ®  H x x ( x , u , X J t )
a n d  t h e  r e m a i n i n g  t e r m s  a r e  a s  d e f i n e d  i n  P r o p o s i t i o n  4 . 2 .
P r o o f :  W e  h a v e  f r o m  e q u  ( 1 . 1 5 )  t h a t
6 A ( t )  =  f x ( x ( t )  , u ( t )  , t ) 6 & ( t ) + A f  ( t )  
w h e r e  A £ ( t )  i s  g i v e n  i n  e q u  ( 4 . 3 ) .
T h e r e f o r e ,  r e p l a c i n g  A f ( t )  b y  6 x ( t ) - f x ( x ( t ) , u ( t ) , t ) 6 x ( t )  
i n  e q u  ( 4 . 2 )  ,  w e  h a v e ,  f r o m  c o r o l l a r y  4 . 3  t h a t
A V  =  [  £ f 4 H ( t ) + 4 H . ( t ) « 8 ( t ) + < S S ( t ) - f „ ( 5 ! t )  , 5 ( t )  , t ) 6 $ ( t )  ) I P ( t ) 6 X ( t ) ' l d t - « ,  
*
w h e r e  | e i |  s  c j k 3 ,  c i  <  »
f  f
- cm(t) +lBx(t)6S(t)-6XT( t ) ( t )  ,5(0 ,05(064(0
 ^ + W?(05(t)6S(0+‘(SST(0P(064(0]at + a ,
- |  tmttHMyofaio-sAoi^Sco ,5io ,05(066(0 
%
-l6ST(af(t)6S(0-(i6*T(tlf(tt6i(0+J6i!it)f (06*10 3<5t 
+W*T(t£)S']0t<I(t£) ,t£)«*(tf) + a,
= j  [mio+m i^tisiiio+W*!*) (-f®d(o ,5(t) ,o5io 
-5 (O (x(0,5(0,0-P(0) 58(0 jat 
+ii68,1'(t£)F)0[(x(t£! ,t£)i8(tf) +a,
(t f• [m(O6mv(O5S(O+M*(0Q(06*(0Mt
+  ^ 5 * ( t £ ) P ^ ( x ( t £ ) , t £ ) 6 * ( t £ ) + 8 ^  f r a u e q u  ( 2 . 1 8 ) .  
H o n c o  r e s u l t
T h e  w e a k  v e r s i o n  o f  U u i  l a s t  r e s u l t  i s  t h e  u s u a l  f i r s t  
a n d  s e c o n d  v a r i a t i o n  r e s u l t .
P R O P O S I T I O N  4 . 5 :  L e t  u , u s  G .  I f  e i t h e r :
( i )  H I ,  H 2  a r e  s a t i s f i e d  s  =  3 ,  f  a n d  L  a r e  l i n e a r  i n
u  a n d  d ( u , u )  s  e  o r  d i ( u , u )  s  e ,  o r
( i i )  H 1 A ,  H 2 A  a r e  s a t i s f i e d  s  =  3  a n d  | | u  ( t )  ~ u ( t ) | |  s  e
f o r  a l l  t  e  T .  T h e n
R ( t )  »  Hu u ( x ( t ) , u ( t ) , X ( t ) , t )
C ( t )  =  Hu x ( x ( t )  , u ( t )  , 5 i { t )  , t )  .
6 & ( t )  i s  t h e  s o l u t i o n  o f  e q u s  ( 1 . 1 5 )  ,  ( 1 . 1 6 )  a n d  t h e  
r e m a i n i n g  t e r m s  a r e  a s  d e f i n e d  i n  P r o p o s i t i o n  ( 4 . 2 )  
a n d  ( 4 . 3 ) .
P r o o f :  E x p a n d  t h e  i n t e g r a n d  o f  P r o p o s i t i o n  4 . 4  w . r . t  u
u p  t o  t e r m s  o f  s e c o n d  o r d e r .  T h e  r e s u l t a n t  e r r o r  i s  n o t  
g r e a t e r  t h a n  e ? n 3 ,  cz  < « .
i(t) ,X(t) ,t)6 u ( t)  d t
+  [ % 6 u  ( t )  R  ( t )  6 u  ( t )  + 6 u  < t )  c  ( t )  6 f t  ( t )  + W f t  ( t )  Q  ( t )  6 f t  ( t )  ] d t
+ ir f f tC t^ F ^ X ttf )  , t f )6ft(tf ) + 6!
w h e r e  | e i |  s  c i g 9 ,  C i < “  a n d
6 u ( t )  ^  u ( t )  -  u ( t )
□
S o  f a r  w e  h a v e  b e e n  c o n c e r n e d  w i t h  c o m p a r i n g  V u  a n d  
V u .  I n  t h e  s e q u e l , w e  w i l l  c o m p a r e  V u  w i t h  V ^ »  w h e r e  
k  i s  t h e  l o c a l  l i n e a r  p o l i c y  d e f i n e d  b y
H ( x , t )  =  u ( t )  +  R ( t ) [ x - x ( t ) ]  
w h e r e  u  s  G ,  a n d  K  i s  p i e c e w i s e  c o n t i n u o u s .  C l e a r l y  k  
g e n e r a t e s  ( x , u )  s o  t h a t  V k ( x 0 , t 0 ) =  V u ( x 0 , t 0 ) .
P R O P O S I T I O N  4 . 6 :  L e t  H 1 A ,  H 2 A  b e  s a t i s f i e d ,  s  =  3 .
L e t  u , u  c  G .  T h e n ,  i f  e i t h e r  d ( u , u )  5  e  o r  d ; ( u , u )  s  e ,
I V  -  f £ [ 4 H ( t ) + ( 4 H  + P ( t ) 4 ( ( t ) ) T « S ( t ) ] a t  +  a,
|  e  j  j s  e e 3 ,  c  <  “  
w h e r e
m ( t )  =  i i ( I ( t )  , u ( t )  , x ( t )  , t ) - n ( 5 ( t )  , 3 ( t ) + K ( t ) S S ( t )  , x ( t )  , t )  
6 > y t )  -  H x ( x ( t )  , u ( t )  , x ( t )  , » ( t ) + S t t ) « * ( t )  , X ( t )  , t )
i f t t )  -  £ ( i i ( t )  , u ( t )  , t ) - £ ( x ( t )  , u ( t H - K ( t ) 6 $ ( t )  , t )
a n d  \ ( t ) ,  P ( t )  a r e  t h e  s o l u t i o n s  o f
- t ( t )  -  ,u ( t)  ,X(t) ,5 ( 0  ,X(t) ,t)  ( 4 . 4 )
4 ( 0  -  U ^ d l t )  ,5 ( 0  ,1 ( 0  , t ) + 5 ( 0 tx S ( t )  ,5 ( 0  ,t)+ £^(it(0  ,5 ( 0  , 0 5 ( 0  
+ K ^ (0 l:H ^ (x (0  ,5 ( 0  ,i!L ; ,f,) -I fy (x ! ti ,5 (0  , t ) p ( 0  I
+ ,u ( t )  ,X (t)  , t )K ( t) ( 4 .5 )
w i t h  t h e  u s u a l  t e r m i n a l  c o n d i t i o n s .
P r o o f  t  M t >  =  V ^ ( x ( t )  , t )
P ( t )  »  V ^ C x C t )  , t )
T h e  p r o o f  f o l l o w s  i n  m u c h  t h e  s a m e  w a y  a s  f o r  P r o p o s i ­
t i o n  4 . 2  a n d  C o r o l l a r y  4 . 3  u s i n g  e q u a t i o n  ( 2 . 8 6 )  i n s t e a d  
O f  ( 2 . 8 4 ) .
0
P R O P O S I T I O N  4 . 7 :  L e t  t h e  h y p o t h e s i s  o f  P r o p o s i t i o n  4 . 6
b e  s a t i s f i e d .  T h e n  
t f
+ l ; 6 a T { t £ ) F x x { x ( t f )  , t f ) 6 a ( t f ) +  e i
( # 1  I « CC 3 , C <
w h e r e
Q ( t )  ^  H x x ( x ( t )  , u ( t )  , M f ,  , t )
a n d  t h e  r e m a i n i n g  t e r n s  a r e  a s  d e f i n e d  i n  P r o p o s i t i o n  4 . 6 .
P r o o f :  S e e  P r o p o s i t i o n  4 . 4 .  □
P R O P O S I T I O N  4 . 8 :  L e t  H 1 A ,  H 2 A  b e  s a t i s f i e d ,  s  -  3 .
L e t  u , u  g G .  I f  e i t h e r
( i )  f ,  L  a r e  l i n e a r  i n  u  a n d  d ( u , u } s  c  o r  
d i ( u , u ) s  e ,  o r
( i i )  | | u ( t ) ~ u ( f c ) | |  s  c. f o r  a l l  t  c T , 
t h e n  fc
AV  =  f  [3 iw T ( t ) R ( t ) w ( t )  +  +  o ( t )
%
+  f j ( x ( t )  , u ( t )  , t ) P ( f c ) } 6 f t ( t )  3 d t
t f
+ j  H ^ ( x ( t )  , u ( t )  , X ( t )  , t ) w ( t ) d t  +  C i  
%
[ e t l  •' o r  \  c  ■f «  
w h e r e  '
R ( t )  ^ ,u{t) t\lt) ,t}
i . : ( t )  =  H u x t x C t )  , u ( t ) , X ( t )  , t . )
W ( t )  =  U ( t )  ~ U ( t ) - R ( t ) ( S S ( t )
a n d  c S % ( t )  i s  t h e  s o l u t i o n  t o  o q u a t l o n s  ( 1 . 1 5 ) ,  ( 1 . 1 6 )  ,
X ( t ) ,  P ( t )  o r o  t h o  s o l u t i o n s  t o  e q u a t i o n s  ( 4 . 4 )  ,  ( 4 . 5 )  
w i t h  t h e  u s u a l  b o u n d a r y  c o n d i t i o n s .
P r o o f :  E x p a n d  t h o  i n t e g r a n d  o f  P r o p o s i t i o n  4 . 6  t o  s e c o n d  
o r d e r  w . r . t i .  u a b o u t  u .  r
C O R O L L A R Y  4 . 9 ;  I f ,  i n  a d d i t i o n
H u ( x ( t )  , u ( t )  , X ( t )  , t )  -  0  V t  e  T
R ( t ) K ( t )  +  C ( t ) + f ^ ( x { t )  , u ( t )  , t ) P ( t )  »  O  a . e .  fc  c  T  ( 4 . 6 )  
t6 V  «  hv  ( t ) R ( t ) w ( t ) d f c  +  e $
| e i j  s  c e 9 ,  o  <  « .
CHAPTER 5
O P T IM IZ A T IO N  ALGORITHMS
W e  a t t e m p t  t o  f i n d  a  c o n t r o l  w h i c h  s a t i s f i e s  t h e  
H - J - B  e q u a t i o n ,  C h a p t e r  3 - 1 - 6 .  T h e  d y n a m i c  p r o g r a m ­
m i n g  a p p r o a c h  m a y  b e  s u m m a r i z e d  a s  f o l l o w s :
1 .  S e t  V ° ( x ( t £ )  , t f )  =  P ( x ( t £ )  , t f )  ( 5 . 1 )
2 .  S o l v e  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n
v ^ te it l  , t)£ (x ( t)  ,tl+X.(x(t) ,u ° ( ti , t )  = 0  (5. 2)
w h e r e
o ° ( t )  -  e n g  m l n t w x f t )  , u ( t )  , t ) W ° ( x ( t )  , t ) £ ( x ( 0  , u ( t ) , t ) ]  ( 5 . 3 )
T h e  d i f f i c u l t y  o f  t h e  n u m e r i c a l  s o l u t i o n  o f  ( 5 . 2 )  
i s  e n o r m o u s ,  p r i m a r i l y  b e c a u s e  o f  t h e  h i g h  d i m e n s i o n a l i t y  
o f  t h e  e q u a t i o n ,  w h i c h  r e s u l t s  i n  t r e m e n d o u s  s t o r a g e  r e ­
q u i r e m e n t s .  T h o  p u r p o s e  o f  t h e  a l g o r i t h m s  t o  b e  p r e s e n ­
t e d  i s  t o  o b t a i n  a n  a p p r o x i m a t e  s o l u t i o n  t o  ( 5 . 2 )  u s i n g  
a  l o s s  d i r e c t  a p p r o a c h .  M a k i n g  u s e  o f  t h o  e q u a t i o n s  
o b t a i n e d  i n  P r o p o s i t i o n s  ( 2 . 4 )  -  ( 2 . 7 ) ,  w e  a t t e m p t  t o  
o b t a i n  a  s o l u t i o n  u s i n g  s u c c e s s i v e  a p p r o x i m a t i o n s  t o  t h e  
o p t i m a l  c o n t r o l  f u n c t i o n .
I  THE FIR ST ORDER ALGORITHMS 
P r o p o s i t i o n s  ( 2 . 4 )  o r  ( 2 . 6 )  a r e  u s e d .
1 .  G r a d i e n t  M e t h o d  s  K e l l e y  [ 2 8 3 ,  B r y s o n  a n d  D e n h a m  [ 2 3 .
S u p p o s e  w e  h a v e  a  n o m i n a l  c o n t r o l  u ( t )  ,  t  e  T ,  w i t h  
a s s o c i a t e d  t r a j e c t o r y  x ( t ) .
C h o o s e  u ( t )  t o  m i n i m i z e  H ( x , w , X , t )  w . r . t .  w
u  ( t )  - -  u ( t )  +  < 5u  ( 5 . 4 )
i . e .  5 u ( t )  "  a r g  m i n  H ( x , u + 6 w , X , t )
A  f i r s t  o r d e r  e s t i m a t e  o f  t h e  m i n i m i z i n g  6 u  i s
S u  =  ~ e H u  ( x , u , A , t )  c  0  ( 5 . 5 )
w h e r e  X i s  t h e  s o l u t i o n  t o  ( 2 . 3 5 ) .
T h u s ,  w e  h a v e  f o r  6 u  s u f f i c i e n t l y  s m a l l
- & ( t )  =  H ( x , u t 6 u , X , t )  -  H ( x , u , X , t )
=  Hu  ( x , u , X ( t )  , t ) d u  +  0 ( G Z)
=  - e : H y ( x , u , X ( t )  , t ) H u ( x , u , X ( t )  , t )  +  0 ( e 2 )
- X ( t )  »  H x ( x , u + 6 u , X , t )  +  P ( t ) A f ( t )
=  H x ( x , u , > . , t )  +  0 ( e )
N e g l e c t i n g  t h e  0 ( e 2 )  a n d  0 ( e )  t e r m s  g i v e s
- a ( t }  =  - e H u ( x , u , X ( t ) , t ) H u ( x , 5 , X ( t ) , t )  ( 5 . 6 )
- M t )  =  H x ( x , u , X ( t )  , t )  _ ( 5 . 7 )
w i t h  b o u n d a r y  c o n d i t i o n s
a<tf) =  0  ( 5 . 8 )
X ( t f ) =  F x ( x ( t f ) , t f )  ( 5 . 9 )
a s  e s t i m a t e s  f o r  a ( t ) « X ( t )  w i t h  
| | a ( t )  -  f t ( t )  | |  s  c i e 2 
| | X ( t )  -  X ( t )  | |  s  c 2 e  c i  , c 2  <  «
N o t e  t h a t  X ( t )  g i v e n  b y  ( 5 . 7 )  i s  t h e  s a m e  a s  X ( t )  i n
( 2 . 1 6 ) .  I ' r o m  ( 5 . 4 ) ,  ( 5 . 5 )  t h e  n e w  c o n t r o l  i s  g i v e n  b y
u ( t )  =  u ( t )  -  e H u ( x , u , X ( t )  , t )  ( 5 . 1 0 )
C o m p u t a t i o n a l  P r o c e d u r e
S t e p  0 .  C h o o s e  n o m i n a l  c o n t r o l  u ( f c )  ,  t  e  T .
R u n  t h e  x ( t )  t r a j e c t o r y .  S t o r e  u ( t ) ,  x ( t ) .  
C a l c u l a t e  t h e  c o s t  V u ( x 0 , t 0 ) ,  a n d  s t o r e .
S t e p  1 .  C a l c u l a t e  X ( t )  u s i n g  e q u a t i o n s  ( 5 . 7 ) ,  ( 5 . 9 ) .
A t  t h e  s a m e  t i m e  c o m p u t e  a n d  s t o r e  t h e  g r a d i e n t
S t e p  2 .  C h o o s e  e  >  O
U s i n g  n e w  c o n t r o l  ( 5 . 1 0 ) ,  i n t e g r a t e  t h e  s t a t e  
e q u a t i o n  f o r w a r d  t o  o b t a i n  x ( t ) .
C a l c u l a t e  V u ( x 0 , t 0 )
S t e p  3 .  i f  V u ( x o , t 0 )  & V u ( x Q , t 0 ) ,  s e t  e  =  e / 2  a n d
r e p e a t  2 .
O t h e r w i s e ,  s e t  u ( t )  =  u ( t )  a n d  g o  t o  1 .
S t e p s  1 ,  2 ,  3  a r e  r e p e a t e d  u n t i l  o p t i m a l  s o l u t i o n  i s  f o u n d  
o r  u n t i l  n o  f u r t h e r  i m p r o v e m e n t  c a n  b e  f o u n d .
( i )  A  s t o p p i n g  r u l e  c a n  b e  i n c o r p o r a t e d  i n t o  t h e  a l g o ­
r i t h m  b y  r e p l a c i n g  S t e p  1  w i t h ;
S t e p  1 *  C a l c u l a t e  X ( t )  ,  § ( t >  u s i n g  e q u a t i o n s .  ( 5 . 6 )  -  
( 5 . 9 )  .  A t  t h e  s a m e  t i m e  c o m p u t e  a n d  s t o r e  t h e  
g r a d i e n t  H u ( x , u , X ( t ) , t ) .
C h e c k  t h e  v a l u e  o f  j a ( x 0 , t Q ) |  a n d  s t o p  i f  i t  i s  l e s s  
t h a n  a  p r e d e t e r m i n e d  s m a l l  p o s i t i v e  q u a n t i t y  n ,  
n  o b t a i n e d  f r o m  n u m e r i c a l  s t a b i l i t y  c o n s i d e r a t i o n s .
( i i )  I t  i s  f o u n d  t h a t  t h e  r a t e  o f  c o n v e r g e n c e  b e c o m e s  
v e r y  s l o w  a s  o p t i m a l i t y  i s  a p p r o a c h e d .  T h i s  i s  
b e c a u s e  i n  t h e  n e i g h b o u r h o o d  o f  t h e  m i n i m u m  o f  H  
w . r . t .  w  s e c o n d  o r d e r  t e r m s  i n  t h e  T a y l o r  s e r i e s  
e x p a n s i o n  d o m i n a t e ,  s i n c e  t h e  f i r s t  o r d e r  c o e f f i c i e n t
H u  i s  t e n d i n g  t o  z e r o .  T h i s  m e a n s  a  f i r s t  o r d e r  
a p p r o x i m a t i o n  t o  H  i n  t h e  n e i g h b o u r h o o d  o f  i t s  
m i n i m u m  i s  p o o r  i n  t h e  . s e n s e  t h a t  i t  i s  v a l i d  f o r  
o n l y  v e r y  s m a l l  c h a n g e s  6 u ,
( i i i )  W e  m i g h t  c h o o s e  a n o t h e r  e s t i m a t e  o f  t h e  m i n i m i z i n g  
6 u .  e . g .  s e t t i n g
6 u  =  - e  s g n  ( H u )  ( s e e  D y e r  a n d  M c R e y n o l d s  [ 8 ] )  
w h e r e  s g n ( x )  = 1  x  a  o
T h e n ,  f o r  6 u  s m a l l  e n o u g h  ( i . e .  e  s m a l l  e n o u g h )
- S ( t )  =  H ( x , u + 6 u , X , t )  -  H ( x , u , X , t )
»  - e B u ( x , a , X , t )  s g n  ( H u ( x , u , X , t ) >
s  0
i . e .  6 ( t )  a  0  a n d  a ( t ^ )  =  0  
T h i s  i m p l i e s
=  a ( t  )  s o ,  a o  w e  h a v e  a  r e d u c t i o n  i n  c o s t  
f o r  H u ( x , u , X , t )  M 0  ( i f  H u ( x , a , X , t )  «  0 ,  t h e n  u  
i s  a  l o c a l  m i n i m u m ) .
( i v )  C o n t r o l  c o n s t r a i n t s  o f  t h e  f o r m  g ( u ( t ) , t )  s  0  c a n  
b e  h a n d l e d /  p r o v i d e d  g ( u + 8 u , t ) -  <  o .
2 .  J a c o b s o n ' s  F i r s t  O r d e r  A l g o r i t h m  [ 1 3 ] ,  [ 1 5 ] ,  [ 1 8 ] ,
j  e q u a t i o n s  ( 2 . 5 3 )  a n d  ( 2 . 5 4 ) .  
L e t  u *  =  c t r g  m i n  H ( x , w , X ( t )  , t )
. 7 2 .
W e  l e t  t h e  n e w  c o n t r o l  b e  g i v e n  b y  
u < t )  =  u ( t )  t  e
“  U * ( t )  t  €  C t l # t f ]
w h e r e  t t  i s  c h o s e n  a c c o r d i n g  t o  t h e  S t e p  S i z e  A d j u s t ­
m e n t  m e t h o d  g i v e n  i n  C h a p t e r  5 - I I - 4 .
T h e  c o m p u t a t i o n a l  p r o c e d u r e  x s  s i m i l a r  t o  t h a t  g i v e n  
i n  C h a p t e r  5 - 1 1 - 4 .
J a c o b s o n  n o t e s  t h a t  t h i s  a l g o r i t h m  c o u l d  b e  e x p e c t e d  
t o  h a v e  a  b e t t e r  c o n v e r g e n c e  r a t e  t h a n  t h e  g r a d i e n t ,  m e t h o d s  
i n  v i e w  o f  t h e  f a c t  t h a t  h e r e  g l o b a l  c h a n g e s  a r e  m a d e  i n
C o n t r o l  c o n s t r a i n t s  a r e  e a s i l y  h a n d l e d  b y  f i n d i n g  
t h e  n o m i n a l  c o n t r o l  u ( t )  «  0  a n d  
t i  =  a r g  m i n  H ( x , w , X ( t ) , t )
T h e  n e w  c o n t r o l  i s  t h e n  g i v e n  b y
u  ( t )  «  u ( t )  t  e  i : t 0 , t 1 3
• «  5 ( t )  t  c C t 1 , t f ] .
3 .  P o l a k  a n d  M a v n e ' s  F i r s t  O r d e r  a l g o r i t h m  1 3 7 3 •
T h i s  a l g o r i t h m  m a k e s  u s e  o f  t h e  e s t i m a t e  A V  w e  o b ­
t a i n e d  f o r  A V  i n  P r o p o s i t i o n  4 . 1 .  I t - h a n d l e s  c o n t r o l  
c o n s t r a i n t s  i n  m u c h  t h e  s a m e  w a y  a s  t h e  p r e v i o u s  a l g o r i t h m .
C o n s i d e r  t h e  c a s e  w h e r e  61 i s  a  c l o s e d  b o u n d e d  s u b s e t  
o f  R m  s u c h  t h a t  m a x  ( ( ! |u f  i } : u  & n }  s  r .  T h e  S t e p  s i z e
. 7 3 .
r u l e  o f  t h e  l a s t  a l g o r i t h m  d i f f e r s  f r o m  t h a t  o f  t h i s  l a s t  
a l g o r i t h m  a n d  e n a b l e s  t h e  a u t h o r s  t o  p r o v e  c o n v e r g e n c e .
W i t h o u t  a n y  l o s s  o f  g e n e r a l i t y ,  l e t  T  =  [ 0 , 1 ] .
L e t  G  b e  t h e  s p a c e  o f  e q u i v a l e n c e  c l a s s e s  o f  f u n c t i o n s  
i n  G  w h i c h  a r e  e q u a l  a . e .
T h e  f o l l o w i n g  h y p o t h e s i s  m u s t  b e  s a t i s f i e d :  H I ,
H 2  a r e  s a t i s f i e d ,  s  =  2 .  I n  a d d i t i o n
( i )  £^1  I>u ,  L u x  e x i s t  a n d  a r e  c o n t i m u o u s  i n  s .
( i i )  f o r  a n y  u  e  G ,  t h e r e  e x i s t s  a  u  e  G  s . t .  f o r  a l m o s t  
a l l  t  c  T
& ( t )  e  U ( u , t )  -  a r g  m i n  H ( x ( t ) , w , X ( t ) , t )
W f if i
w h e r e  x ( t )  -  x ( t ; x o , t 0 , u )  a n d  X ( t )  i s  t h e  s o l u t i o n  
t o  e q u a t i o n s  { 2 . 1 6 ) ,  ( 2 . 1 7 ) .
W u  h a v e  f r o m  P r o p o s i t i o n  4 . 1  t h a t  f o r  u , u  t  G
A V - f  { H  ( x , u , X ,  t )  -  H  ( x , u , X , t )  h i t
11>
i s  a n  e s t i m a t e  f o r  A V  -  v " ( x ^ , t ^ ) - v " ( x ^ , t ^ )  s u c h  t h a t  
| A V - A V |  rt c | ' d ( u , u )  j z  c  <  » .
F o r  s o m e  u  c  t i ,  d e f i n e
U ( u )  ^  n E
«  m i n  H ( x , w , X , t )  ,  t  t  T  ( 5 - 1 . 1 )
w «  R
a n d
e ( u )  «  A V ( ti ,u )
-  | \ i $ ( u , t ) - H ( x , u , X , t ) ] d t  ( 5 - 1 2 )
w h e r e  f i  e  U ( u ) .
T h e  p u r p o s e  o f  t h e  a l g o r i t h m  i s  t o  d e t e r m i n e  a  
u  f  G  s u c h  t h a t  9 ( u )  »  0 ,  i . e .  u  i s  d e s i r a b l e .
S t e p  S i z e  R u l e
D e f i n e  i f  c- T  b y
I ®  *  ( t , T | n ( u , t ) - H ( x ( t )  , u ( t )  , X ( t )  , t ) s O ( u ) }
N o t e  t h e  ; t f  consists o f  t h e  u n i o n  o f  a t  m o s t  a  c o u n ­
t a b l e  n u m b e r  o f  d i s j o i n t  i n t e r v a l s .
Lot' « ( u l  *  II ( I g )  .
N o w  f o r  t i  .  1 0 , 1 . 1 ,  l o t  b e  a n y  s u b s e . v .  o f  T  h a v i n g  
t h e  f o l l o w i n g  p r o p e r t i e s  ( t h e  l a s t  2  o f  w h i c h  a r e  d e s i g n e d  
t o  m a k e  I  _  t h e  u n i o n  o f  a  s m a l l  n u m b e r  o f  d i s j o i n t  i n t e r ­
v a l  s )  .
( i )  i i ( . i : ( t 5 ) • "  «
111) I f  a e I 'O .m iu ) 1, I aB r  i "
. 7 5 .
( i i i )  I £  a e ( m ( u ) ,1 3 ,  I a ~ 3
( i v )  F o r  a l l  a  e  [ O r m ( u ) ] , { t  c l “ ft '  e l  »  { t < ? I  _ }
u  a u  a u ,
( v )  F o r  a l l '  a  c  ( m ( u )  r T , t '  & %  \  4 ; '% .  <  t ' }  *  ( t  e  I g g )  
D e f i n e ,  f o r  u  e  G ,  a  » [ 0 , 1 ]
ue(t) r 6(5,t) vt « I e u  (5
u a ( t )  =  u ( t )  v t  e  T \ I a U .
W e  c a l c u l a t e  t h e  a  w h i c h  g i v e s  u s  t h e  ‘ s t e p  l e n g t h ‘ f r e t
a ( u )  =  { a j a  ®  m a x ( a K i ; o , l J | A V ( u a l  , u )  s c t ' O l u l / a }  V o ' e t 0 , a 3 }  ( 5  
w h e r e  u  i s  a n y  f u n c t i o n  s a t i s f y i n g  ( 5 . 1 3 ) .
T h e  C o m p u t a t i o n a l  P r o c e d u r e
S t e p  0 .  S e l e c t  a  n o m i n a l  c o n t r o l  u ( t )  c  5 .
S t e p  1 .  R u n  t h e  n o m i n a l  t r a j e c t o r y  x ( t ) .  C o m p u t e  t h e  
n o m i n a l  c o s t  V u ( x Q , t 0 ) .  S t o r e  x ,  V u .
S t e p  2 .  U s i n g  b o u n d a r y  c o n d i t i o n  ( 2 . 1 7 )  i n t e g r a t e  e q u a ­
t i o n  ( 2 . 1 6 )  b a c k w a r d s  i n  t i m e  ( t o  o b t a i n  A ( t ) ) ,
a l l  t h e  w h i l e  m i n i m i z i n g  B ( x , w , X ( t )  , t )  w . r . ' t .  v
t o  o b t a i n  f l ( t ) .  S t o r e  X ( t ) ,  G ( t ) .
. 1 3 )
. 1 4 )
. 7 6 .
S t e p  3 , C o m p u t e  e ( u )  u s i n g  ( 5 . 1 2 ) ,
I f  0 ( u )  =  O  S t o p .
E l s e  g o  t o  s t e p  4 .
C o m p u t e  a n  o  e  c t ( u )  f r o m  ( 5 . 1 4 )  t o  o b t a i n  t h e  
s t e p  l e n g t h .
S t e p  5 .  S e t  u ( t )  »  u Q ( t )
. 7 7 .
1 1  T H E -  S E C O N D  O R D E R  A L G O R I T H M S
P r o p o s i t i o n s  ( 2 . 5 )  a n d  ( 2 . 7 )  a r e  u s e d .
T h e  y ^ ( t )  a r e  s e t  i d e n t i c a l l y  e q u a l  t o  z e r o  f o r  a l l  
t  e  T ,  1 = 1 ,  . . .  n .
SMALL V A R I A T I O N S  I N  C O N T R O L
F o r  a  d e t a i l e d  d i s c u s s i o n  a n d  com parison  o f  t h e  
n e x t  t h r e e  a l g o r i t h m s  t h e  r e a d e r  s h o u l d  c o n s u l t  J a c o b ­
s o n ,  [ 1 3 ] ,  [ 1 4 3 .
1 .  J a c o b s o n ' s  S e c o n d  O r d e r  A l g o r i t h m  [ 1 3 3 ,  [ 1 4 ] .
L e t  u * ( t )  =  k ( x  ( t ) , t )  w h e r e
u * ( t )  =  a r g  m i n  H ( x , u , K ( t ) , t )  
s o  H u ( x , u * , X ( t ) , t )  »  0  
W r i t e  u * ( t )  =  u ( t )  +  6 u * ( t )
i . e .  S u * ( t )  =  a r g  m i n  H ( x , u , + 6 « , X ( t )  f t )  ( 5 . 1 5 )
S u
w h e r e  X ( t )  i s  t h e  s o l u t i o n  t o  e q u a t i o n s  ( 2 . 6 1 ) , ( 2 . 6 4 ) .
W e  m a y  o b t a i n  a  s e c o n d  o r d e r  e s t i m a t e  o f  t h e  m i n i ­
m i s i n g  i 5 u *  b y  e x p a n d i n g  H  t o  s e c o n d  o r d e r  i n  6 u  a b o u t  
u ( t ) ,  d i f f e r e n t i a t i n g  w . r . t .  6 u  a n d  e q u a t i n g  t o  z e r o ,  i . e .
H ( x , u + 6 u , X ( t )  , t )  «» H  +  < H u , 6 u >  +  % < S u  U u u 6 u >
. 7 8 .
H u ( x , u , X ( t ) , t )  +  H u u ( x , u , X ( t >  , t ) 6 u *  =  O
S a * ( t )  ®  - I l " y ( x , u , X ( t )  , t ) H u ( x , u , X ( t )  , t )  ( 5 . 1 6 )
T h i s  i s  a  N e w t o n - R a p h s o n  m i n i m i z a t i o n  m e t h o d  
w h i c h  p r o d u c e s  a  g o o d  e s t i m a t e  o f  t h e  m i n i m i z i n g  6 u *  i f ;
( i )  6 u *  i s  s m a l l
( 1 1 )  H ~ ^ ( x , i i , X ( t )  , t )  > 0  V t  e  I .  ( 5 . 1 7 )
T o  e n s u r e  t h a t  6 u *  i s  s m a l l  w e  i n t r o d u c e  
s : 0 < E < 1  i n t o  ( 5 . 1 6 ) ,  i . e .
6 u *  ( t )  «* ( x , u , X ( t )  , t ) H u ( x , u , X  ( t )  , t ) .  ( 5 . 1 8 )
N o w  K ( t )  i s  c h o s e n  t o  m i n i m i s e  £ ' ( t ) .  T h e r e f o r e ,  
f r o m  e q u a t i o n  ( 2 . 6 2 )  w e  h a v e
K ( t . )  * «  < < x , ^ , X ( t )  , t )  L H ^ C x . u * , X ( t )  , t ) + f y ( x , u * , t ) P ( t )  1  ( 5 . 1 9 )
a n d  o u r  n u w  c o n t r o l  l a  g i v e n  b y ;
u ( t )  «  k ( x ( t )  , t )
=  u M t )  +  K ( t )  f i x
»  u ( t )  +  c 6 u * ( t )  +  K ( t ) f i x  ( 5 . 2 0 )
. 7 9 .
W e  h a v e  f r o m  t h e  r e m a r k s  b e f o r e  P r o p o s i t i o n  2 . 5  
t h a t  o u r  e q u a t i o n s  a r e  o n l y  v a l i d  f o r  6 x  s m a l l  e n o u g h  
T h e  i S x ' s  p r o d u c e d  i n  T  a r e  d u e  o n l y  t o  t h e  e f f e c t  o f  
S u * ( t ) + 6 u ( t )  a c t i n g  t h r o u g h
( x + 6 x )  1 s« £ ( x + < 5 x , u + 6 u * + 6 u , t )  
s i n c e  6x(to) = o.
I t  i s  s h o w n  i n  [ 1 3 ] ,  [ 1 4 ]  t h a t  a n  e  c a n  b e  f o u n d  
w i l l  l i m i t  t h e  s i z e  o f  6 u * , 8 x # S u .
W e  s o l v e  t h e  f o l l o w i n g  e q u a t i o n s :
- a ( t )  ®  H ( x ( t )  , u * ( t )  , X ( t )  , t )  -  H ( x ( t )  , u { t ) , ? ( t )  , t )
- - X ( t )  -  H x ( x ( t ) , u * ( t ) , X ( t )  , t )  +  P ( t ) A £ ( t )
4 , ( t )  »  H ^ ( x ( t )  , u *  (fc )  , X ( t )  , t )  +  f ^ ( x ( t ]  , u *  ( t )  , t ) P ( t )
+  P ( t ) £ x ( x ( t )  , u * ( t )  , t . )  
+ K T ( t ) i H u x ( x ( t )  , u * ( t )  , X ( t )  , t ) + f j ( x ( t )  , u * ( t ) , t )  , P ( t ) ,]
+ I  R _ ( x ( U  , u * ( t )  , X ( t )  , f c ) + f ^ ( x ( t )  , u * ( t )  , t ) P ( t )  f K ( t )
4- Ka ’ ( t ) I ! m ( x ( t )  , U * ( t )  , U t )  , t ) K ( t )  
w i t h  b o u n d a r y  c o n d i t i o n s t  
£ < t f > -  o
t h a t
( 5 .2 3 }
( 5 . 2 2 )
( 5 . 2 3 )
( 5 . 2 4 )
S ( t f ) =  Px(x(t£) , t t )  ( 5 . 2 5 )
(5 .Z C '
w h e r e  u * ( t )  =  u ( t )  +  i u * ( t ) ,
6 u * ( t )  i s  g i v e n  i n  e q u  ( 5 . 1 8 ) ,  a n d  K ( t )  i s  g i v e n  i n  ( 5 . 1 9 ) .  
C o m p u t a t i o n a l  P r o c e d u r e
S t e p  0 .  C h o o s e  a  n o m i n a l  c o n t r o l  u ( t ) ,  t  e  T  
R u n  t h e  x ( t )  t r a j e c t o r y .
C a l c u l a t e  t h e  n o m i n a l  c o s t  V u ( x  , t Q ) .
S t o r e ,  u ( t ) ,  x ( t ) ,  V u .
S t e p  1 -  G u e s s  a  v a l u e  f o r  e ,  0  <  e  s  1 .
U s i n g  b o u n d a r y  c o n d i t i o n s  ( 5 . 2 4 )  ,  ( 5 . 2 5 )  ,  ( 5 , 2 6 )  
i n t e g r a t e  e q u a t i o n s  ( 5 . 2 1 ) ,  ( 5 . 2 2 ) ,  ( 5 . 2 3 )  b a c k w a r d s  
i n  t i n , ;  f r o m  t o  t 0 ,  a l l  t h e  w h i l e  s t o r i n g  K ( t )  ,
C h e c k  t h e  v a l u e  o f  | a ( x 0 , t 0 ) |  a n d  s t o p  i f  i t  i s  
l e s s  t h a n  a  p r e d e t e r m i n e d  n ■ n  o b t a i n e d  f r o m  
n u m e r i c a l  s t a b i l i t y  c o n s i d e r a t i o n s .
S t e p  2 .  U i , i n g  n e w  c o n t r o l  ( 5 . 2 0 )  i n t e g r a t e -  t h e  s t a t e  e q u a ­
t i o n s  forw ard  t o  o b t a i n  x ( t ) .
C a l c u l a t e  V U ( x 0 , t 0 ) .
S t e p  3 .  I f  V u ( x 0 , t 0 )  h  V u ( x 0 , t 0 ) ,  s e t  e  =  e / 2  a n d  g o  t o  1  
o t h e r w i s e ,  s e t  u ( t )  =  u ( t )  a n d  g o  t o  1 .
. 8 1 .  .
D r a w b a c k s
( i >  W e  n e e d  t o  a s s u m e  t h a t  h “ ^ ( x , u , A , ( t ) , t )  >  0  a n d
H u u ( S , u + S u * , £ ( t ) , t )  >  O .  i n  n o n - l i n e a r  p r o b l e m s  
a l o n g  n o n - o p t i m a l  t r a j e c t o r i e s  t h e s e  r e g u i r e m e n t s
a r e  o f t e n  v i o l a t e d  w i t h  r e s u l t a n t  f a i l u r e  o f  t h e  '' |
m e t h o d .
( i i )  T h e  p r o c e d u r e  i s  c o m p l i c a t e d  b y  t h e  f a c t  t h a t  i f  e  *
i s  g u e s s e d  t o o  l a r g e ,  t h e  b a c k w a r d s  d i f f e r e n t i a l  
e q u a t i o n s  h a v e  t o  b e  r e i n t e g r a t e d  a l o n g  t h e  s a m e  
n o m i n a l  t r a j e c t o r y  w i t h  s m a l l e r  s .
T h i s  l a s t  d r a w b a c k  i s  o v e r c o m e  b y  t h e  n e x t  a l g o r i t h m .
2 .  M a y n e ' s  S e c o n d  O r d e r  A l g o r i t h m  [ 3 3 ]  .
U s e  e q u a t i o n s  { 2 . 4 5 )  -  ( 2 . 5 0 )  ■' .. ■
L e t  u * ( t )  =  k ( x ( t ) , t )  p i "
=  u  ( t )  +  6 u *  ( t )  ;
W e  h a v e  f r o m  ( 5 . 1 6 )  t h a t  v?j
6 u *  ( t )  e  - e H ~ ^ ( x , u , A  ( t )  , t ) H u ( x , u , A ( t }  , t )  ( 5 . 2 7 )  ; . , j
A s s u m e  6 u *  i s  s m a l l ,  i . e .  e i t h e r  e  i s  s m a l l  a n d / o r  H u  • i
i s  s m a l l .  T h e n :  V . :
- a ( t )  =  H ( x , u t 6 u * , A ( t )  , t ) - H ( x , u , A ( t )  , t )  ;
=  H a < ; , S , X ( t ) , t ) « u * + % w ' t H m ( S , S , J I O , t ) S u *  -.Ole1) (  f
■ i i
.82 .
-X (t) = \ ( 5 , u +5u*,A(t} rt)+K-r(t)Hu (x,u+6u*,A(t) ,t)
+ P (t)i:£ (x /m-6Lt*,fc)-£(5,^,t)]
^  Hx (x ,u ,\ ( t )  ,t)(S u .-e (t)fu (x ,u ,t)6u*
+K1'(t}tiu (x,i™,X(tj ,t)+KT(t;Hu|1(x lu,;:{t) ,tH u* -H){e2)
= Hx (x,u,X (t) ,t)-«KT (t)H1 6 ,u,X(t) ,t)
- e E H ^ I X . S . X I t )  ,t)+ P (t)£ li( ; ,5 ,t ) i ,,H*‘ S ,5 ,X (t) ,W a &,u,Mt) ,t)-KI(e2)
( 5 . 2 9 )
a n d  a a  above,  s e t t i n g  Y i ( t )  E  0 ,  1 = 1 ,  . . n
-E M  = H ^ S .S .X tt)  ,t ) t^ ; lx ,5 ,t)P ( t)+ P ( t)£ x S ,u , t )
*  kTM U![0{S ,5 ,X M  ,t)+ * J(x ,u ,t)P ( t) ]
+ (H ^ S .U A M  ,t ) + £ '( ; ,5 , t ) p ( t ) ] TK(t)
t K T ( t ) l \ l u ( x , E , X ( t i , t ) K ( t )  t  0 ( e )  ( 5 . 3 0 )
N o w ,  i g n o r i n g  t h e  t e r m s  0 ( k ) ,  0 ( e ? ) ,  0 ( c 3 )  i n  ( 5 . 3 0 )  ,
( 5 . 2 9 ) ,  ( 5 . 2 8 )  r e s p e c t i v e l y ,  w e  i n t r o d u c e  a n  e r r o r  o £  
t h e  o r d e r  o f  e  i n  P ( t )  ,  e 2 i n  X ( t ) ,  e 3 i n  a ( t ) .
W e  c h o o s e  K ( t )  t o  m i n i m i z e  P ( t )  ( i g n o r i n g  t h e  0 ( e ) 
t e r m s ) .  W e  g e t
KM  = - ^ S .S .X M M tH ^ lS .S .X M M + ^ S .r iM P M J  (5 .3 1 )
O u r  n e w  c o n t r o l  i s  g i v e n  b y
u ( t )  =  u ( t )  + 6 u * ( t )  +  K ( t ) 6 x ( t ) ( 5 . 3 2 )
W e  s o l v e  t h e  f o l l o w i n g  e q u a t i o n s ,
, t ) s ^ ,U ( t )  ,t)^a,s^(t) ,ti is.™
- ik) -  B,a,5,lit) ,t) + f  (t)^a,5,;(t) ,t) (5.M,
-  P i t )  =  1 1 ^ ( 5 , 5 , 1 ( 1 1  , t )  +  £ s , S , t ) J ( t )  +  # ( t ) t l [ ( I , 5 , t )
+ nT(t)[a llJt(S ,5 ,L t) t  ^ 6 ,u ,t ) S ( t ) 3
t  ^ S . S ^ . t )  +  f ^ ( x , 5 , t ) p ( t ) ) T K ( t )
+  !Cr ( t ) l \ l u ( I , 3 , t ( t ) , t ) K ( t )  (5.35)
w i t h  b o u n d a r y  c o n d i t i o n s  
a ( t f )  «  O
X ( t f )  «  F x ( x ( t f ) , t f )
P ( t f )  =  , t £ )
w h o r e  a ( t ) ,  X ( t )  ,  P { t )  a r e  e s t i m a t e s  f o r  a ( t ) ,  X ( t )  a n d  
P ( t )  r e s p e c t i v e l y  s u c h  t h a t  e g u s  ( 2 . 6 6 )  -  ( 2 .6 8 )  a r e  
s a t i s f i e d .
T h e  c o m p u t a t i o n a l  p r o c e d u r e  o f  I I  -  1  i s  m o d i f i e d  i n
t h e  f o l l o w i n g  w a y .  I f  e  i s  g u e s s e d  t o o  l a r g e  s o  t h a t  n o
i m p r o v e m e n t  i n  c o s t  r e s u l t s ,  t h e  b a c k w a r d s  e q u a t i o n s  d o
n o t  h a v e  t o  b e  r e - i n t e g r a t e d  a l o n g  t h e  s a m e  n o m i n a l  t r a ­
j e c t o r y  f o r  s m a l l e r  c  s i n c e  t h e y  a r e  n o w  i n d e p e n d e n t  o f  e .
( 5 . 3 6 )
( 5 . 3 7 )
( 5 . 3 8 )
T h i s  i s  n o t  t r u e  o f  t h e  a  e q u a t i o n ,  b u t
a ( t )  -  - s < l - e / 2 >  I  s o  a ( t >  i s  o a l o a l a t e d
e a s i l y  f o r  d i f f e r e n t  e ' a .
E q u a t i o n s  ( 5 . 3 4 )  ,  ( 5 . 3 5 )  a r e  t h e  s a m e  a s  t h o s e  o b ­
t a i n e d  b y  D y e s  a n d  M d R e y n o l d s  [ 8 3  f o r  t h e i r  s u c c e s s i v e  
s w e e p  a l g o r i t h m ,  w h i c h  i s  t h e  s a m e  a s  t h e  m o d i f i e d  
a l g o r i t h m  a b o v e .  S e e  a l s o  M c R e y n o l d s  [ 4 1 3 .
3 .  T h e  S e c o n d  V a r i a t i o n  A l g o r i t h m .  M c R e y n o l d s  a n d  B r y s o n
[ 4 0 ] ,  H i t t e r  [ 4 4 3 .
C o n s i d e r  t h e  e q u a t i o n s  g i v e n  i n  P r o p o s i t i o n  2 . 5  w h e r e  
w e  r e c a l l  t h a t  V ^ ( x { t ) , t )  =  \ ( t ) .
L e t  u s  n o w  s e t
V ^ t x l t )  , t )  =  M t )  +  h { t )  ( 5 . 3 9 )
a n d  9" (5(k) ,t) =  P ( t )  ,  a s  b e f o r e .
L e t  u * ( t )  =  k ( x ( t ) , t )  w h e r e
u *  ( t )  “  a r g  m i n  B  i x , u  , X  t t ) + h ( t : )  , t ) .
W r i t e  u *  ( t )  =  u ( t ) + 6 u ’1,
i . e .  f i u *  =  a r g  m i n  5- l ( x , u + f i u , M t ) + h ( t )  , f c )  .  ( 5 . 4 0 )
E x p a n d i n g  H  t o  s e c o n d  o r d e r  i n  6 u  a b o u t  u  g i v e s :
. 8 5 .
H ( x , S W u , X * h , t )  -  H t 5 , w 6 u , X , t ) + < h , £ ( 5 , m . 6 u * , t ) >
= H(x,u,X,t)+<Hu (x ,u ,A ,t) ,(SuH-'s<5u,H^(x,u,X,t)6tt>
+ < h , f  ( x , u , t ) - i - f u ( x , u , t )  6 u + * j f u U ( x , u , t ) f i u 6 u > .  ( 5 . 4 1 )
O n  a n  o p t i m a l  t r a j e c t o r y  - X  =  H  , s o  V x  =  X ,  s o  
h  i s  z e r o .  N o w ,  a l t h o u g h  w e  a r e  n o t  o n  a n  o p t i m a l  t r a ­
j e c t o r y  ,  l e t  u s  a s s u m e  t h a t  h  i s  s m a l l - .  W e  c a n  t h e n  n e g ­
l e c t  t h e  t e r m  * u ' >  a s  i t  c a n  b e  c o n s i d e r e d  t h i r d -
o r d e r , ,
N e g l e c t i n g  < h , f u u 6 u ? >  a n d  d i f f e r e n t i a t i n g  t h e  B B S  o f  
( 5 . 4 1 )  w . r . t .  6 u  a n d  s e t t i n g  t o  a e r o  ( f o r  a  m i n i m u m )  g i v e s
Hu * V u* +
i . e . .  6 u * < t )  ®  ~ H ^ ( x , u , X / t ) [ H u ( x , u , X , t )  +  f ^ ( x , u , t ) h ( t ) ]
N o w ,  f o r  t h e  s a m e  r e a s o n s  a s  t h o s e  g i v e n  i n  I I - 1
w e  i n t r o d u c e  e  { o < e  s  1  a n d  s e t
6 u *  ( t )  = - f . H ^ ( x , u , X , t ) [ H u ( x , u , X , t )  + f y ( x , u , t ) h ( t ) ]  ( 5 . 4 2 )
A s s u m e  &u* i s  s m a l l  i . e .  e i t h e r  s  i s  s m a l l  a n d / o r  H u  i s  s m a l l
( h  i s  a s s u m e d  s m a l l  a l r e a d y ) . T h e n
-& (t) ® H(x,uH^U*,X+h,t) -  H (x ,u ,X +h,t)
^  H { x , u + d u * , X , t )  +  < h , f ( x , t t f f i u * / t ) >
-  H { x , u , X , t )  -  < h , £ ( x , u , t ) >
+ + o c ' )
- e h  V * , u ' t > H u i < K ' “ A . t ) [ H u S X x , t ) M ^ < ; , 5 , t ) M  + 0 ( e * )  
--ca-e/2)aHii(x,u,x,tn.^s,;,t)h]T^(I,5,x,tii:iyit,uA,ti-i§;,l,t)M
+  O ( e ’ )  ( 5 . 4 3 )
- X ( t ) - h ( t )  -  y S . S W A + h . t )  +  f  ( t ) ^ S , w « u ' A + h , t )
* P ( t ) i : f ( x , « - 6 u * , t )  -  f ( x , u , t ) 3  
=  H ^ ( x , u + 6 u * , X , t )  +  < h , f x ( x , u > 6 u * , t ) >
+ K T  ( t )  [ H u  ( x , u t - 5 u *  ,X  , t )  , t )  h ]
=  K x ( x , u , X , t )  +  H ^ l X f U r X r t )  6 u *  +  f ^ ( 5 , 5 r t ) h
+ K T ( t ) l r ^ ( X , U , X » t )  +  f  ( t ) i y ( X , u A , t ) 6 u *
+ K T ( t ) £ ^ ( x , u , t ) h  +  P { t ) £ u ( 5 , u , t ) 6 u *  H O ( c * )
= Hx (x ,u ,X ,t)+ fx ( x ,u , t ) h + f ( t ) r ^ ( x ,u , X , t ) + f ^ ( x , u , t ) h ]
- , : r f  ( t ) ^ x ( x ,u ,X ,k ) + P ( t ) f ^ ( x ,u , t ) ) W ^ ( x ^ ,X , t ) .1 l f
• W u ( x , u , X , t ) 3  4 0 k ' ]  ( 5 . 4 4 )
~ P ( t )  «  H ^ ( x , u , X , t ) + £ x ( x , u , t ) P ( t ) + P ( t ) £ x ( x , u , t )
+  KT ( t ) t H u x ( x , u , X  , t ) H - f y ( x , u , t ) P ( t )  !
4  KT ( f c ) i ^ ( x , u , X , t ) K ( t )  + 0 ( e : )  ( 5 . 4 5 )
. 8 7 .
I g n o r i n g  t h e  t e r m s  0 ( e )  ,  0 { e 2 ) ,  0 { e a ) i n  ( 5 . 4 5 ) ,  
( 5 , 4 4 )  ,  ( 5 . 4 3 )  i n t r o d u c e s  a n  e r r o r  o f  t h e  o r d e r  e  i n  P ( t ) ,  
e 2  i n  X ( t )  +  h ( t )  a n d  e 8 i n  a ( t ) .
W e  c h o o s e  K ( t )  t o  m i n i m i z e  # ( t )  ( i g n o r i n g  t h e  0 ( e )  
t e r m s ) .  W e  g e t
K ( t >  =  $ , t ) l : H u l l l x , u , X , t ) + £ y  P i t ) ]
N o w ,  i f  w e  s e t  - X  »  H x ,  w e  s o l v e  t h e  f o l l o w i n g  e q u s s  
- a ( t )  = - s ( l - t / 2 ) [ ^ ( x , u ^ , t ) + ^ ( x , u , t ) h f ^ ( x , u A , t ) r ^ ( x , u , L t )
+  £ ^ ( x , u , t ) h ]
- t ( t )  ■  H x < x , u , X , t )
- k m  =  f x ( S ,u , t ) + K ^ ( t )  IIiu ( x ,u ,L t ) ' l - £ ^ ( i c , u , t } h ]
- # ( t )  ■  H ^ t X / U / X r t )  + 4 ( x , u , t ) P  'h P ( t ) £ x { x , u , t . )
+ !Hr a ( i ( ,u ,L t)+ £ x ( x ,u , t ) P ( t ) '] ,i}K(t)
+ ^ ( t ) H ^ ( x , u A , t ) K ( t )
w i t h  b o u n d a r y  c o n d i t i o n s  
a ( t £ )  -  0
X ( t £ )  -  , t £ )
h i t ; )  =  0
P i t ; )  . P ^ | : l t ; ) . t ; )
T h e  c o m p u t a t i o n a l  p r o c e d u r e  w i l l  b e  t h e  s a m e  a s  
t h a t  f o r  t h e  p r e v i o u s  a l g o r i t h m  e x c e p t  t h a t  w e  n o w  h a v e  
a n  e x t r a  d i f f e r e n t i a l  e q u a t i o n  t o  s o l v e .  W e  h a v e  s e e n  
t h a t  i n  o r d e r  t o  d e r i v e  t h e  S e c o n d  V a r i a t i o n  e q u a t i o n s  
w e  h a d  t o  a s s u m e  h ( t )  s m a l l ,  t  <? T ,  a l o n g  n o n - o p t i m a l  
t r a j e c t o r i e s .  A s  t h i s  i s  o n l y  t r u e  I n  t h e  n e i g h b o u r h o o d  
o f  a n  o p t i m a l  t r a j e c t o r y  J a c o b s o n  [ 1 3 ] ,  [ 1 4 ] ,  p o i n t s  o u t  
t h a t  t h e  S e c o n d  V a r i a t i o n  m e t h o d  i a  n o t  s e c o n d  o r d e r  i n  
t h e  s e n s e  o f  D . D . P .
S U M M A R Y
T h e  t h r e e  s e c o n d - o r d e r  a l g o r i t h m s  p r e s e n t e d  t o  f a r  
h a v e  t h e  f o l l o w i n g  d r a w b a c k s .
( ! • )  H u u ( x , u , l , t )  m u s t  b e  p o s i t i v e  d e f i n i t e .  T h i s  r e ­
s t r i c t i o n  i s  s e v e r e  s i n c e  i t  i m p l i e s  t h a t  H  i s  
s t r i c t l y  c o n v e x  g l o b a l l y  w . r . t ,  u .  I n  m a n y  p r o b ­
l e m s  w e  f i n d  t h a t  H  i s  n o n - c o n v e x  g l o b a l l y  w . r . t .  
u  a l t h o u g h  i t  i s  s t r i c t l y  c o n v e x  i n  t h e  n e i g h b o u r ­
h o o d  o f  i t s  m i n i m u m  w . r . t .  u .
( 1 1 )  I n e q u a l i t y  c o n s t r a i n t s  o n  c o n t r o l  v a r i a b l e s  c a n ­
n o t  b e  h a n d l e d  d i r e c t l y .  T h e y  h a v e  t o  b e  a p p r o x i ­
m a t e d  b y  p e n a l t y  f u n c t i o n s .
( i i i )  R e q u i r e m e n t  ( i )  e x c l u d e s  t h e  b a n g - b a n g  t y p e  o f  c o n t r o l  
p r o b l e m  w h e r e  H u u  =  0 .
W e  n o w  d i c u s s  a n  a p p r o a c h  w h i c h  c a n  o v e r c o m e  d i f f i c u l ­
t i e s  ( i )  a n d  ( i i )  u s i n g  s t r o n g  v a r i a t i o n s  i n  i S x .
. 6 9 .
G L O B A L  V A R I A T I O N S  I N  C O N 'P f f n t .
4 ’ Z a , % b s o n ' s _ 8 a o o n d  O r d e r  A l g o r i f . h w  [ 1 3 ] ,  [ 1 5 ] ,  [ 1 8 ] .
VJ© u s e  e q u a t i o n s  ( 2 . 6 0 ) ,  ( 2 . 6 1 )  ,  ( 2 . 6 2 ) .
L e t  u * ( t )  «  k ( 5 ( f c ) , t )  w h e r e
u * ( t )  «  a r g  i t i i n  H ( x , u , X , t )  ( 5 . 4 6 )
K ( t )  i s  c h o s e n  t o  m i n i m i z e  £ { t )  f o r  a l l  t  c  T  w i t h  
Y i ( t )  s  0  1 = 1 , . . n .  S o
K ( t )  e  - H u u ( x , U * , X , t ) [ H u x ( ; , u * , X , t ) + £ y ( x , u * , t ) P ( t ) ]  ( 5 . 4 7 )
T h e  n e w  c o n t r o l  i s
u ( t )  =  u ( t )  t  f  T  \  E
= u * ( t ) + K ( t ) [ x ( t ) - x ( t ) ]  t  t. E (5 .48)
w h e r e  t i  f  T  \  E ,  t z ,  E i m p l i e s  t i  <  y ( E )  i s
c h o s e n  t o  e n s u r e  s a t i s f a c t o r y  c o s t  r e d u c t i o n .
S t e o - S i s a  A d j u s t m e n t  M e t h o d
T h i s  h a s  b e e n  d e s c r i b e d  i n  d e t a i l  i n  [ 1 3 ] ,  [ 1 5 ] ,  [ 1 8 ] .  
S u b s t i t u t i n g  ( 5 . 4 6 )  i n t o  t h e  s t a t e  e q u a t i o n  g i v e s
( x ( t ) + 6 x ( t ) ) *  -  f ( x + 5 x , u * + K 6 x , t )  t  c  E  ( 5 . 4 9 )
x ( t 0 ) + 6 x ( f c 0 ) *  x 0
t i y c - y u t i u  6 x ( t o )  -  0 ,  t h e  6 x  p r o d u c e d  b y  e q u a t i o n  i s  d u e  
to t .i io  d r i v i n g  n o t i o n  o f  6 u *  *  u *  -  u .  W e  s a w  i n  t h e  
o x i a l i s i s  o E  C h a p t e r  2 - 4 ,  t h a t  w e  n e e d  t o  r e s t r i c t  t h e  
nitiu  o f  i S x .
') S u p p o s e  w e  r u n  a l o n g  t h e  t r a j e c t o r y  x ( t )  f r o m  t Q  t o  
* <  t g .  A t  t i m e  t  «  f c 1 ,  6 % ( t ^ )  =  0 ,  I n t e -
u r . u  i n q  e q u  ( 5 . 4 9 )  o v e r  [ t ( , ,  t h e  5 x  p r o d u c e d  i n  t h i s  
• i n t - y r v H l  w i l l  b e  s m a l l  i f  [ ' t I , t £ 1  i s  g m a l l ,  e v e n  f o r  l a r g e  
i . e .  w e  u s e  c o n t r o l  u ( t )  d e f i n e d  b y  ( 5 . 4 8 ) ,  w i t h
N ' . X ' . i o e  t h a t  u ( t t > m a y  b e  d i f f e r e n t  f r o m  u *  ( t ) )  a n d  
■ h- itk-v t r a j e c t o r y  w i l l  s c m e t i m e s  h a v e  a  c o r n e r  a t  t ^ . 
v. t h u s  d e a l i n g  w i t h  t h e  n o t i o n  o f  s t r o n g  v a r i a t i o n s ,
i i ; , ■ ,  a l t h o u g h  | | 6 x | |  s e ,  i t  i s  n o t  n e c e s s a r i l y  t r u e
"I ■ - k | | ’■ i:-
' I ' l i c  I m p r o v e m e n t ,  i n  c o s t  o n  a p p l i c a t i o n  o f  a  n e w  c o n t r o l  
-  u A( t )  =  K ( t ) < x ( t )  i s  g i v e n  b y
A V " V * ( X g , t o ) - V * ( * g , t g )  C . W
v i , - .  p v v d i c t o d  . t m p r o v o m e n t  i n  c o s t ,  u s i n g  t h e  n e w  c o n -  
• f  i n t a i ' v a l  I f ^ t j s l  i s  g i v e n  b y
I .  (%,1 ;) I a  I | 'H  ( x , u *  # t )  -R ( x , u # X  , t )  3 d t  j ( 5 . 5 1 )
J t £
• V h o  n e w  t r a ^ o e t o r y  i s  c o n s i d e z e d  t o  b e  s a t i s f a c t o r y  
i i ; f o l l o w i n g  i n o q u a l i t y  i s  s a t i s f i e d
- AV  > | a ( x , t , ) 1 C C > Q < 5 . 5 2 )
I n  p r a c t i s e  c  i s  s e t ,  s a y  a s ,  0 . 5 .
C m u s t  b e  g r e a t e r  t h a n  o r  e q u a l  t o  z e r o  b e c a u s e  p o s i ­
t i v e  &V i s  i n a d m i s s i b l e ,  a n d  l e s s  t h a n  u n i t y  b e c a u s e  t h e  
i m p r o v e m e n t s  i n  c o s t  s h o u l d  n o t  b e  g r e a t e r  t h a n  t h e  p r e ­
d i c t e d  i m p r o v e m e n t .  M o r e o v e r  C s h o u l d  b e  s o m e w h a t  l e s s  
t h a n  u n i f y  s o  t h a t  d e c i s i o n s  b a s e d  o n  ( 5 . 5 2 )  a r e  n o t  i n ­
f l u e n c e d  b y  r o u n d  o f f  e r r o r s  i n  t h e  c o m p u t a t i o n .
W hen u s i n g  a  d i g i t a l  c o m p u t e r  w e  d i v i d e  t h e  I n t e r v a l  
i n t o  t l - 1  t i m e  s t e p s  ( i . e .  t  f r o m  1  t o  N ) . W hen i n t e g r a ­
t i n g  t h e  b a c k w a r d s  e q u a t i o n s  r e c o r d  t h e  t i m e  Ne f f  w h e n  
| a ( x , t ) |  b e c o m e s  d i f f e r e n t  f r o m  z e r o .  We n e e d  t o  f i n d  
t j  =  N , c ]. J f  ( 5 , 5 2 )  i s  s a t i s f i e d  w i t h  N, =  1 ,
t h e n  a  r e a s o n a b l e  r e d u c t i o n  i n  c o s t  h a s  b e e n  m a d e  a n d  
t h e  n e x t  i t e r a t i o n  o f  t h e  m a in  a l g o r i t h m  m a y  b e y i n .
I f  ( 5 . 5 2 )  i s  n o t  s a t i s f i e d ,  s e t
K  ‘ l W V / 2  +  N o  “  » o i ‘
R e p e a t  t h o  a b o v e  p r o c e d u r e . i f  ( 5 . 5 2 )  i a  s a t i s f i e d ,  
t h e  n e x t  i t e r a t i o n  i s  b e g u n .  O t h e r w i s e  s e t
» i  “  W o f f “No i ) / a  + No i  "  No ^
C o n t i n u i n g  t o  s u b d i v i d e  t l / N 0 £ f l  1 "  t h i s  w a y ,  w o h a v e
N, (Ns f f -No r ) / 2  + No r  -  Nor+1 r  -  0 , 1 ,  . . .
w h e r e  Ho o “ 2M\ "  Ke £ £  *  2  ~  Mo f f  *
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I f  Ne £ f  ~  1' t h e n  o n l y  r  =  0  i s  u s e d .
I f  r  i s  i n c r e a s e d  u n t i l  N l =  -  1  a n d  c o n d i t i o n  ( 5 . 5 2 )
i s  s t i l l  n o t  s a t i s f i e d ,  t h e n  o w in g  t o  r o u n d  o f f  e r r o r s ,  
o r  N b e i n g  t o o  s m a l l ,  c r i t e r i o n  ( 5 . 5 2 )  w i t h  C =  0 . 5  m a y  
t o o  s e v e r e .  T h e n  s e t  C =  0 . 0  a n d  r e p e a t  t h e <p r o c e d u r e  
f o r  d e t e r m i n i n g  N1. c = 0 . 0  o n l y  a s k s  t h a t .  AV < 0 .
S u m m a ry  o f  S . S . A . M .
S t e p  0 .  o b t a i n  f r o m  m a in  a l g o r i t h m  t h e  t i m e  Ne £ f  w h e n  
] a ( x , t ) |  b e c o m e s  g r e a t e r  t h a n  n , .  n »  a  s m a l l  
p o s i t i v e  q u a n t i t y  o b t a i n e d  f r o m  n u m e r i c a l  s t a b i l i t y  
c o n s i d e r a t i o n s .
S t e p  1 .  S e t  C =  0 , 5 .
S t e p  2 .  S e t  t -  0 .
S t e p  3 .  N , =  (Ne f f " N o r ) /2 + N o r  =  No r + 1 / Nq o  =  2 - N e f f  
D e f i n e  u  ® u  o n  [ l , N i ]
u  *= u * + K ( t )  S x  o n  C N i .N l
C a l c u l a t e  t h e  c o s t  v u ( x 0 , l )  a n d  h e n c e  t h e  
i m p r o v e m e n t  AV «= Vu ( x Q , l )  -  Vu ( x o , l )
S t e p  4 .  I f  C r i t e r i o n  -------— — - -  > C i s  s a t i s f i e d ,  N . i s
| a { x , N t )  |
s a t i s f a c t o r y .  R e t u r n  t h e  i m p r o v e d  c o n t r o l ,  
t r a j e c t o r y  a n d  c o s t  t o  t h e  m a in  a l g o r i t h m .
O t h e r w i s e  g o  t o  5 .
. 9 3 .
1 1  ® i  -  N e £ f  -  1  o r  He t f  .  1  g o  t o  6  
O t h e r w i s e  s e t  r  =  r  +  1  a n d  g o  t o  3 .
I f  C  =* 0 . 0 ,  s t o p .  N o  i m p r o v e m e n t  i n  T r a j e c ­
t o r y  a t t a i n a b l e .
O t h e r w i s e ,  s e t  C  =  o . O  a n d  g o  t o  2 .
T h e  C o m p u t a t i o n a l  P r o c e d u r e
S t e p  0 .  C h o o s e  a  n o m i n a l  c o n t r o l  u ( t ) ,  t  e  T .  S t o r e .  
S t e p  1 .  R u n  n o m i n a l  x ( t )  t r a j e c t o r y .  C a l c u l a t e  t h e  
c o s t  V u ( x 0 , t 0 ) .  S t o r e  x ,  V u .
S t e p  2 .  U s i n g  b o u n d a r y  c o n d i t i o n s  ( 2 . 6 3 )  ,  ( 2 . 6 4 ) ,  ( 2 . 6 5 )  
i n t e g r a t e  e q u s  ( 2 . 6 0 )  ,  ( 2 . 6 1 )  ,  ( 2 . 6 2 )  b a c k w a r d  
i n  t i m e  f r o m  t £  t o  t Q ,  a l l  t h e  w h i l e  m i n i m i z i n g  
H  w . r . t .  u  t o  o b t a i n  u * ( t )  a n d  K ( t ) .  S t o r e  
u * ( t )  ,  K ( t )  .
N o t e  t h e  t i m e  N e f f  w h e n  | a ( x , t ) |  b e c o m e s  g r e a t e r  
t h a n  n -
S t e p  3 .  I f  <  1 .  S t o p .  O p t i m a l  c o n t r o l  f o u n d
O t h e r w i s e  g o  t o  4 .
S t e p  4 .  A p p l y  t h e  S . S . A . M .
I f  a n  i m p r o v e d  c o n t r o l  c a n n o t  b e  f o u n d ,  t h e n  
S . S . A . M .  h a l t s  c o m p u t a t i o n .
O t h e r w i s e  S . S . A . M .  r e t u r n s  a n  i m p r o v e d  c o n t r o l  
u ( t ) ,  t r a j e c t o r y  a n d  c o s r .
. 9 4 .
S t o r e  t h e  n e w  x ,  u ,  V u ' ( x 0 , t  )  ;  1 '
G o  t o  2 .
I f  ( x , u )  o b t a i n e d  f r o m  t h e  a b o v e  a l g o r i t h m  s a t i s f i e s  ; |
t h e  c o n d i t i o n  o f  P r o p o s i t i o n  3 . 1 ,  t h e n  t h e  p o l i c y  k  p r o -  j ;
d u c e d  b y  t h e  a l g o r i t h m  i s  t h e  s a m e  a s  p o l i c y  k  o f  t h e  
p r o p o s i t i o n .  H e n c e ,  f r o m  C o r o l l a r y  ( 3 . 2 )  ,  t h e  p o l i c y  
k  i s  l o c a l l y  o p t i m a l .
f i  . C o m p u t a t i o n a l  t r i c k  t h a t  I m p r o v e s  t h e  C o n v e r g e n c e  R a t e  . |
I n  t h e  a l g o r i t h m  t h e  n e w  c o n t r o l  u s e d  i s  u ( t ) = u * + K 6 x .  I
I t  c a n  h a p p e n  t h a t  K  ( t )  <5x b e c o m e s  t o o  l a r g e  a n d  i n v a l i d a t e s  !
t h e  l o c a l  e x p a n s i o n  i n  S u .  H o w e v e r ,  6 x  m a y  s t i l l  b e  ] '
s m a l l  e n o u g h  f o r  . j
I n s t e a d  o f  s t o r i n g  u *  ( t )  a n d  K ( t )  a n d  c o m p u t i n g  u ( t ) ,  s t o r e  
V x  a n d  V  -  c a l c u l a t e d  f r o m  e q u a t i o n s  ( 2 . 6 1 ) ,  ( 2 . 6 2 ) .
C o m p u t e  u  ( t )  d i r e c t l y  b y  m i n i m i z i n g ,  w . r . t .  u  ^
H ( x + 6 x , u , v “ ( x , t !  +  V x x ( x , f c ) 5 x , t )  ( 5 . 5 3 )  "■
T h e  r a d i u s  o f  c o n v e r g e n c e  o f  t h e  a l g o r i t h m  m a y  b e  !■'
i n c r e a s e d .
T h e n  S t e p  3  o f  S . S . A . M .  m u s t  b e  m o d i f i e d  i n  p a r t  . - . j
D e f i n e  u ( t )  =  u ( t )  t  e [ 1 , N , ]  . !
»  t h e  u ( t )  w h i c h  m i n i m i z e s  ( 5 . 5 3 ) , t  e  , N ] .  • ;
■i
CHAPTER 6
T E R M I N A L  C O N S T P f t T W T C
I * T E R M I N A L  E Q U A L I T Y  C O N S T R A I N T S  W I T H  F R E E  T E R M I N A L  T I M E
I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h e  c l a s s  o f  p r o b l e m s  
w h e r e  t h e  e n d p o i n t  o f  t h e  t r a j e c t o r y  i s  r e q u i r e d  t o  o b e y  
t h e  f o l l o w i n g  i n e q u a l i t y
»(x(t£) ,t£) s o (6 .1 )
w h e r e  iji i s  a n  s  s  n  d i m e n s i o n a l  v e c t o r  f u n c t i o n  a n d  t £  
i s  a  f r e e  p a r a m e t e r  t h a t  w e  m a y  m a k e  u s e  o f  t o  m i n i m i z e  
t h e  c o s t .
T h e  c a s t  f u n c t i o n  b e c o m e s
V u ( x ( t 0 ) , t £ : t 0 ) =  j L { x ( t ) , u £ t )  , - r ) d - v 4 - P ( x ( t f ) , t f ) { 6 .2 }
w h e r e  & ( t )  =  £ ( x ( t ) , u ( t ) , t ) ;  x ( t Q ) =  x D  ( 6 . 3 )
a n d  # ( x ( t f ) , t f )  =  O .
L ,  F ,  f  a r e  d e f i n e d  a s  p r e v i o u s l y .
W e  t r e a t  t h e  t e r m i n a l  c o n s t r a i n t s  b y  a  f o r m a l  L a g r a n g e  
M u l t i p l i e r s  t e c h n i q u e  a s  f o l l o w s :  a d j o i n  t h e  c o n s t r a i n t s
( 6 . 1 )  t o  t h e  c o s t  f u n c t i o n  u s i n g  a  L a g r a n g e  m u l t i p l i e r  
b e  R s ,  s o
. 9 6 .
V  ( x ( t )  , b , t f  : t i  =  L ( x ( t ) , u ( t ) , T ) d T + F ( x { t f ) , t f )
+  < b , t / i ( x ( t f ) , t f ) >  ( 6 . 4 )
A s s u m e  w e  h a v e  s o m e  ( n o m i n a l )  c o n t r o l  u ( t ) , t  e T
w i t h  r e s u l t a n t  t r a j e c t o r y  x ( t ) , t e $ ;  ( n o m i n a l )  m u l t i p l i e r s
b  a n d  ( n o m i n a l )  f i n a l  t i m e  t f .  T  = C t 0 , t £ ]
N o w  s u p p o s e  k ( x , b , t £ ? t )  i s  a  p o l i c y  w h i c h  g e n e r a t e s
a  n e w  c o n t r o l  u ( t ) ,  t e T ,  w i t h  a s s o c i a t e d  t r a j e c t o r y
x ( t )  ,  t  c  T ,  n e w  m u l t i p l i e r s  b  a n d  n e w  f i n a l  t i m e  t .  .
A  £
T  -  C t 0 , t f ] .  L e t
k ( x , b , t f ; t )  *  k ( X + 5 x , b 4 - 6 b , t f + 6 t f ? t )
=  k ( x  , b  „ t f  ? t >  + < k x , 6 x > + < k b , 6 b > t k t ^ 6 f c £  
t < 6 x , k x b 6b>+<kx t ^ , 6 x > 6 t f +<kb t . ^ r 6 b > d tf  
+ % < 6 x , k x x 6 x > + % < d b , k b b a b > + & k b ^ b ^ a t ^  ( 6 . 5 )
t o  s e c o n d  o r d e r ,  a s s u m i n g  5 x ,  6 b ,  6 t f  a r e  s m a l l  e n o u g h .
A l l  t h e  a b o v e  q u a n t i t i e s  a r e  e v a l u a t e d  a t  x , b , t f ? t .
D e f i n e
a ( x , b , t f ? t )  »  V k ( x , b , t f ; t )  -  V u ( x , b , t f ? t )  ( 6 . 6 )
. 9 7 .
{ V  + . ) '  =  ^ ( v u + a )  +  < V ^ » f  ( x , u , t )
v ; - i z f  + t ) >
v £ - i t * b  + t ) >
%
u , t ) >
" i t 4 b  > U * t ) >
/ U , k ) >
, u , t ) ^
-  + , u , t ) >
"  + i , t ) >
( 6 . 7 )
(6 . 8)
( 6 . 9 )
(6.10)
( 6 . 1 3 )
( 6 . 1 4 )
( 6 . 1 5 )
T h e  V k  a r e  a l l  e v a l u a t e d  a t  x , b , t , ? t .
P R O P O S I T I O N  6 . 1  L e t  I I I  A ,  H 2 h ,  H 3  b e  s a t i s f i e d ,  8 = 3 .
I n  a d d i t i o n  l e t  F ,  *  a n d  t h e i r  d e r i v a t i v e s  u p  t o  o r d e r  3  
b e  c o n t i n u o u s  i n  ( x , t ) .  L e t  u , u  c  G .  T h e n  p r o v i d i n g  t h e .  
6 x ,  6 b  a n d  6 t f  a r e  s m a l l  e n o u g h  f o r  t h e  e x p a n s i o n s  i n  t h e
.98 .
p r o o f  t o  b e  v a l i d ,  we h a v e :
- & ( x , b f t f ; t )  = H ( x , u * f X ( t )  , t )  -  H ( x , U , X ( t )  ,t) ( 6 . 1 7 )
- M t )  -  H x ( i t , u * , X ( t ) , f c ) - ( -P ( b ) A f  ( t > + k ^ ( x , b , t f 71 ) H u ( x » u * , X ( t )  , t )  ( 6 . 1 8 )
( t ) 4 - ^ ( x , b , t f i t ) H u ( x , u * , X { t )  , t )  ( 6 . 1 9 )
= C V ^ f c f ( x , B ^ £ l t )  A £ ( t ) - ^ ^ , b , t f ; y K u ( X „ u * , X < t )  , t )  ( 6 . 2 0 )
- V x b ( x , b , t f ; t )  =  r f x ( x , u * , t ) + f u { x , u * , t ) k x ( x , b , t f ; t ) ] a V x b ( x , b , t £ , t )  
+ r H u x ( x , u * , X { t )  ( x , u * , X ( t )  , t } k ^ ( x , b , t g ; t )
+  £ ^ 6 , u « , t ) p ( t ) | , r Kj3 S , B , t £ , t )
+  H y ( x , u * , X ( t )  , t ) k j d : ) ( x , B r t f  , t )  ( 6 . 2 1 )
»  Cfx (x ,u * A )+£u < x ,u * ,t)k x (x ,B ,tf ; t ) 1 ,V ^ k^ ( x rb , t f ; t )  
+[ Hu x (x,u*,X(f;) ,t)+Hm (5,U *,X (t) , t ) k x ( x ,b , t £ , t )
+ £ ^ ( x , u *  , t ) P  ( t )  l ^ k ^ ( x , b , t ^ ; t )
+Hu ( x ,n * A ( t )  , t )  ^ ( X f B ^ z t )  (6 .2 2 )
+l;B),a(S,M*,l(t) ,t)lS>S,b,t1;t)
Biyix.U* (t) (X,b,hf ;t)
"Fit! - H^ dt.ai.Xlt) ,t)+f*S,u*,t)P(t)+F(t)£(S,u*,tl 
,1 (t) .tl+fjlx.u* ,t)P It! ]Tkx(x,E,t£it)
+lkx f i , b , t £,t)  ]'rttlull(x,u* ,X It) ,t)+£xS ,»*  , t)P lt)  3 
+i:kJtlx fb , t f ;t)3 lr)iuulx , t i' ,X(t) , t :)X ,;x ,5 rt f  ; t)  
+Hj {x.a+,) (t) .tik XKS , b , t f ,-t)
= tkbS,5,tt it)3T^ l5,u»,t)V^bS,b,t£tt) 
+CHm !5 ' u* ' !l l t !  ' t ) k y ( x , b , t £ , t )
+f^(x,u*t)V^)(xrE ,t£;t)'JT]cb (x ,b ,t£;t)  
« u (x,u* (t) ,1  It! , t ) k ^ ( x ,b , t £,t)
-l-Dlm ( x ,U * ,X ( t)  , t } k t ^ ( x , b , t £ ; t )
t% (5 ,u * ,X ( t)  ,fc)kt ^ ( ; , b , t £ ;fc) 
w i t h  b o u n d a r y  c o n d i t i o n s ;
a ( x , b , t f ; t f ) =  0
X (V  "  Px ^ (V  ^
^ { x , b , t f f fc f )  =  , t £ )
^ ( x , b , t f ; t f )  =  H ( x , U * , X < t f )  , t f ) + F t { x ( t £ ) , t f )+t(J£ ( x ( t f } , t £ ) b  
=  * x i x ( t f )  , t f )
V ^ t ^ ( x , b , t f ? t f )  «  , t f ) +  ^ t ( x ( f c f ) / t f ) b - i - H x ( x , u * t A ( t f ) , t j
+  P  ( t f ) £ ( x , u * , t f ) + k ^ ( x , b , t f ( t f ) , t i
4 l^ tx ,b , t £; t £)Hu (x,u* ,Xttf ) , t £)
( 6 . 2 6 )
( 6 . 2 7 )
( 6 . 2 8 )
( 6 . 2 9 )
( 6 . 3 0 )
( 6 . 3 1 )
:>
, )  ( 6 . 3 2 )
( 6 . 3 3 )
. 1 0 1 .
P l t f > ■  ' V  +  , t £ )  1 6 . :
'.r^ b ( x , b , t f ,-tf : = o  (6 .:
Vt£t£(x,B,tf itf) -Ht (x,u»,l(t£) -t£)+Ft t (5(tf ) ,t£)'»tt t (ii(t£) ,t£)
+<BnS.u*,l(t) ,t) ,u«(t)>+<fS,u*,tf) ,P(t£)£(x,a*,tf)>
+ 2<FxtS(t£)t£)+*Jt S(t£),tf)b,£S,u*,tf )> 
t2<let £l*'^'‘£iV  '1\iS,o*,X(E£) ,t£)>
+<Hx{x,u* ,x (t£) ,t£) ,£ S ,:,t£) ■' (6.;
P r o o f ;  W e  h a v e  f r o m  ( 2 . 1 2 )
-  =  H ( x , k ( x , b , t £ ? t )  , ^ ( x , b , t £ f t )  , t )
E x p a n d  V k ( x , b , t £ ; t )  a b o u t  x , B , t f  t o  s e c o n d  o r d e r  I n  
6 x ,  6 b  a n d  6 t £ ;
( 6 . 3 7 )
P ( t )  =  v £ x ( x , b , t f ; t )  ( 6 . 3 8 )
U * ( t )  “  k(x,b,tf?t) ( 6 . 3 9 )
( 6 . 4 0 )
( x + S x  ,b+6b, tf+6t£, t)
=  V*1  +  < V ^ , 6 x >  +  < v £ , f i b >  +  6 t £
+ <6x,V^6b> + <X^f ,6x>6tf  + <^^,5b>6tf  
+ %<6x ,vJ jc6x> +
+ V^Sx 1- V^fib + ^  5tf
A l l  t h e  a b o v e  q u a n t i t i e s  a r e  e v a l u a t e d  a t  x , b , t £ , t .  
W e  i g n o r e  t h e  t e r m s  V x x b 6 x 6 b ,  V ^ f i b f i b ,  v x x 5 x 6 t £ ,  
V x b t f 5 b 5 f c f '  V x x x f S x 6 x '  v x t £ t f 6 t £  t 0  a v o i d  c a r r y i n g  c u  
s o m e  t e r m s  t h r o u g h  t h e  a n a l y s i s  a n d  t h e n  n e g l e c t i n g  
f o r  t h e  s a m e  r e a s o n s  g i v e n  i n  C h a p t e r  2  S e c t i o n  V .
U s i n g  e x p a n s i o n s  ( 6 . 4 2 )  ( 6 . 4 3 ) j  a n d  p o l i c y  
k ( x , b , t f r t )  d e f i n e d  i n  e q u  ( 6 . 5 )  ,  i n  e q u a t i o n  ( 6 . 4 1 )  
g i v e s :
■% < 6 b , I A 5 b >  "  l|l t v t f t f f l t f  * M 9 h e r  o r d e r  
»  H  ( x + 6 x , k ( x + 6 x  , b + 6 b , ,  t )  ,V b , t )
+ < V ^ x 6 x K ^ 5 b ^ t  6 t f + H . 0 .  t e r a s ,  f  ( x ^ 6 x , k ( x + 6 x , ^ 6 b , t f + 6 t f  , t )  , t ) >
( 6 . 4 2 )
( 6 . 4 3 )
( 6 . 4 4 )
N o w  e x p a n d  t h e  R . H . S .  o f  e q u  ( 6 . 4 4 )  t o  s e c o n d  o r d e r  5 .n  
6 x ,  6 b ,  6 t f  ( u s i n g  t h e  e x p a n s i o n  f o r  k  g i v e n  i n  e q u  ( 6 . 5 ) )  
a n d  t h e n ,  a s  i n  P r o p o s i t i o n  2 . 5  e q u a t e  t h e  c o e f f i c i e n t s  
o f  f i x ,  6 b ,  S t f .  T h e n  u s i n g  e q u s  ( 6 . 7 )  -  ( 6 . 1 6 )  ( i g n o r i n g  
t h e  q u a n t i t i e s  m e n t i o n e d  e a r l i e r )  g i v e s  e q u a t i o n s  ( 6 . 1 7 )  -  
( 6 . 2 6 ) .
W e  n o w  d e t e r m i n e  t h e  b o u n d a r y  c o n d i t i o n s .  W e  h a v e :
V * ( x , b , f c £ , t )  -  | ^ ^ L ( x , k , T ) d T  +  F ( x ( t f l , t f l  *  < b , * ( x ( t t > r t £ ) >  
W r i t i n g  t h i s  i n  t e r m s  o f  t h e  n o m i n a l  v a l u e s  $
v k ( x < - 5 x , b  + 8 b , y 6 b f r t )
L ( x { - r )  ,u (t) ,T)dT+P(x(tf+6t£) +  i 5 x { t f + 6 t £ ) ; t £ + 6 t f )
+ < b * - 6 b , i j j  ( x ( t f + 6 t £ ) + 6 x ( t f + 6 t £ )  ; t f + 6 t f ) >
t f+ 6 t f
| l (x (t) ,uh) ,t)<1t + P(x(t)+ax(t)+6x(tg+6tg) ?tf+6tf) 
't
+ < b + 6 b  ,i |i  ( x  < t )  + S x ( t )  + A x ( t £ + 5 t f ) ? t f + f i t £ ) ( 6 . 4 5 )
£ U ( t )  + 6 x ( t )  , k ( t )  . -c ld t ( 6 . 4 6 )
C o n s i d e r  t h e  i n t e g r a l
J t  L ( x { t )  ,k (T )  ,T )dT
=  r , ( x ( t f )  +  6 x ( t f )  , k ( x i - 6 x , b K $ b , t f + 6 t f ? t f )  , t f ) 6 t f  
+  kfct*( x + 6 x , k ( x + 5 x » b + 6 b , t £ + S t £ ? t f )  , t £ )  6 t |
= CL+ <Lx ,6x> + <1^, (k)£6xt*b 8in:k t f 6 t£)>16tf  
+  ^ r L t  +  < L x , r ( x , u , t f ) >  +
C o n s i d e r  t h e  s e c o n d  t e r m  o n  t h e  R . H . s .  o f  ( 6 . 4 5 )  
F ( x ( t f )  +  6 x ( t f ) +  A x ( t £ + 5 t £ )  ; t £  +  d t f )
=  E  +  < F x , ( 6 x ( t f )  4 & x < t f + 5 t f ) ) > + 7 fc6 t £
*  <1?^ , +4x(tf+Stf)) >«t£ +
> H < 5 x ( t f )  + A x { t f + 6 t f ) / F ^ C S x C t ^ )  +  A x ( t f + 6 t f ) ) >
=  F +  < F x , 6 x  +  f 6 t f  +  f x 6 x 6 ^ +  f u 2cx ,S x 6 t f  +  £ u k b 5 b 5 t f
*
+  F t S t f -t- < F x t , 6 x +  £ 6 t £ > 6 t £  +
+
b e c a u s e ,  f r o m  ( 6 . 4 6 )  u s i n g  ( 6 . 4 7 )
( 6 . 4 7 )
( 6 . 4 8 )
. 1 0 5 .
A x ( t f + A t f )
"  C f + £ x 6 x + f u  ( k x ‘S x + k b 6 M k t f 5 t f )  3  6 t f
T h e n ,  s i m i l a r l y ,  w e  h a v e  f o r  t h e  t h i r d  t e r m  o n  t h e  R . H . S .  
o f  e q u a t i o n  ( 6 . 4 5 )
<  £  +  6 b , t l - { s t f t f )  t  S x £ t f > + d x ( f c f - M t f )  ;tf +  i t f ) >
-  < 5 , * + * ^  6 x  +  f 6 t f  +  f x 6 x 6 t f  +  f J t x 6 x 6 t f
+  f u k b < 5 b i5 tf +  f u k t E fit £  +  +  ^ f x f  t x , u , t f )  6 t |
+  t f u f l * d t | ]
+  * J0C f f i x 6 t f + ¥ f ' 3Dlf « 8 t |  +  Wtt«4 >
+  < 5 b , i j j - i - i | 'x C 6 x + £ 6 t £ ]  + i | j t 6 t f >  ; c . 4 9 )
t o  s e c o n d  o r d e r .
A l l  t h e  q u a n t i t i e s  a b o v e  a r e  e v a l u a t e d  a t  x , E , t f ? t f  a n d  
u *  ( d e f i n e d  i n  e q u  ( 6 . 3 9 ) )  ,  u n l e s s  s p e c i f i e d  o t h e r w i s e .
N o w  t h e  L . H . S .  o f  e q u  ( 6 . 4 6 )  a t  t  =  t g ,  e x p a n d e d  
t o  s e c o n d  o r d e r  i s  g i v e n  b y  e q u  ( 6 . 4 2 )  w i t h  t  =  t g .
E q u a t i n g  c o - e f f i c i e n t s  o f  l i k e  p o w e r s ,  g i v e s  a t  t  =  t f
-  f *  +  + I E  (« .s o |
. 1 0 6 .
^  - *  ( , . 5 1 ,
V t f  -  « < F x + ^ , f > + F t + < b , » t >  ( 6 . 5 2 )
4 b  , 6 . 5 3 ,
v i t £  "  F x t ' l' * m E + L x + £ x  + k x l : i u + f u  < rx + 4 E |  1
+  ^ x x ^ x x ^ '  ( 6  . 5 4 )
4 t f  ”  1, t + ' l ' x f + k b t V £ o < V 4 E > ]  1 6 . 5 5 }
4 x  " " F x x  +  ( 6 . 5 6 )
4 b  - 0  ( 6 . 5 7 )
+<£, (Fxx+Etx)()I> (6.58)
N o w  s i n c e
4  " %  +  * / s
V ^x = P x x  + b * xx
w e  h a v e
H ( x , u *  ,X  ( t f ) , t f )  =  L  +  < V (' x E ' f >  ( 6 . 5 9 )
. 1 0 7 .
A l l  t h e  a b o v e  q u a n t i t i e s  a r e  e v a l u a t e d  a t  x , b , t f ? t £  a n d  
u * ,  u n l e s s  o t h e r w i s e  s p e c i f i e d .
S u b s t i t u t i n g  e q u  < 6 . 5 9 }  i n t o  ( 6 . 5 0 )  -  1 6 . 5 8 )  g i v e s  
b o u n d a r y  c o n d i t i o n s  ( 6 . 2 7 )  -  ( 6 . 3 6 ) ,
I I  S E C O N D  O R D E R  A L G O R I T H M  F O R  T E R M I N A L  S O D A L I T Y  
C O N S T R A I N T S  W I T H  F R E E  T E R M I N A L  T I M E
T h e  p r o b l e m  s t u d i e d  b y  J a c o b s o n  i s  t o  f i n d  a
s T  =  C t Q / t f ]  t o  m i n i m i z e  ( 6 . 4 )  ( w e  i g n o r e  t h e  
p o s s i b i l i t y  t h a t  t h e  c o s t  f u n c t i o n  d e f i n e d  i n  ( 6 . 4 )  d o e s  
n o t  h a v e  a  m i n i m u m  b u t  o n l y  a  s t a t i o n a r y  p o i n t  w . r . t  u )  
a n d  t o  c h o o s e  b  s . t .  e q u  ( 6 . 1 )  i s  s a t i s f i e d .  I t  t u r n s  
o u t ,  s e e  [ 3 ] ,  t h a t  V  m u s t  b e  m a x i m i z e d  w . r . t .  b .
L e t  u *  ( t )  =  k ( x , b , t f ; t )  b e  t h e  a r g u m e n t  w h i c h  m i n i ­
m i z e s  H ( x , u , M t )  , t )  o v e r  u  e  G .  k x ,  k b ,  a r e  c h o s e n  
t o '  u l n i m i K e  P ( t )  ,  V ^ b ,  t  r e s p e c t i v e l y ,  . w i t h
k x b  E  k b t £  5  
T h i s  g i v e s  $
w h e r e  i t  i s  a s s u m e d  H u u ( x , u *  ,X  ( t )  , t )  > Q V t e L ' t o , t f 3 .  
T h u s  o u r  n e w  c o n t r o l  i s  g i v e n  b y
u ( t )  =  u *  ( t )  + k x S x  +  k b 5 b + k t f < S t£
A l l  t h e  above q u a n t i t i e s  a r e  e v a lu a te d  a t  x , b , t ^  and u * - 
I f  e q u s  (6 .6 0 ) -  (6 .6 3 ) a r e  s u b s t i t u t e d  i n t o  (6 .1 7 )
-  (6*36) we o b ta in  t h e  same d i f f e r e n t i a l  e q u a t io n s  a s  
J a c o b s o n , h o w e v er, th e  b oundary  c o n d i t io n s  d i f f e r .  Jacob-
x o n 's  b o u n d ary  c o n d i t io n s  a p p e a r  t o  b e  i n  e r r o r .
We now n ee d  t o  f in d  6b  and S t£ .
S e t  b  = E and t  = t £ and s o lv e  t h e  f r e e  e n d p o in t  p ro b lem  
u s in g  th e  s e c o n d -o rd e r  a lg o r i th m  o f  5 -1 1 -4 . T h is  c a u se s  
6 f  ( t )  t o  b e  z e r o ,  and b e c a u se  u * ( t )  i s  chosen  t o  m in im ize 
H ( x ,u ,X ( t )  , t )  w . r . t .  u ,  we hav e
Hu ( x ,u * ,X ( t ) , t )  = 0  (6
H e n ce, from  eq u s ( 6 .1 9 ) ,  (6 .20) and (6 .6 5 ) :
V ° ( x ,b , t £ ; t )  -  0  (6
V ° ( x ,b , t« ? t )  »  0  ( 6
' 1
From a b o v e , u s in g  e q u s  (6 .2 9 ) , (6 .3 0 ) and (6 . 6 6 ) ,  ( 6 .6 7 ) t 
v 2 ( X o , s , E , , t „ ) "
+<b,'Pt ( x ( t f ) f i f ) 1” <6
NOTE We a r e  now u s in g  th e  s u p e r s c r ip t  o to  d e n o te  t h a t  
V ° ( x , b , t £ ; t )  i s  t h e  o p tim a l c o s t  f o r ' t h e  s t a t e  x ,  w hich
.65)
. 6 6 )
.67)
1. 6 8 )
1.69)
. 1 1 0 .
t h e  o p t i m a l  t r a j e c t o r y  f o r  E a n d  t £ . T h i s  a r i s e s  b e c a u s e ,  
f o r  f i x e d  b  a n d  t f , t h e  s e c o n d  o r d e r  D .D .F  a l g o r i t h m  o f  
5 - H - 4  f i n d s  o p t i m a l  u ° ( t )  ,  x ° ( t )  , w h ic h  we now c a l l  o u r  
new u ( t )  , x ( t > .
When we r e in t r o d u c e  v a r i a t i o n s  6x ,  6b ,  6 t f , we r e q u ir e
!Mx(tf+Stf)+6x(t£+6tf) ,t£+6tf) = 0
and f o r  V° t o  b e  s t a t i o n a r y  w . r . t .  tg
V ° ( x o , b + 6 b , t f + 6 t f ? t 0 )
V °+<V °,6 b>+V° 6 t f +<v‘ 6 b>6t j
(6 .7 0 )
■ provided  6 b  and 6 t ^  a r e  sm a ll  enough.
V°(xo , M b , t ft5 t£ ? t0) = » (x (t£-hStf )+6 x ( tf+Stf ) ; t ft 6 t f ) = 0
■"i
^ ( X Q . b l d b f t ^ i d t ^ t o )  = 0
(6.71)
. 1 1 1 .
w here V ° , a r e  g iv e n  by  (6 . 6 8 ) ,  ( 6 .6 9 ) .
A l l  q u a n t i t i e s  above a r e  e v a lu a te d  a t  x ,  E , t f ; t Q. 
e s ( 0  s  e s  1 ) i s  p r e s e n t  t o  e n s u re  th e s e  ch an g es a r e  
n o t  to o  l a r g e .
Remark: The c a s e s
( i )  te r m in a l  e q u a l i t y  c o n s t r a i n t s  w i th  f ix e d  te r m in a l
( i i )  f r e e  t e r m in a l  t im e  ( i . e .  no te r m in a l  c o n s t r a in t s )  
a r e  j u s t  s p e c ia l  c a s e s  o f  th e  a n a ly s i s  o f  th e  l a s t  
tw o s e c t io n s  and th e  r e le v a n t  d i f f e r e n t i a l  e q u a t io n s  
and  b oundary  c o n d i t io n s  can  b e  g o t  q u i t e  e a s i l y  
from  th e  e q u a t io n s  o f  t h e  two s e c t io n s  g iv e n  ab o v e .
(PHE COMPUTATIONAL PROCEDURE
S te p  0 .  U sing  a  nom inal f i n a l  tim e  t ^  and n o m in al c o n t r o l  
u ( t ) , t  r C tp , tg ]  ru n  a  nom inal t r a j e c t o r y .
U sing  a  nom inal s e t  o f  m u l t i p l i e r s  b ,  c a l c u l a t e  
th e  nom inal c o s t  Vu (xo , b , t f j t Q) from  equ (6 .4 ) -  ' 
S te p  1 . U sing  boundary  c o n d i t io n s  (6 .2 7 ) » (6 .2 8 ) ,  (6 .3 4 ) 
i n t e g r a t e  &,  X, P backw ards in  tim e  from  t ^  to  
t Q a l l  th e  w h i le  s t o r i n g  u * ( t )  and kx  (g iv en  by 
equ ( 6 .6 1 ) ) .
I f  |a ( x Q, b , t £ ; t 0 ) j  < n go t o  2 .
O th e rw is e , u so  t h e  c o m p u ta tio n a l p ro c e d u re  o f  
5 -IX -4  t o  re d u c e  |a ( x 0 , b , t f ; t 0 ) | .
. 1 1 2 .
( i . e .  t r e a t  t h e  prob lem  a s  a  f r e e  e n d p o in t  p ro b ­
lem  by k e e p in g  b  = b , t f  = t £ ) .
When |a ( x 0 , b , t £ , t 0 ) |  < n r e p la c e  th e  o ld  nomi­
n a l  t r a j e c t o r y  by th e  new one and go  t o  s t e p  2 .
S te p  2 . U sing  b oundary  c o n d i t io n s  ( 6 .3 1 ) ,  ( 6 .3 2 ) ,  ( 6 .3 3 ) ,
( 6 .3 5 ) ,  (6 .3 6 ) i n t e g r a t e  eq u s ( 6 .2 1 ) ,  ( 6 .2 2 ) ,
( 6 .2 3 ) ,  ( 6 .2 5 ) ,  (6 .2 6 ) backw ards a lo n g  t h i s  t r a ­
j e c to r y  a l l  th e  w h i le  s to r i n g  k ^ , k . (g iv e n  in  
eq u s ( 6 .6 2 ) ,  (6 .6 3 ) )  in  th e  p r o c e s s .  Use eq u  ( 6 .6 0 ) .
S te p  3 . C a lc u l a t e  5b and $ t £ from  equ ( 6 .7 1 ) .
S te p  4 , Set. c = 1
S te p  5 . Apply th e  c o n t r o l  u ( t ) = k x ( t ) fix (t)+ k y fb + k £ 5 t f
and com pute a  new x ( t )  t r a j e c t o r y  and c o r re sp o n d in g  
U>(x(tf ) , t f ) t £ = t £ + i5tf
S te p  6 . I f  | ip ( x ( t£ ) , t f ) | < nz compute o p tim a l V. S to p .
O th e rw ise  go t o  7.
S te p  7 . I f  th e r e  h as  been  an im provem ent in  t h e  e n d p o in t
e r r o r  a s  m easu red  by l i | '( x ( t£) , t f ) i -  | * ( x ( t f > , t f > | 
th e n  s e t  x ( t )  = x ( t )
t f  ”  k -  + S t . .  Go t o  1 . 
new o ld  6 
O th e rw ise , s e t  e -  e /2  and go to  5 .
REFTNEMmrS TO STEP 7 FOR FIXED TERMINAL TIME. [ 9 ] .
TEST I
A lth o u g h  6 b  i s  chosen  a c c o rd in g  t o  ( 6 . 7 0 )  (w here e  
it .  s . t .  W (x(tf ) , t ^ )  i s  re d u ced ) i t  may l i e  o u t s id e  th e  
v a l i d i t y  o f  t h e  e x p a n s io n  ( 6 . 7 0 )  (w here <5tf  « 0 ) .
We hav e
V0 (*(),b + « b , t0 )
= a0 (xL , b : t 0 ) + v u (xo , b ! t 0 ) + [v “ (xo , b j t o ) J T«b
+ >|5b't V°]J{x0 , b , t 0 )Sb (6 .7 2 )
Equ (6 .7 0 ) and (6 .7 2 ) c o in c id e  a t  t  = t Q.
Choose fib and e v a lu a te  th e  R .H .S . o f  ( 6 .7 2 ) .  I n t e g r a t e
(6 .3 )  a s  d e s c r ib e d  p r e v io u s ly  and e v a lu a te  V{x0 ,b + 6b , t 0 ) .
I f  6 b i s  g iv e n  by :
= ■tCVbb:i"'|i,(5<tf1'tf1 
v°(x0 ,W Sb!t0) -  v"(x0 ,B lt0)
-  «0 (x0 ,b i t0)-(e- lsc, ) t * ( I ( t £) , t £) l Tr ^ , U 0 ,b , t clB "  i | i S ( t f ) , t £) ( 6 ,7 3 )
I f  e q u a t io n  (6 .7 3 ) d o e s  n o t  p r e d i c t  t h e  change in  V t o  
w i th in  a  g iv e n  to l e r a n c e ,  e sh o u ld  be re d u c e d  u n t i l  i t  d o e s .
. 1 1 4 .
TEST 2
T h is  i s  u s e f u l  i f  i t  i s  d e s i r a b l e  t o  keep  th e  new 
t r a j e c t o r y  in  th e  im m ediate neig h b o u rh o o d  o f  th e  nom inal 
t r a j e c t o r y  ( e .g .  we may w ish  t o  p re v e n t  th e  t r a j e c t o r y  
from jum ping  t o  a n o th e r  l o c a l  minim um ). We have
V°{x,bft) * J L(x0 ,uo ,t)clT«(xo ( tf ! , t £)+b0ifj(x°(tf ) , t f l
VUfx ,b ;t)  = L(ic,u,T)dT.F(x<t£) , t f )+b^(x{tf ) , t £)
IV(t) = V °(x ,b ,ti  - V u (x ,b ,t)
-  j  lltX C,U0,T)-L(X,»,T)]dTtMx0 ( t£) , t £)-F (x (t£) , t £)
+ b0( i ( x ° ( t t ) , t f ) - 5 t ( x c t £) , t f ) ( 6 . K )
From equs (6 , 6 ) and (6 .4 2 ) , w i th  Ct^ ■ Os 
AV(t) = a0 (x ,b ,t)+ \^(x ,b ,t)6* iV °(x ,b?t)5b+W ,1^ °  (x ,B ,t)6x 
+ S x '%  (x ,b ,t)  (x ,b , t ) 6b
E q u a tio n s  (6 .7 4 ) and (6 .75 ) a r e  t h e o r e t i c a l l y  e q u a l .
T h e i r  d i f f e r e n c e  i s  a  t e s t  o f th e  s i z e  o f  fix and fib.
From (6 .7 4 ) :
AV(f) -  AV(to) » |  (L(x0 ,u0 ,T )-L (x ,u ,ij)d t
(6 .7 5 )
(6 .7 6 )
. 1 1 5 .
and from  ( 6 .7 5 ) :
AV(t) -  AV(to) = a0 {x,b,t)+V®(x,5,fc)6xw” (x ,b ,t)5b  
+ ,tl 6b
+ (x ,b ,t)  6 b -C a °  (x^,b ,t-0)
T h is  can  be s i m p l i f i e d  u s in g  equ  (6 . 6 6 ) and (6 . 6 8 ) ,  l . e  
vJ(x0,E,t0) = vJ(x,E,t) f o r  a l l  t  e T . Thus
AV(t) -  AV(tQ) = a°(x ,E ,t) ~a0 (x0 ,E ,t0) f ^ ( x ,b , t )  fix 
+ liiS zt) SmHx’v ^ j  S ,E ,t)  6b
+ %«bt'^ >S,E,t)5b-(i«bI? )^S,b,i)5b.
T e s t  2 i s  p e rfo rm ed  by d e te rm in in g  w h e th e r equ (6 .7 6 ) 
•ag rees w ith  equ (6 .7 7 ) w i th in  a g iv e n  to l e r a n c e .  I f  
th e  t e s t  i s  f a i l e d  a t  t ^  th e n  th e  i n t e g r a t i o n  o f  t h i s  
' t r i a l  t r a j e c t o r y 1 can be d i s c o n t in u e d . 6b sh o u ld  be 
re d u c e d , o r ,  i f  6b  i s  z e r o ,  6x^ sh o u ld  be re d u ced  by 
t h e  s t e p  s i z e  a d ju s tm e n t m ethod. T h is  t e s t  i s  p a r t i ­
c u l a r l y  s im p le  t o  a p p ly  in  c a s e s  w here l . ( x ,u , t )  = 0 .
(6 .77 )
1X1 TERMINAL INEQUALITY CONSTRAINTS: M ayne [ 3 6 ] .
C o n s i d e r ,  f o r  s i m p l i c i t y ,  t h e  c o n t r o l  p ro b le m  w i t h  
i n e q u a l i t y  c o n s t r a i n t ;
a Tx ( t £ ) -  b  s  O
S u p p o s e  t h e  s e c o n d  o r d e r  D .D .P .  a l g o r i t h m  o f  5 - 1 1 - 4  
w i t h  t h e  t e r m i n a l  v a l u e  o f  \  m o d i f i e d  fro m  
Ex ( x ( t f ) , t f ) t o  Fx ( x ( t f ) , t f ) + c a  
f o r  som e c  > 0 ,  y i e l d s  ( x ,u )  s a t i s f y i n g  P r o p o s i t i o n  3 .1  
u  i s  t h e  l o c a l l y  o p t im a l ,  c o n t r o l  f o r  a  m o d i f i e d  
p r o b le m ,  w i t h o u t  t e r m i n a l  c o n s t r a i n t s , f o r  w h ic h  t h e  
t e r m i n a l  c o s t  i s  F ( x ( t g )  , t j : )  w h e r e ;
F ( x ( t )  , t )  = F ( x ( t ) , t ) + c ( a Tx - b i ) 
an d  b ,  i s  a r b i t r a r y .  L e t  b i  -  a ^ ( t £ ) . T hen
F ( x ( t )  , t )  = , t ) - c e T ( x - x ( t £ ) )
H e n c e ,
F a F f o r  a l l  x  a . t .  
c a T ( x - x ( t £ ) ) s  0
T h e r e f o r e ,  t h e r e  e x i s t s  a n  e > 0  s . t .  
f o r  a l l  v  c G , s . t .
( 6 .7 8 )
(6 .7 9 )
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( i )  d ( u , u )  s  s
( i i )  x ( t f ; x 0 , t 0 ,u )  s a t i s f i e s  (6 .7 9 )
I f  c  c a n  b e  c h a n g e d  t o  m ake
aTx  ( t j . )  = b
t h e n  a  l o c a l l y  o p t i m a l  s o l u t i o n  t o  t h e  o r i g i n a l  p ro b le m  
w i l l  h a v e  b e e n  o b t a i n e d .
C h a n g in g  c  t o  c  + 6 c ,  |6 c | s e, w i l l  c h a n g e  X ( t )  t o  
X ( t )  +  6 X ( t ) , c h a n g in g  u ( t )  t o  u ( t )  +  6 u ( t )  , x ( t )  t o  
x ( t )  + 5 x ( t )  e t c .
A p p r o x im a t io n s  SX, 6u , 5 x  t o  t h e s e  q u a n t i t i e s  c a n  
b e  o b t a i n e d  a s  f o l l o w s :  ( s e e  a l s o  C h a p te r  3 - 1 - 4 ) .
A t t h e  e n d  o f  t h e  s e c o n d  o r d e r  D .D .P .  a l g o r i t h m # 
w e h a v e  u*  =  u .  T h e r e f o r e  f r c m  e q u a t i o n  
-  X « Hx (x ,u ,X /t )  + K (t)H u (5 ,u ,X ,t )
w h e re
Hu  ( x , u , X , t )  == 0
and
X ( t f ) = F x ( x { t f ) , t j , )  + c a .
C h a n g in g  c  t o  c  + 5c i n t r o d u c e s  v a r i a t i o n s , g i v i n g  
-X-6X = H3£(x+6x,uf6urX+6X,t)+KT (t>Hu (x+5x/u+(5u,I+'5X,t)
= Hx  (* H x ,u H u  ,X ,t )+ [ fx (x+6x ,u+5u,t)
( t)  (H (x+6x,W-6u,X,t)+Cfu ( x + 6 x , t )  ]T5X)
6X(tf ) = 6ca
E x p a n d in g  t h e  R .H .S .  o f  t h e  a b o v e  e x p r e s s i o n  a n d  
I g n o r i n g  a l l  t e r m s  i n  f ix , fin a n d  h i g h e r  o r d e r , we h a v e ,  
a s  a n  a p p r o x im a t io n  t o  6X
6X -  A ? { t ) s £  
w i t h  b o u n d a r y  c o n d i t i o n
6 X ( t^ )  =  5 c  a .
Ai (O  »  f x (x ( t)  ,u ( t )  , t )  t  ^ , 6 ( 0  ,u ( t )  , t)K ( t)
L e ti fin = a r g  m in  H (x + 5 x ,u + fiu ,X + S X ,t)
T h e n ,  e x p a n d in g  t h e  R .H .S .  o f  t h e  a b o v e  e x p r e s s i o n  and  
( r e m e m b e r in g  t h a t  Hu ( x , u , x , t )  =  0 ) i g n o r i n g  a n y  te r m s  
i n v o l v i n g  fix , ( 6 u ) 3 , d i f f e r e n t i a t i n g  w . r . t .  fiu a n d  
s e t t i n g  e q u a l  t o  z e r o  g i v e s
fiu = -  R™1 ( t ) B T ( t> 6 X ( t )
R(t) = % u tx(fc) ,u ( t i  ,X (t) , t)
B (t )  = f u ( x ( t j  , u ( t )  , t ) .
S o ,  a p p r o x im a t io n  fix t o  fix i s  g i v e n  b y  
fix(fc) »  Ai ( t ) 6 x ( t ) 4 - B T ( t ) 6 u ( t )
' fix ( t Q) = 0 .
T h e n ,  ( c . f .  C h a p te r  3 - 1 - 4 )  we h a v e
a T S x ( t f ) = - a TW (tf , t 0 ) a  5c
( 6 . 8 0 )
( 6 . 8 1 )
.1 1 9 .
w h e r e
W< W  = jt tt)B(t)$T(t£,t)dt
a n d  $ ( t ^ , t )  i s  t h e  t r a n s i t i o n  m a t r j jc  c o r r e s p o n d in g  t o  
A, ( t ) . l
N o t in g  t h a t  i f  1 6 c | s  e ,  t h e n  | |6 u ( t ) | |  s c $ e  f o r  
a l l  t  e T ,  i t  c a n  b e  show n t h a t  | | 5 x ( t f ) - 6 x ( t ^ ) | |  s  c z e 2 ,
Ci < H en ce  e q u  (6 ,6 0 )  c a n  b e  u s e d ,  i f  aTwa ^  0 ,  t o
c h o o s e  a  6 c  t o  r e d u c e  a Tx ( t ^ )  -  b .
F o r  e a c h  c h o i c e  o f  c  we o b t a i n  a  l o c a l l y  o p t i m a l  
s o l u t i o n  s a t i s f y i n g  t h e  c o n s t r a i n t  e q u a t i o n  w i t h  b  r e ­
p l a c e d  b y  a Tx ( t f ) . c  i s  c h a n g e d ,  u s i n g  e q u a t i o n  ( 6 . 8 0 ) , 
t o  m ake aTx ( t f ) = b .
I n  p r a c t i c e  o n e  w o u ld  c o m p u te :
aTW(t£,t0}a = | f6X-(t)B(t)R“l (t)B(t)«(t)dt
5 M t )  = 6 X ( t ) / 6 c  
= ( t f , t ) a
i s  t h e  s o l u t i o n  o f  E qu ( 6 .8 0 )  w i t h  t e r m i n a l  c o n d i t i o n  
(E qu  G-.8 1 ) )  r e p l a c e d  b y ;
6 X { tf ) = a .
IV  F IR S T  ORDER ALGORITHMS FOR TERMINAL INEQ U A LITY
CO N ST R A IN T S; P o l a k  a n d  M a y n e  [ 4 6 ] .
I t  i s  fo u n d  t h a t  i f  t h e  t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s  
a r e  h a n d l e d  i n  a  m a n n e r  v e r y , s i m i l a r  t o  t h e  way{ t h e  M e th o d  
o f  F e a s i b l e  D i r e c t i o n s  h a n d l e s  c o n t r o l  c o n s t r a i n t s , t h e n  
t h e  A lg o r i t h m  d e s c r i b e d  i n  C h a p te r  5 - 1 - 3  c a n  b e  e x te n d e d  
t o  h a n d l e  t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s  w i t h o u t  m uch 
d i f f i c u l t y .
L e t  0  c  {u |H ull s  r )  c Rm b e  c o m p a c t ,  a n d  l e t  G b e  t h e  
s p a c e  o f  e q u i v a l e n c e  c l a s s e s  o f  f u n c t i o n s  i n  G w h ic h  a r e  
e q u a l  a . e .
L e t  T = [ 0 , 1 ]  f o r  s i m p l i c i t y .
T h e  c o s t  f u n c t i o n a l  i s  
g 0( u )  =  h 0( x u ( U )
T h e  t e r m i n a l  c o n s t r a i n t s  a r e
g 1 (u )  = h i (x u ( D )  s  0  i = l ,  . .  p 
A t e a c h  i t e r a t i o n  we w i l l  o n ly  b e  c o n c e r n e d  w i t h  t h e  a c t i v e  
t e r m i n a l  c o n s t r a i n t s  i . e .  t h o s e  w h ic h  a r e  som e e aw ay  fro m  
t h e  b o u n d a r y .  We d e f i n e  t h e  s e t  o f  a c t i v e  c o n s t r a i n t s  a s  
f o l l o w s : L e t  P ® { 1 ,  . .  p } .
F o r  a n y  e ? 0 ,  l e t
J c ( g )  = t j  .  r k j  » - e )
T o  p r o c e e d  f u r t h e r  we m ake t h e  f o l l o w i n g  a s s u m p t io n s :
L e t  H I ,  H2 b e  s a t i s f i e d ,  s  = 2 .  I n  a d d i t i o n
. 1 2 1 .
( i )  £u , £ u x , Lu , e x i s t  a n d  a r e  c o n t i n u o u s  V ( x , u , t )  e S. 
T h e  f u n c t i o n a l s  h ^ :R n+ R , i = l , . . p  a n d  t h e i r  d e r i v a t i v e s  
u p  t o  s e c o n d  o r d e r  a r e  c o n t in u o u s  i n  Rn .
( i i )  f o r  a l l  e a  0 ,
UG <u) =  Us ( u , . ) n G  ft if) ( 6 .8 2 )
w h e r e  w e d e f i n e  
5 e (u ,t )  =  a rg  min max(H(xrw ,lo (t) rt)-H (x ,u ,X 0 (t)  , t ) ;
9j(u)-m(x,w,Xj(t) ,t ) -H (x ,u ,L  (t) ,t)  ,jePe (g)>
X j ,  j = 0 , . . p  a x e  t h e  s o l u t i o n s  t o :
i j { t )  = Hx ( x , u , X j ( t ) , t )  ( 6 .8 3 )
X j ( l )  -  h . x { x ( l ) )
We h a v e  f ro m  P r o p o s i t i o n  4 . 1  t h a t  f o r  u , u  e G 
(u ,u) = j  i:H (x,u,X ^(t) , t ) -H (x ,u ,X j( t )  , t )  ] d t  
i s  a n  e s t i m a t e  f o r
Agj (U,u) = ( u ) - g j  (u) 
s u c h  t h a t
! Agj (u ,u) -Ag ^  (u ,u) | soCd (u ,u )  1z c  < «
F o r  u  e 6 ,  d e f i n e
( 6 . 8 4 )
T i(z,u ,g,t,e) = min max{li(it,w,Xo ,t>~H(x,u,Xo ,t) ?
,  j e J e (g )>
w here z c Rn  12-i-p) l s  a  s e c to r  p a r t i t i o n e d  as  fo llo w s  
z  = (x A q A , , . .  Xp )
Now, d e f in in g
o,E iu) » |  n ( z ,5 ,g ( u )  ft , e ) d t  (6 .85}
w here  2 ( t )  = , . .  Xp ) ,  o u r  aim  w i l l  be to  d e t e r ­
m ine an  u  e G s . t .  oe (u) = o .
S te p  S iz e  R ule
T h is  i s  v e ry  s i m i l a r  to  t h a t  g iv e n  in  C h a p te r  5 -1 -3 .
F or u (. G , t  > 0 ,  d e f in e  * T by
= { t( .T |n ( 2 ,u ,g (u )  , t , s ) s  cre (u) }
L e t mR(u) « u (1^)
New f o r  u e G, c > 0,a< r [ 0 , 1 ] , l e t  l “ u be th e  s u b s e t  o f  T 
h a v in g  th e  same p r o p e r t i e s  a s  ( i )  -  (v) o f  C h a p te r  5 -1 -3  
(w ith  t h e  n e c e s s a r y  n o ta t i o n a l  a d ju s tm e n ts ) .
F o r u c G, a  c: [ 0 , 1 ] ,  we d e f in e  t h e  new c o n t r o l  by
a “ ( t )  E ( u , t )  V t 6 x“ “  (6 .8 6 )
u“ ( t )  -  u ( t )  V t 6 T \ l ”
We c a l c u l a t e  t h e  a  w hich  g iv e s  t h e  new s t e p  le n g th  from  
a e (u) = |o=max{aeT|&go (u " 1 ,u ) s a 1a e ( u ) /2 ,
g tu l+ A g tu ” 1 ,5 ) s 0 } , V a 1 e E 0 ,5 ])  (6
We d e s c r ib e  4 d i f f e r e n t  a lg o r i th m s . I n  t h e  a lg o ­
r i th m  d e s c r i p t io n  th e  p a ra m e te r  s  i s  s e t  e q u a l t o  1 , 2 ,
3 o r  4 a c c o rd in g  t o  w h e th e r a lg o r ith m  1 , 2 ,  3 ,  4 i s  b e in g  
d e s c r ib e d .
S te p  0 .  S e l e c t  an a lg o r ith m  i d e n t i f i c a t i o n  p a ra m e te r  
s  e { 1 ,2 ,3 ,4 . ) .
C hoose (o r  com pute) a  n o m in al c o n t r o l  s a t i s f y i n g  
g (u ) s  0 .
S te p  1 . I f  s 6 ( 2 , 3 , 4 ) ,  s e t  e == e . I f  s = l ,  s e t  e= “
( i . e .  we c o n s id e r  a l l  t h e  c o n s t r a i n t s  f o r  s = l ) . 
S te p  2 .  Compute th e  s t a t e  e q u a t io n  x ( t ) .
S te p  3 . S e t  = t j  f P |9 j ( u )  a ~ e)
S te p  4 . F o r a l l  j  e compute I . by s o lv in g  e q u a t io n s  
( 6 .8 3 ) ,  ( 6 .8 4 ) .
S te p  5 . Compute a  u ( (u) a c c o rd in g  t o  (6 .82 )
S te p  6 . Compute o_(u) a c c o rd in g  t o  (6 .85 )
I f  o . ( u )  »  0 ,  s to p
.87 )
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S te p  7 . I f  s —1 o r  2 go t o  9 
E ls e  go t o  8 
S te p  8 . I f  o s (u) s  - e  go t o  S te p  9
E l s e ,  s e t  e = e /2  and go  t o  3 
S te p  9 . Compute an  a c a E(u) a c c o rd in g  t o  (6 .87 )
S e t  u ( t )  » u“
S te p  10 . i f  a ( 2 ,3 } ,  s e t  e = e0 and go 2 .
E ls e  go  t o  2 .
Remarks
A t e a c h  i t e r a t i o n ,  a lg o r ith m  1 s o lv e s  (6 .8 3 ) and 
(6 .84}  on ce  f o r  t h e  c o s t  and once f o r  e a c h  c o n s t r a i n t .
I  Ig o r ith m  2 so v es  (6 .8 3 ) and (6 .8 4 ) once f o r  t h e  c o s t  
and  on ce  f o r  ea ch  c o n s t r a in t  w i th in  e o f  b e in g  v i o l a t e d ,  
e f i x e d .  A lg o rith m s 3 and 4 do th e  same a s  2 f o r  s e v e r a l  
re d u c in g  v a lu e s  o f  c u n t i l  a t e s t  (S tep  8) i s  s a t i s f i e d .  
A lg o rith m  3 r e s e t s  t: to  i t s  i n i t i a l  v a lu e  eQ a t  each  
i t e r a t i o n ,  w h ile  4 does n o t .
I n  £.46 3, co n v e rg en c e  h a s  b ee n  p ro v e d  f o r  t h e  above 
a lg o r i th m s .  To im plem ent t h e  a lg o r ith m s  th e  r e a d e r  
sh o u ld  c o n s u l t  [ 4 6 ] ,  w hich  ta k e s  i n to  ac co u n t 611 th e  
a p p ro x im a tio n s  n ee d ed  t o  make th e  f e a s i b l e  c u rv e  f in d in g  
sub  p ro b lem  f i n i t e l y  s o lv a b le .
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CHAPTER 7
CONTROL CONSTRATWTS
Wa c o n s id e r  t h e  c l a s s  o f c o n t r o l  prob lem s w ith  
c o n t r o l  c o n s t r a i n t s  o f  th e  form
f t n ( t ) , t )  s  o  | 7 . d
w here g  i s  a  p - v e c to r  f u n c tio n .
The p ro b lem  i s  t o  f in d  u ( t )  , t  t  T , s a t i s f y i n g  
(7 .1 )  w h ich  m in im ize s
n  f t£
V <’!c ' V  ° J h l n t t )  , u ( t )  , t ) d t  + P ( x ( t f ) , t £ ) (7 .2 )
w here
x ( t )  * f  ( x ( t )  ,u{fc) , t )  x ( t 0 ) = xQ (7 .3 )
L o t
il ^  l u ( t )  s g ( u ( t )  , t )  •: 0 ,  f o r  a l l  t  e Tl (7 .4 )
We hav e shown in  C h ap te r 5 how th e  f i r s t  o rd e r
a lg o r i th m s  can  be m o d if ie d  t o  h an d le  c o n t r o l  c o n s t r a i n t s  
o f  t h e  fo rm  (7 .1 )
We now show how th e  second o rd e r  a lg o r ith m  o f  C h ap te r 
5 -1 1 -4  i s  m o d if ie d  by u s in g  a q u a d r a t ic  a p p ro x im a tio n  to  
t h e  bo u n d ary  o f  Q.
. 1 2 6 .
jaggBSQBg SECQMO ORDER RLCOHTTHM [ 1 3 ] ,  [ ig ] .
We make th e  fo llo w in g  a s su m p tio n ; th e  o p tim a l con­
t r o l  u ° ( t )  i s  c o n tin u o u s  on th e  w hole i n t e r v a l  T , i . e .  
i f  and when a  c o n t r o l  h i t s  o r  l e a v e s  a c o n s t r a i n t  i t  
d o e s  s o  w ith o u t  a jo -sp , a s  i n  F ig  7 . 1  (S h is  c l e a r l y  ex­
c lu d e s  t h e  bang- bang p ro b lem s w hich  a r e  t r e a t e d  in  
C h a p te r  8 ) .
F ig .  7 .1
t .  a ro  t i n e s  a t  which th e  c o n s t r a in t  becomes ac t:
o r i n a c t i  v c . r e s p e c t iv e ly .
Assume t h a t  th e  o p tim a l c o s t  V ° ( x ( t ) , t )  i s  1 smooth 
en o u g h ' t o  a llo w  a  power s e r i e s  ex p a n s io n  ab o u t x ( t ) .
V0 S r t x , l ) " V ° < I . t )  +  v J ( 5 , t ) S n  +  +  h . o . t .  ( 7 . 5 )
Wa may t r u n c a t e  th e  power s e r i e s  p ro v id e d  th e  t r u n ­
c a te d  te rm s  a r e  negl i u i b l e ,  i . e .  we m ust . l im it  th e  s i z e
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o f  t h e  6 x 's .  The B ellm an e q u a t io n  i n  t h e  n e ig h b o u r­
hood o f  t h e  nom inal t r a j e c t o r y :
“ -  < |^ x {x,t) ,6x> -
= min[L(xt6x,m.6u,t) + <V (x,t)-HVvv(x ,t)6 x ,fW x ,u t6 u ,t)> ]
(7 .6 )
w h e re  t h e  v xxx6x6x te rras  a r e  n e g le c te d  f o r  th e  same 
re a s o n s  a s  g iv e n  i n  2-IV  and:
V(i«-5x,t) =X7u (5 ,t)+ a(t) +VX (x ,t)  6x+V 6 (,V ^(x  ,t)  6x> (7 .7 )
The s u p e r s c r i p t  o h a s  been  d ropped  f o r  t h e  fo llo w in g  
re a s o n s ;
The c o s t  d e s c r ib e d  by th e  t r u n c a te d  power s e r i e s  
i s  o p tim a l s u b je c t  t o  th e  c o n s t r a i n t  t h a t  dx rem ain  s m a l l .
I t . i s  t h e r e f o r e  n o t  th e  t r u l y  o p tim a l c o a t  g iv e n  t h a t  
any s i z e  o f  dx i s  a llo w e d . i f  th e  nom inal t r a j e c t o r y  
i s  n o t  s u f f i c i e n t l y  c lo s e  to  t h e  o p tim a l one (a..d we need  
t o  r e s t r i c t  t h e  s i z e  o f  dx u s in g  th e  S.S.A .M . o f  C h a p te r  
5-X I) ,  th e n  i t  i s  n o t  t h e  o p tim a l c o s t .
L e t g ( u , t )  d e n o te  th e  s e t  o f  p ( t )  a c t iv e  c o n s t r a i n t s  
a t  tim e  t ,  f o r  u <•. Q.
PROPOSITION 7 . 1  L e t  u e ft. Assume t h a t :
U ) §u ( u ( t )  , t )  h a s  f u l l  ra n k  p  and [g ^ u / t )  :Hu (x,u,Vx (x ,t) t)  ]
h a s  ra n k  p  (7 .8 )  />
( l i )  + b < t)g a u < u , t ) : f '  > 0  (7 .9 )  ;J
w here ' j
u ( t )  = a rg  min H ( x ,u ,v v ( x , t )  , t )  (7 .1 0 )
uef t x  !
and b  i s  c a l c u l a t e d  u s in g  e q u a t io n s  (7 .2 4 ) , (7 .2 5 ) .
Then a(fc),V  ( x , t ) , V ( x , t )  s a t i s f y :
- a ( t )  = H (x ,u ,V x ( x , t )  , t  -  H (x ,u ,V x ( x , t )  , t )  (7 .1 1 )
-Vx ( x , t )  « Hx (x ,u ,V x U , t )  ,t)+ V x x ( x ,t )A f  ( t )  (7 .1 2 )
■ "‘ 'x xS -O  * t y i w y i . t )  ,t i« ^ S ,u ,t iP (t )+ P ( t)£ x S , l , t )  i
-Kr (t)tHuu(K,u,vx S ,t),tH -b g llll(u ,t)]K (0 (7 .1 3 )  ■.
w ith  b oundary  c o n d i t io n s :
a  ( t f ) » 0 (7.14)
Vjt ( j t ( t £) , t f ) « r x ( I ( t f ) , t f ) (7-15) |
V ^ l K t ; ) , ! , )  (7 .1«) !
w here
A f ( t )  = f  ( x ,u , t )  -  f  ( x ,u , t )  ( 7 . 1 7 )
£<« --c^us,aIvxs,t),t)4igmej,t)r’I(t)D^x(i,aIv]ts.t),t
«®S,u,t)P(t» (7.18)
z(°  - I»-^®.t)C90(u,t)[nuus,G,vxfi,t),t)+bguii(S ,af‘g^(a,tn“‘x ;
811«i,tlCHttl(5;,u,vJ!g,t),t)1i5lnfi!,t)f1 (7.19) |
f
P ro o f  From ( 7 .6 ) :  i
"  | |  “  |^V x (Xft)6Ji -  % < 6s |^’ja((x ,t )  Sx> \
= ndn CH(xi-6x»iti-6u,Vv(x,-ti ,t)-KVW (£,t) 6 x ,f (i«-6x,uf6u,t)>] (7.20) (
SusGffiucR x  504 :
F o r 6x = 0 th e  R .H .S . o f  egu (7 .2 0 ) becom es 1
i
min_ H (x,u+6u,V  (ic .t)  , t )  (7 .2 1 ) 1
5u:u+6ueR -.j
T h is  i s  in  g e n e ra l  a d i f f i c u l t  n o n - l in e a r  program m ing j
p ro b le m , w hich we s h a l l  assum e ca n  be s o lv e d . L e t 6u j
m in im ize  t h e  above e x p r e s s io n , and u = u  + 6u . I f  !
g ( u , t )  < 0 ,  s o  a  = u * z th e n  th e  a lg o r i th m  i s  th e  same , ^
a s  t h a t  o f  C h a p te r  5 -1 1 -4 . , !
Assume t h a t  p ( t )  o f  t h e  c o n s t r a i n t s  a r e  a c t iv e  a t  . j
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t i m e  t ,  0 < p ( t )  5 p .
S o  § ( u , t )  =  o  ( 7 . 2 2 )
A d jo in t  (7 ,2 2 ) t o  (7 .2 1 ) u s in g  a  L agrange m u l t i p l i e r  b ( t )  
o f  d im e n s ic n  p ( t )  t o  g iv e :
J(x ,u ,b ,V ^x,t) ,t)  = H(5,fir7x (x ,t) , t )  + < b (t),g (ti,t)>  (7-23)
U sing  ( i ) , ( i i )  we h a v e , from  McCormick [2 8 ] ,
t h e  f c 1low ing  e q u a t io n s  w hich  e n a b le  u s  to  d e te rm in e
™  = Hu (£ ,fi,V x ( 5 , t )  rt )  + -  0  (7 .2 4 )
| |  = g ( u , t )  -  0 (7 ,2 5 )
Now, r e in t r o d u c in g  dx i n t o  (7 .2 1 ) and 6u to  r e t a i n  
o p t im a l i t y  g iv e s
znin fjl(x4-6x,Ci+6u,V (x ,t) ,t)-KV (x ,t)6 x ,f (x+6x,Q+6u,t);.] (7 .2 6 )
6u:u+6ue£l x  **
w here bhe m in im iz in g  6u s t i l l  h a s  t o  be d e te rm in e d .
Assume t h a t  a t  tim e  t  a l l  th e  c o n s t r a i n t s  § (ti+ 6 u ,t)  r e ­
m ain a c t iv e .  To e n su re  t h i s  b m ust change from b  to
. 1 3 1 .
A nalogous c o n d i t io n s  t o  ( 7 .2 4 ) ,  (7 .2 5 ) a re s
Hu (xf6x,&-6u,Vx {x,t) ,K )+ f^ (^ 6 x ,W u ,t)V ^ (x ,t)g x
, ^ (g -M u ,t)  (M6b) = 0  (7 .2 7 )
g(ti + Su,t) ■» 0  (7 .2 8 )
E xpand ing  t o  f i r s t  o rd e r  ab o u t x ,  0 ( to  o b ta in  a  l i n e a r  
r e l a t i o n s h i p  betw een  fix and fiu) g i v e s , u s in g  e q u a t io n s
(7 .2 4 ) , (7 .2 5 ) ,
CHm (x,a,Vx (x,t} , t)  + bguu(fi,t)]6u + 9y5b
+ CHuxtx-Q/Vxtx.t) ,t)+ ^ (x ,Q ,t)P (t)  ]fix = 0 (7 .2 9 )
gy(a,t)fiu = o (7.30)
T hus
6u(t) »  -[H ^(x ,6 ,V x (x ,t) ,t)+kguu( u , t ) f  l [9u (u,t)5b
-t-(HuX(x,u,Vx (x ,t) ,t)+ fy(x ,U ,t)P (t))5x] (7 .3 1 )
w liere assu m p tio n  ( i i )  g a u r a n te e s  th e  m in im iz a tio n  o f  
( 7 .2 6 ) .  U sing  (7 .3 1 ) in  (7 .3 0 ) g iv e s :
6b(t) -  - r 9^ (u ,t)  . t i M m ( S , t ) ) '‘g11(a , t ) ] " lx
5u (e ,t)tH uuS ,4 ,v x ( ; , t )  a , , o
+ ^(S ,a ,t)P (t)M x (7 . 3 2 )
an d  s u b s t i t u t i n g  t h i s  i n t o  (7 . 3 1 ) le a d s  t o :
Su “  * ( t )  d e f in e d  i n  (7 .1 8 )
Expand th e  e x p r e s s io n  in  e q u a t io n  (7 .2 6 ) t o  second 
p r d e r  and s u b s t i t u t e  f o r  6 u , 6b . T hen , e q u a tin g  th e  
c o e f f i c i e n t s  o f  fix w ith  th o s e  on th e  L .H .S  o f  (7 .20 ) 
g iv e s  e q u a t io n s  ( 7 .1 1 ) ,  ( 7 .1 2 ) ,  ( 7 .1 3 ) .
T e rm in a l c o n d i t io n s  : See P r o p o s i t io n  2 .4
D
Remarks
( i )  When £ ( t )  = 0 ,  V t e T , th e n  z = I ^  and th e  equa­
t i o n s  re d u c e  to  th o s e  o f  C h a p te r  5 -1 1 -4 .
( i i )  L o c a l , s t r i c t  c o n v e x ity  a t  G i s  s u f f i c i e n t  to  en ­
s u r e  A ssum ption  (7 .9 )  i s  s a t i s f i e d .
( i i i )  I f  o n ly  one c o n t r o l  i s  u s e d , from  e q u a t io n  (7 .30 )
6u = Q i f  §u t6 0 ; and z = & (t) = 0  even  i f  
<Huu+b$ uu> * E q u a tio n  (7 .1 3 ) i s  th e n  a l i n e a r
m a t r ix  e q u a t io n .
( iv )  At p o in t s  w here a c o n s t r a i n t  c e a s e s  t o  b e  a c t iv e  
o r  i n a c t i v e ,  z w i l l  change d is c o n t in u o u s ly .  How­
e v e r ,  a s  G i s  c o n tin u o u s  (by a s s u m p tio n ) , o n ly  
Vx x U ,t>  w i l l  have a d i s c o n t i n u i t y .
(v) On th e  fo rw ard  r u n ,  u ( t )  w i l l  be d is c o n t in u o u s  a t  
t im e s  o f  b o undary  p o in t s  o f  u ( t )  due to  th e  p re s e n c e
. 1 3 3 .
o f  t h e  d is c o n t in u o u s  z ( t ) .  However, t h i s  d i s ­
c o n t i n u i t y  d o es  n o t a f f e c t  t h e  c o s t  t o  second  
o r d e r .  See [1 3 ] .
The d i s c o n t in u i ty  i n  t h e  fo rw ard s  u ( t )  can  b e  I
overcom e e a s i l y  by u s in g  th e  c o m p u ta tio n a l t r i c k  1
o f  C h a p te r  5 - I I - 4 .  
i . e .  compute
u ( t )  -  a r g  min H (x+6x, u,V  +Vvy5x , t )  ;
uefi x
S in c e  Vx , Vxx  a r e  c o n tin u o u s , th e  u ( t )  g e n e ra te d  j
i s  c o n t in u o u s .  \
C o m p u ta tio n a l P ro c e d u re  ;
T h is  i s  much th e  same a s  th e  second  o rd e r  D .D .P . :
a lg o r i th m  g iv e n  in  C h a p te r  5 -IX -4 , w ith  m o d i f ic a t io n s .  ']
Choose a  nom inal c o n t r o l  u ( t ) , t  6 T s a t i s f y i n g  |
g ( u , t )  s o ,  v t  e t .
S ta n d a rd . • |
U sing  boundarv  c o n d i t io n s  {7.14) -  (7 .16 ) i n t e -  . j
g r a t e  eq u s (7 .1 1 ) -  (7 .1 3 ) backw ard in  t im e  i
from  t f  t o  t 0 , a l l  th e  w h ile  m in im izing  H w . r . t .  !
u to  o b ta in  Q (t) , and Use e q u a t io n s  (7 .2 4 ) , ■
(7 .2 5 ) to  c a l c u l a t e  b ,  w hich  e n a b le s  z and &<t) 
t o  be c a l c u l a t e d  u s in g  e q u a t io n s  (7 .1 8 ) ,  (7 .1 9 ) ;
S to r e  u ,  £ ( t ) . |
S te p  O.
S te p  1 . 
S te p  2 .
N o te  t h e  t im e  Ne f f  when | a ( x , t ) |  becom es g r e a t e r  
th a n  n .
S te p s  3 , 4 ,  5 . S ta n d a rd .
S te p  3 o f  S .S .a . m. m ust b e  m o d if ie d  in  p a r t  t o  
u<*> = 5 ( t )  t, « C1,N.3
■ u ( t )  + 8 ( t ) 6 x  t  c [Ni ,N ].
O th e rw ise  t h e  r e s t  o f  S .S .A .M . re m a in s  t h e  sam e.
In  t h i s  C h a p te r  we com pared th e  nom inal c o n t r o l  u 
w i th  t h e  c o n t r o l  5 ,  w here
t i ( t )  ■= a rg  min H (x ,u ,V  ( x , t )  ,t>  . 
ueft
We h av e  n o t  y e t  d e r iv e d  r e s u l t s  w hich  a llo w  us t o  compare 
tw o a r b i t r a r y  c o n t r o l s ,  a s  in  p re v io u s  s e c t io n s .
. 1 3 5 .
CHAPTER 8 :
BANG-BANG CONTROL PROBT.KMR
1 PROPERTIES OF THE COST FUNCTION AT SWITCHING 0
POINTS 
C o n s id e r
* ( t )  = f  ( x ( t? x 0 , t 0 ,u ) , u ( t )  , t )  x ( t 0) = x Q (8 .1 )
Vu ( x ( t )  , t )  « M x (t ) , u ( t j  ,T )d T + F (x (tf ) , t f ) (8 .2 )  '
w here u ( t )  s a t i s f i e s  f o r  a l l  t  e T , -J
ul? s  U j ( t )  f  u ?  j  = 1 , . .  m (8 .3 )  :
:j.
and u 4 , u* j  == 1 , . .  m a re  c o n s ta n t  v a lu e s . :"i
iI n  t h i s  C h a p te r  we c o n s id e r  th e  ca se  w here th e  ' i
c o n t r o l  law s w itc h e s  betw een  th e  u p p er and low er bounds 
d e f in e d  in  (8 .3 )  . ,j
Assume we have a  nom inal c o n t r o l  u ( t )  s G s a t i s f y i n g  |
(8 .3 ) , w ith  r e s u l t a n t  nom inal t r a j e c t o r y  - j
x ( t )  » x ( t ? x 0 , t o ,u) '
L e t u * ( t )  d e n o te  th e  c o n t r o l :
u* ( t )  = V  t  r. C tg f t j )  (8 .4 )  v ;
“  v+ b e  ( t ,  , t f .)  t 0 s t a s t t s t f  !
w here u * ( t )  h a s  l o f t  and r i g h t  l i m i t s  o f  v "  and v+ r e ­
s p e c t iv e ly  a t  t i ,  w here v -  and v+ a r e  c o n s ta n t  v e c to r s  
w i th  com ponents e i t h e r  u|? o r  u*  j  »  1 , . .  m i . e .  t r a v e l ­
l i n g  backw ards in  t im e  from  t £ ,  t i  i s  t h e  t im e  when a t  
l e a s t  one o f  t h e  com ponents o f  u * ( t )  ch an g es d is c o n -  
t i n u o u s ly  from  one o f  t h e  bounds t o  t h e  o th e r .
We now u s e  a  dynam ic program m ing ap p ro ach  t o  in v e s ­
t i g a t e  t h e  p r o p e r t i e s  o f  Vu* ( x ( t )  ,t.) f u r t h e r ,  in  p a r t i c u ­
l a r  a t  t i ,  w here u * ( t )  i s  r e s t r i c t e d  t o  a p ie c e w ise  
c o n tin u o u s  f u n c tio n  o f  th e  form  ( 8 .4 ) .
F o r th e  c o n t r o l  u * ( t )  e G d e f in e d  by ( t i .4 ) ,  
t  e [ t ^ t g ]  d e f in e
6 ( x { t ) , t )  = V u * ( t )  (5 { t) , t )  (8 .5 )
L e t s u p e r s c r ip t s  + ,  -  d e n o te  th e  r i g h t  and l e f t  
l i m i t s  r e s p e c t iv e ly  o f  0 a t  t i .
Me h av e from equ ( 2 .9 ) ,  f o r  t  e 8(u*)
- e t ( x ( t ) , t )  * H (x ,u * ,6 x ( x ( t ) , t ) , t )  (8 .6 )
- 0 xl. ( x ( t ) , t )  « Ux ( x ,u * ,e x ( x , t ) , t ) + e x x ( x , t ) f ( x , u * , t )  (8 .7 )
- 8t ( .S ( t ) , t : )  -  nt fi,u « , 6^ 6 , 0  , t )  +
■ n t ( S , u * , ! ^ ( x , t )  , t )  -  < i y * , ' j v : ' x (x ,t>  , t )  , f S , u « , t ) >
- < e S , u«  E l x X  , t »  I
w here u* = v~ t  e C ta , t l )
-  v+ t  « ( t ,  , t f ]
F o r t  6 r t a , t f 3 th e  c o s t  t o  go i s  g iv e n  by
/ t ;
L ( x (t ) , U * ( t ) , T ) dT + 9 ( x r t ) , t )  (
J t
w h ic h , a s  we can  s e e ,  can b e  c o n s id e r e d  a  f u n c tio n  o f  
t i . S o , f o r  th e  c o s t  t o  go  f o r  t  as t i ,  d e f in e
, t 1
6 (x(t) , t ! , t )  = L {x(t),u*(t) ,T)dr + 8 ( x ( t i ) , t i )
• ' t
zt,
“  I L(x(t) ,u*(i) ,r)dT + 6(x(t)+Ax(ti) , t i )  (8
w here
A x ( ti)  « ( f ( x { t ) , u * ( t ) , t ) 6 t  (8
PRQPOSITI(Mj__JSa L e t H I, H2, H3 b e  s a t i s f i e d ,  s  = 3 .
L e t u * ,u  s G. L e t u* be g iv e n  by ( 8 .4 ) .  Then
8 ^ ( x ( t i ) , t i : t i )  = 6 * ( x ( t i ) , t i ; t i )
=  H (x (t!)  A™,ex ( x ( t , )  , t i i  , t i ) - H ( x ( t , )  ,v+ ,6x ( x ( t i )  , t i )  , t , )
( 8 . 1 2 )
e^txCto.ti:^; = (x(tu ,ti t u )
-  Hx ( x ( t i )  ,v ~ ,e x ( x ( t 1) , t l ) , t i ) - H x ( x ( t i )  ,v + ,8x ( x ( t j )  , t i )  , t i )
+  0J K < x ( t , ) , t , M f ( t )  ( 8 . 1 3 )
= Ht ( x ( t i )  ,V ,6 x (x ( ti)  , t , )  , t i ) - H ^ ( x ( t i )  ,v+ ,6x (x [ ti)  , t j )  , t i )
4 rHx (x(fci) ,v ",6 x (x ,t$ )  , t i ) - H x (x(fci)v+ ,9x ( x , t i )  , t i ) 3 f  (x ,v " , t i)  
-A fr (t,)H x ( ; ( t l ) ,v + ,Qx ( x , t 1) , t 1)+M T ( t 1)0}QC( x , t l ) ^ f ( t 1) 
h  t 8 .1 4 )
A £ ( t)  = f ( x , v “ , t )  -  £ ( x ,v + , t )
P r o o f  I n t r o d u c i n g  5x  a n d  s t  i n  t h e  s w i t c h i n g  t im e  
i n t o  e q u a t i o n  ( 8 . 1 0 ) g i v e s :
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6 U ti-6 x ,t1+ 6 t1 , t )  =  j  L (x+ i3x ,u* ,T )dT  
+ 6 ( x ( t ) + 6 x ( t ) + A x ( t ,+ 6 t i )  , t i + 6 t i )
Now f o r  6 fci > O r we hav e  f o r  t  = ■kl
9 (x f-6 x ,t i+ (S t1 , t , )  =  L(5«-6x,v™ ,T)dT
- ' t ,  
+  0 ( x ( t i )+ 5 x ( f c 1) + A x ( t ,+ 6 t i )  ; t i + 6 t i )
f t i+6bi
6x(trhS t$) " J £(x+-5x.v",T)dT
Expanding  th e  L .H .S . o f  (8 .1 5 ) t o  second  o r d e r  ab o u t 
x , t i  f o r  6 t i  > 0
e t x t S x . t r t S t i  ?fci) =  6 * ( x , t1 , t i ) + < 6 * ;6 x > + e £ i 6 ti+ < e £ t i  ,5 x > 6 ti 
+ i5 < 6 x ,9 ^ 6 x > + ^ i t i 6t?
The s u p e r s c r ip t  + a p p l ie s  a s  we a r e  ap p ro ach in g  t i  freon 
th e  r i g h t .
Expand th e  R .H .S . o f  (8 .1 5 ) to  second o rd e r  ab o u t 
x ,  t i . E q u a tio n  (8 .1 5 ) i s  p r e c i s e ly  t h e  same form as 
equ (6 .4 5 ) in  C h a p te r  6  w ith  t|- a b s e n t *>.••* 0 + re p la c in g  P. 
(To s e e  th e  a c t u a l  d e r iv a t io n  in  d e t a i . . ■ , f e r  t o  J a c o b ­
son  [ 1 6 ] ,  A p p e n d ix ).
(8 .1 5 )
(8 .1 6 )
Then e q u a t in g  l i k e  c o e f f i c i e n t s  o f  fix, 5 t ,  one 
o b ta in s  e q u a t io n s
+ 8 j S , t , )  ( 8 . 1 7
+ ( a . i
6tit, it‘l ■ «it(x,v*,e^(i,t> ,t) + ,t,)
v ' . e ^ S . t , )  , t i )  , f 6 ,v " ,t ,)>  l 8 '
*2<f i ( 5 , t , )  , f  ( x , v ' , k i )  . 6J , S , t , ) £ S , v - , t t ) >
Now we h av e  from  P r o p o s i t io n  2 .1 ( i )  t h a t  9X and 8_  a r e  
c o n tin u o u s  i n  ( x , t )  a t  t i . Hence we can  d is p e n s e  w ith  
th e  s u p e r s c r i p t s  + (and - )  f o r  0X, 6XX.
S u b s t i t u t in g  ^ cu s  (8 , 6 ) -  (8 . 8 ) w ith  u* = v + a t  t t  
i n t o  ey u s (8 .1 7 ) -  (8 .1 9 ) g iv e s  equs (8 .1 2 ) -  ( 8 .1 4 ) .
C o n s id e r  f i t  < 0 . Then we have f o r  t  -  t i
0 (x+6x ,t i+ 6t i ; t i )  = - f  Ii(x+’5x,v+ ,T )dT
•*ti+5ti
+6 (x (ti)+ 6x(t$)+Ax(ti+6t i )  ?ti+6t i )  
A x ( tj+ 6 t i )  »  - [  f (x + S x ,v + ,T)dT
■* t i + 6t i
E xpand ing  th e  L .H .S . o f  equ (8 .2 0 ) a b o a t x , t i  f o r  6 t  < 0 
g iv e s  equ  (8 .1 6 ) w i th  s u p e r s c r ip t  + re p la c e d  by 
E xpanding  th e  R .B .S . o f  equ (8 .2 0 ) i n  t h e  same way a s  
equ (6 .4 5 )  in  C h a p te r  6  was ex p a n d ed , and e q u a t in g  c o e f­
f i c i e n t s  o f  fix , 6t i  a s  b e f o r e , g iv e s
6t i  ( x , t i  , t i )  = -H (x ,v+ ,6x ( 5 , t i )  , t i )  -  8 ~ b c ,ti)  
ex t i (* ' t t } t l )  “  "  Hx (5 ,v* ,6x ( x , t i )  , t i )
9t i t i ( 5 , t l ? t , )  =  -Ht (x ,v + ,e x ( x , t )  ,t)  -  8 ^ . ( x , t i )
“<HjC(x,v+ ,6x (x,ti,), t i  ),f  (x,v+, t i ) >
- 2 ^ ( 5 , ^ )  ,f  (x ,v^ ,ti)> -< f(x rv+ , t i )  ,6^ (x,v+,ti)>  
S u b s t i t u t in g  eq u s ( 8 . 6 ) -  (8 . 8 ) w i th  u* = v”  a t  t~
i n t o  t h e  above e q u a t io n s  g iv e s  th e  r e s u l t .
□
Remark; In  g e n e r a l ,  i f  more th a n  one component (sa y  r ,  
w here r  s  m) o f  u* changes a t  t j , i t  may be n e c e s s a ry  
t o  c o n s id e r  th e  s e p a r a te  changes i n  sw itc h  tim e s  f i t ; ^ , 
fi t ;  f o r  ea c h  com ponent in  th e  a n a ly s i s  above.
How ever, h e r e  we t r e a t  th e  c a se  w here o n ly  one component 
o f  t h e  c o n t r o l  s w itc h e s  a t  t i .
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1 1  THE OPTIMAL COST FOR STATE ( x ( t )  , t )
We c o n s id e r  m in im izin g  (8 .2 )  s u b je c t  t o  (8 . 1 ) .
We assum e t h a t  th e  o p tim a l c o n t r o l  s w itc h e s  betw een th e  
u p p e r and lo w er bounds d e f in e d  i n  ( 8 .3 ) .  We i n v e s t i ­
g a te  w h a t happens t o  V ° ( x , t)  and i t s  p a r t i a l  d e r iv a t iv e s  
a t  t h e  sw itc h  p o i n t s ,  i n  v iew  o f  t h e  f a c t  t h a t  th e  B e l l ­
man P .D .E . was d e r iv e d  on th e  a ssu m p tio n  t h a t  t h e  v ° ( x , t )  
h ad  c o n tin u o u s  f i r s t  and sec o n d  p a r t i a l  d e r iv a t iv e s  w . r . t .  
x  and t .  A t p o in t s  w here th e  c o n t r o l  i s  d is c o n t in u o u s  
n e i t h e r  & (t) n o r  th e  d e r iv a t iv e s  o f  V ° ( x , t )  w i l l  n e c e s ­
s a r i l y  b e  c o n t in u o u s .
C o n s id e r  t h e  s t a t e  x  = x .
Assume we h av e  a s in g le  d i s c o n t in u i ty  a t  tim e t i . L e t 
V ^ (x ,t )  d e n o te  th e  o p tim a l r e tu r n  f u n c tio n  to  th e  r i g h t  
o f  ti , w here a c o n tin u o u s  c o n t r o l  v+ i s  u se d  f o r  
t  e ( t l f t f ] .  i . e .  v+ i s  t h e  c o n t r o l  t h a t  m in im izes  th e  
R .ti .S . o f  th e  B ellm an P .D .E . f o r  th e  s t a t e  x = x ( t )  , 
t  e ( t ^ t f j .  •
S uppose c o n s ta n t  c o n t r o l  v" i s  u sed  to  th e  l e f t  o f 
t h e  d i s c o n t i n u i t y .  T h en , f o r  t  s  t i , d e n o te  th e  c o s t  
t o  go f o r  s t a t e  x ( t )  by
6 "  t x t f c )  =  |  1L C x ,v ' ' ,T ) d T  t
(we d ro p  th e  s u p e r s c r i p t  f o r  c o n v e n ie n c e ) .
We h av e  from  P r o p o s i t io n  2 .1 ( i )  t h a t  a t  t  = t i
e “ < x ( t i ) ; t , , t i )  =  V+ ( x ( t 1 ) , t i )  (8 . 2 1 )
i 6 ^ ( x ( t i ) ; t i ; t i )  = V ^ ( x ( t i ) , t i )  ( 8 . 2 2 )
° x x ( 5 ( t l )  = ^ ( ^ ( t i )  , t i )  (8 .23 )
and from  P r o p o s i t io n  (8 . 1 )
~  V*i ( J ( t , ) j t 1) ( 8 .2 4 )
' t l )  ( 8 . 2 6 )
0t l t l ( x ^ 4 ! ) - t i ; t i ) -  V ^ i t ] x ( t i ) / t j )  ( 8 , 2 6 )
w here + and -  d e n o te  r i g h t  and l e f t  l i m i t s  r e s p e c t iv e ly .
Now, 0 i s  n o t  th e  o p tim a l r e tu r n  fu n c tio n  
V- ( x , t )  t o  t h e  l e f t  o f  t i  u n le s s  t t i s  chosen  o p t im a l ly .
i . e .  Q~ m u st h e  m in im ized  w .r .fc . t i .
NECESSARY CONDITIONS FOR ft. MINIMUM
A n e c e s s a r y  c o n d i t io n  f o r  0 ( x ( t i ) , t i , t i } t o  be 
m in im ized  w . r . t .  t j  i s  t h a t
0 ^  ( x ( t i )  , t t  ? t i )  = 0  (8 .2 7 )
A f u r t h e r  n e c e s s a r y  c o n d i t io n  i s
0 t 1t i (^ ( t l ) ' t i J t i )  2  0  (8 .2 8 )
Now, in t r o d u c e  v a r ia t io n s  dx. in  o r d e r  t o  m a in ta in  
t h e  n e c e s s a r y  c o n d i t io n  o f  o p t im a l i t y  f o r  t h e  c a se  w here 
v a r i a t i o n s  dx a r e  p r e s e n t  i t  i s  r e q u ir e d  t h a t  we in tro -?  
d u ce  v a r ia tx o n s  6 t i  t o  e n s u r e  t h a t
( x + d X j t j+ e t j j t i )  = 0  (8 .2 9 )
B ut
( x v d x ^ j + d t j / t i )  = 0 t 1+<ex t t ',ix> + 0t 1t j 6 t l  (8 .3 0 )
U sing  (8 .2 1 ) -  (8 .2 4 ) g iv e s :
St l  “  ( x , t i ? t i )  1 1 c0^t i  ( x , t !  J t i )  ,<5x> (8 .3 1 )
0 t i t i ? t l )  > 0
T h is  i s  an o p tim a l l o c a l  l i n e a r  fe ed b ac k  c o n t r o l l e r  
r e l a t i n g  th e  r e q u ir e d  sw itc h  tim e  S ti  to  th e  6 x a p p e a rin g  
a t  t  = t i .
JUMP CONDITIONS FOR V ° ( x , t)
We now r e l a t e  V *{x(.ti) , t i ) ,V^x ( x ( t i )  , t i )  and 
V " ( x ( t t ) , t ! )  , V~x ( x ( t ! ) , t j ) . We have
A f u r t h e r  n e c e s s a r y  c o n d i t io n  i s
8 t i t i ( x ( t t ) , t i ? t i )  s o  (8 .2 8 )
Now, i n t r o d u c e  v a r i a t i o n s  fix. In  o r d e r  t o  m a in ta in  
th e  n e c e s s a r y  c o n d i t io n  o f  o p t im a l i ty  f o r  t h e  c a s e  w here 
v a r i a t i o n s  fix a r e  p r e s e n t  i t  i s  r e q u ir e d  t h a t  we i n t r o ­
duce v a r i a t i o n s  f i t ,  t o  e n s u re  t h a t
e“  (x + 5 x ,ti+ f i t i  f tO  = 0
But
8^ ( x + 5 x , t i + f i t i ; t t )  = e t 1+<0 x t i , 5 x>+0 t i t j 5fcl
U sing  (8 .2 1 ) -  (8 .2 4 ) g iv e s :
6 t i  -  ; t i )  ,fix> (8 .3 1 )
w here
t > 0
T h is  i s  an o p tim a l l o c a l  l i n e a r  fe ed b ac k  c o n t r o l l e r  
r e l a t i n g  th o  re q u ir e d  s w itc h  t im e  f i t i  to  th e  fix a p p e a rin g
JUMP CONDITIONS FOR VC>( x , t )
We now r e l a t e  v £ ( x { t i ) , t i ) , V x x ( x ( t i ) , t i )  and 
, t i )  , V ^ i x t t , ) , * , ) .  We have
(8 .2 9 )
(8 .3 0 )
9(x+6x,tt+5t;,ti)
= 0 +<Ox,«x>+0“i6ti+<9“t t ,6x>6t1
Now, s u b s ti tu t in g  (8.31) in to  (8.32) to  e lim in a te  « t t 
g iv es :
e ™ (x i-5 x ,t i- (0 ~ i t i ) <e” t t ,f ix > , t i )
= 8™+<0” , 6 x > ^ < S x ,  (9 xx - ^ ™ Q fc]1£) 6x> ( 8 ' 33)
6t 2t i
Renaming the  L.H.S. (which i s  now independent o f  t i )  of 
(8.27) as V (x + 5 x ,t) , we have from equs (8.21) -  (8.26)
v " ( x , t i )  = V ^tX jti) (8.34)
v “ ( x , t i )  = V x ( x , t t )  (8.35)
(8.36)
These r e s u l ts  were derived  independently  by Jacobson 
[161, and Dyer, McReynolds [61.
111 ALGORITHMS FOR SOLVING BANG-BANG CONTROL PROBLEMS. 
Consider th e  dynamic system described  by 
x<t) = £ (x ,u , t)  * f 1( x ,t )+ f 2(x ,t )u ;  x ( t0) -  xQ
where f i  i s  an n -d im ensional, no n lin ea r v ec to r fu n ctio n  of 
x and t ,  f % i s  an nxm m atrix  fu n c tio n  o f x and t ,  and u 
i s  a m-dimensional c o n tro l v e c to r  which i s  req u ired  to  
s a t i s f y  (8 .3 ) .
The problem i s  to  choose u ( t ) , t  e T to  s a t i s f y  (8.3) 
and to  minimize
V{x0 , t 0) -  L ( x ,t ) d t  + F(x< tf ) : t f )
Then, we have
H(x,u,Vx (x ,t)  , t )  = L(x,t)H-<Vx , f ,  ( x ,t )+ f 2(x ,t)u>
I f  (£^VX) •j “l , . .m i s  not zero on a f in i t e  in te rv a l  
( i . e .  th e  problem i s  s in g u la r  o r p a r t i a l l y  s in g u la r  -  see 
Chapter 10) , then H i s  minimized w . r . t .  u i f
“ j  “  “ j  W s V j  > 0 i  = (8 .3 7 )
So our c o n tro l i s  of the  type which we have been
d isc u ss in g . We now d iscu ss  how th e  e x is t in g  algorithm s 
a re  adapted to  handle the  above problem.
1 - The G ra d ie n t M ethod. [6 3 , C 7], CS].
Assume we have a nominal c o n tro l u ( t)  o f the  form 
(ti.4) w ith  a sw itch ing  p o in t a t  t  = t i ,  and a sso c ia ted  
nominal t ra je c to ry  x ( t ) , t  e T, Now, because the  sw it­
ching tim e t j  has n o t n e c e s s a r ily  been chosen o p tim ally , 
denote th e  c o s t  by 8 ( x » ti , t )  fo r  s ta t e  x ( t ) , where 
u * (t)  = u ( t ) .  The change in  sw itch ing  tim es 6 t i  i s  
chosen to  ensure  th a t  9 ~ (x + 6 x ,ti+ 6 ti ; t i ) i s  le s s  than 
ii~ ( x , t i  ; t i )  .
Expanding to  second o rder:
O- (x+ 6x ,t3+ 6 t i , t i )
+%<6 x , e ^ x 6 x>+i |0 t i f c i 6 t . (8 .3 8 )
We can choose, fo r  example
S t )  »  " e 0 t 1 ^* , t l ? t l ^
6 t i  = -cagn(O t  ( x . t i , t i ) )
(8 .3 9 )
(8 .4 0 )
I f  S ti i s  Chosen according to  (8 .3 9 ), we have, e lim in a t­
ing  6 t i  and using  equations (8.21) -  (8 .2 6 ), th e  follow­
ing jump co n d itio n s  a t  t j
ex(x,tiftj) ® 0*(x,t1,.t1)-e6t i U ,ti;t1)8xti(x,t,?ti) (8.41)
Qx x (^ , t l , t l )  = °xx(* , t l  (8:42)
I f  6 t i  i s  chosen according to  (8 .4 0 ), we have 
e^(x ,tsfti)  =0x(x,tiFti)-Esgn(8t i (x ,ti; ti) )e x t i (x ,ti; ti)  (8.43)
6xx(* , t |? t ^  "  6x x ^ , t l ? t ^  (8.44)
Com putational Procedure
Step 0 . Choose nominal c o n tro l u ( t ) , t  6 T o f the  form (8 .4 ) . 
Run x(fc). C a lcu la te  Vu (x0 , t 0) <sfl(xo ft 0))
S to re  x ( t)  , u ( t)  , Vu .
Stop 1. Choose r  > 0.
Step 2. Using boundary co nd itions (2 .1 7 ), (2.19) in te g ra te  
e qua tions (2 .1 6 ), (2.18) backwards in  time u n t i l  
the  f i r s t  sw itch ing  p o in t o f  u ( t ) , to  ob tain
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Step 3. Compute 9t , ' 6xfc1£rom equations (8.12) , (8 .1 3 ). S to re . 
C a lcu la te  6^, from equations (8 .4 1 ), (8 . 4 2 ) o r  
equations (8 .4 3 ), (8 .44 ).
R eturn to  Step 2 and continue in te g ra t in g  u n t i l  
th e  i n i t i a l  time.
Step 4. C a lcu la te  the  new c o n tro l u ( t)  w ith change in  sw itch 
tim es of u ( t)  given by (8.39) o r (8 .40).
C a lcu la te  x ( t)  using  th i s  c o n tro l ,  and th e  new 
c o s t Vu (xo , t 0) .
S tep 5. I f  Vu a Vu , s e t  e = e /2 . Go to  s te p  2.
O therw ise, s e t  u ( t)  ® u ( t)  
x ( t)  = x (t)
Vu (x0 , t 0 ) =V u (x0 , t Q) .  S to re .
The above procedure i s  repea ted  u n t i l  the  optim al so lu tio n  
i s  found o r no fu r th e r  improvements can be made.
2. JACOBSON1 S FIRST ORDER METHOD, [3.3], [163, [18].
Suppose we have a rb i t ra r y  nominal c o n tro l u ( t)  s a t i s ­
fying c o n s tr a in ts  (8 .3 ) ,  w ith a sso c ia ted  t r a je c to ry  x ( t ) .
Use eq u a tio n s  (2.34) -  (2 .37).
Suppose
u * ( t)  =■ arg mln Htx ( t)  ,u,Ox (x(t) , t )  , t )  
then u 1(t ) i s  given by equation  (8 .37).
The computation procedure l a  th e  same as th e  f i r s t  
o rd e r  method d escrib ed  in  Chapter 5-1-2 .
3. Tins SUCCESSIVE SWEEP ALGORITHM. [6 ] ,  [ 7 ] ,  [8 ] .
Suppose we have some nominal c o n tro l u ( t)  o f th e  form 
(8.4) w ith  sw itching tim e a t  t i  , and a sso c ia te d  t ra je c to ry  x<fc). 
Denote the  c o s t by 0 ( x , t i , t ) , u* (t)  « u ( t ) . We so lv e  equa­
t io n s  (2.16) -  (2.19) (with X(t)=9x , P (t)= 0xx) .
I f  0 ^  f- 0 , choose 6 ti to  minimize th e  R.H.S. o f (8 .32). 
This g ives
giv ing  jump co nd itions
whore 0t i , Gx t i , 0t l t l  are  given by (8.12) -  (8 .14). 
Com putational Procedure
Step 0 . Choose n o m in al c o n t r o l  u ( t )  o f  the  form (8 .4 ) .  
R u n x ( t ) .  C a lc u la te  0(xo , t o) .
S to re  x , u , 0 .
s te p  1, Using boundary cond itio n s  (2 .1 7 ), (2.19) in te g ra te
eq uations (2 .1 6 ), (2.18) backward in  tim e as  f a r  
as th e  f i r s t  sw itching tim e o f  u ( t ) .
Compute and store. 6 ^ ,  8 ^ .  6t l t l  using  aquations 
(8.12)-(Q.14). Compute 0~, using  (8 .4 6 ), (8 .47).
S tep 2 . Continue in te g ra t in g  to  nex t sw itching tim e.
Step 3 . Repeat 1 , 2 u n t i l  i n i t i a l  tim e.
Step 4. In te g ra te  th e  s ta t e  equation  forw ard to  th e  f i r s t
sw itch .
Compute a t ;  given in  equation  (8.45) (NB a t 
f i r s t  sw itch 6x = 0 ).
Step 5. Continue in te g ra t in g  and s to r in g  x ( t)  to  t f .
Compute the  new performance index Vu (x0 , t 0) where 
u ( t)  d i f f e r s  from u ( t)  in  re sp e c t o f th e  sw itcing  
tim es.
S e t u ( t)  = u (t)  
x ( t)  = x (t)
0 = Vu . Go to  1.
Repeat S teps 1 - 5  u n t i l  no fu r th e r  improvement i s  made.
Remarks
(i) In  g en e ra l sev era l g rad ie n t step s  may have to  be taken 
b e fo re  th e  f u l l  Newton -  Raphson s tep  could be used, 
because equation  (8.45) may be in v a lid  <6t may be too 
la rg e ,
( i i )  The choice of the  nominal c o n tro l i s  im portan t.
4- JACOBSON'S SECOND ORDER ALGORITHM [1 3 ], [1 6 ], C18],
Suppose we have a nominal c o n tro l u (t) , t  e T s a t i s ­
fy ing  (8.3) , w ith  a sso c ia ted  t r a je c to ry  x ( t ) . Let 
u* (t)  = arg  m in  H (x (t),u ,V K(K ,t) ,t )
where th e  components o f  u* (t)  a re  given by (8 .37).
Now suppose th a t  the  minimizing c o n tro l fo r  u+Su re ­
mains u * (t) excep t In th e  neighbourhood o f sw itch p o in ts
u * ( t ) .
Then , we s o l v e , f o r  t  e  6 ( u * ) ,
- a ( t )  = H (x ,u* ,V x ( x , t ) , t ) ” H (x ,u ,V x < x , t ) , t )
-Vx(x,t) = Hx(x,u*,Vx(x,t) ,t)-WxK(x ,t)[f  (x,u*,t)-f(x,u,t)]
■ ^ J K X 't ) [ f ( X ,U *  r t )  - f  (X ,U ,t)  3 .
w ith  boundary cond itions 
n ( t £) = 0 
Vx ( X , t f ) » Px (K('tf ) , t f )
Vx x ( x , t £) = ' t f )  '
(8 .4 8 )
(8 .49 )
(8 .5 0 )
(8 .5 1 )
(8 .5 2 )
(8 .5 3 )
The jump c o n d i t io n s  f o r  t  e T -  9 (u*) a r e  g iv e n  by 
( 6 . 3 4 )  -  ( 8 . 3 6 ) .
E q u a tio n s  (8 .4 5 ) -  ( 8 , 5 3 ) ca n n o t be u se d  ccm puta- 
t i o n a l l y  as  eq u . (8 .50 ) in v o lv e s  v xx x . In  t h e  same way 
a s  in  C h a p te r  2 - v ,  we e s t im a te  th e  e r r o r  i n  a ( t ) , Vx ( t)  
a n d  Vx x ( t)  i f  t h e  Vxxx te rm s  a r e  o m itte d ,  [ 1 7 ] ,  [1 8 ] .
We hav e from P r o p o s i t io n  2 .7 ,  f o r  d (u ,u * )  5 e o r  
(u ,u * ) £ c ,  th e  e r r o r  in t ro d u c e d  i n t o  a ( t )  i s  o f  o rd e r  
g 3 , and i n t o  Vx ( t )  i a  o f  o rd e r  e z .
Owing t o  t h e  n e g le c t  o f  t h e  Vxxx te rm s  an e r r o r  in  
th e  s w itc h  tim e s  o f  u * , o f  m agn itude
i s  in t r o d u c e d ,• w here we have AV i s  o f  o rd e r  e 2 . The 
e r r o r  in t ro d u c e d  i n t o  a ( t i ) i s ,  t o  sec o n d  o r d e r  in  A ti
However, a t  a s w itc h  tim e  Vt  = 0 . Thus th e  e r r o r  i n ­
tro d u c e d  i n t o  a ( t j ) by A tj i s  o f  o rd e r  c * .
We th u s  boIvu  th e  fo llo w in g  d i f f e r e n t i a l  e q u a t io n s ? 
f o r  t  c 0 (u*)
~ a ( t ; )  «  I I ( x , u *  ,Vx ( i t , t )  , t ) - H ( x , u , V x ( x , t )  , t )  ( 8 . 5 4 )
- V „ ( x , t )  = H ,.(x ,u e ,V „ (x ,t )  «t)■hVv v (x ,t )& f  ( t ) ( 8 . 5 5 )
w here u* ~ u j  ( f f ( x , t ) , V x ( x , t ) > o  j = l , , . m
= u? (f®(5,t) ,Vx (x ,t .) ) j< 0
(8 .5 7 )
E q u a tio n s  (8 .5 4 )  -  (8 .5 6 ) have boundary  c o n d i t io n s :
a(fc) , v x , v xx a re  e s t im a te s  f o r  a ( t )  , Vx , su ch  t h a t
IIVx (x , t ) - V x ( x , t ) | |  ? c ? e 2
| |v x x ( x , t ) - v x x ( x , t ) | |  a 3 c  c I , c z , c s < “ .
. Tho jump c o n d i t io n s  l o r  T -  6 (u*) a r e  g iv e n  by (8 .3 4 )
-  (8 .3 6 ) (w here a l l  th e  p a r t i a l  d e r iv a t iv e s  o f  V have a / .) .
C o m p u ta tio n a l P ro ce d u re
The a lg o r i th m  o f  5 -1 1 -4  i s  ad a p ted  a s  fo l lo w s :
S top  0 .1 . S ta n d a rd .
S to p  2 . U sing  boundary  c o n d i t io n s  (8 .5 3 ) -  (8 .6 0 ) i n t e g r a t e
a ( t f ) » 0  
Vx ( x , t £) -  Px ( x ( t f ) ft f )
(8 .5 8 )
(8 .5 9 )
(8 .6 0 )
a ( t )  -  a ( t ) | |
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eq u s (8 .5 4 ) -  (8 .5 6 ) backw ards from  t o  fcQ a l l  
t h e  w h ile  m in im iz in g  H w . r . t .  u t o  o b ta in  u * ( t ) .  
C a lc u la te  t h e  jumps i n  a t  sw itc h  t im e s  o f
 ^ u * ( t ) .  S to r e  u * ( t ) , t i  , i = l , . . p  t h e  s w itc h
t im e s  o f  u * ( t )  , and 6 i  = - V ^ i,Vx t i  a t  t h e  sw itc h  
t im e s ,  w here , v x t i  a r e  g iv e n  by eg u  (8 .1 3 ) ,
( 8 .1 4 ) .  N o te th e  tim e  Ne f f  when | a ( x , t ) |  be­
comes g r e a t e r  th a n  n-
S te p  3 . S ta n d a rd .
S te p  4 . A pply th e  S .S.A .M . w ith  s t e p  3 r e v is e d  in  p a r t  
a s  fo llo w s :
D e f in e ,  u ™ u on r I f N i 1
and u ,  a s  showy, b e lo w , on (Ni
S te p  5 . S ta n d a rd .
DlijTKRMXMlWG A MW CONTROL
S te p  0 .  S e t  u * , t , ^ ,  from  main a lg o r it lu n .
S te p  1 . Kun fo rw ard  in  tim e  u s in g  new c o n t r o l
u 3 (t> ® U j ( t ) ,  I f  t £ i s  re ach e d
r e tu r n  t o  S te p  3 o f  S .S.A .M .
O th e rw ise , when a s w itc h  p o in t  o f  ( t )  io  
re a c h e d , m easure f ix ( t s^) and c a l c u l a t e  6 ^  
u s in g  ©qu. (8 .31 )
. 1 5 6 ,
S te p  2 . I f  5 t j  = O, go t o  3
^ 11  ^  < 0 , bac k sp ace  I n t e g r a t i o n  p ro c e d u re  by 
amount 6t j  and s e t
u .  ( t )  = u5 ( t*  ) ,  t  c ( t  --5t , t  ]
3 3 \  \  ' i  l i
i n t e g r a t e  fo rw ard  to  t  « t ,  . A f te r  tim e t = t ,  .
^  l l
A gain s e t  ( t)  = u 4 ( t ) . Go t o  3.
I f  S t .  > 0 ,  s e t  
i
'M t )  = u 3 ( t7  ) , t  e t t ,  , t .  + 6 t ,  ]
3 3 i  i  ‘ i  * i
I n t e g r a t e  fo rw ard  to  t  » t ,  +6 t .  .
i  l i
( I f  6 . + 5 t, > i n t e g r a t e  o n ly  t o  t  « t , ) .
i  i  r
A f te r  tim e  t  = t .  + 6 t ,  ,  a g a in  s e t  u 4 ( t )  = u ) ( t ) .
i  i  3 J
Go t o  3 .
Strop 3. I t  t  t g ,  r e tu r n  t o  S te p  3 SSM 
OtherwiBO r e tu r n  t o  1.
Thlfi ulgorit'.lun can bo ex te n d e d  t o  h a n d le  bang-bang 
c o n t r o l  prob lem s w ith  F ix e d  E n d p o in ts  and I m p l i c i t  f i n a l  
tim e in  th e  tiumo way t h a t  J a c o b s o n 's  s e c o n d -o rd e r  a lg o ­
r i th m  was oxtvvtlcii in  C h ap te r 6 . Soe [ 1 3 ] , [1 6 ] ,  [1 8 ] .
CHAPTER 9
SgA T E  CONSTRAINED p r o r t .b w s
In  t h i s  C h ap te r we u se  th e  approach  o f  Mayne to  
d e r iv e  some r e c e n t  r e s u l t s  due t o  J a c o b so n , b a l e ,  Speyer 
i 261 f o r  s t a t e  c o n s tra in e d  p ro b lem s u s in g ,  in  p a r t ,  th e  
e x p r e s s io n s  f o r  AV d e r iv e d  p r e v io u s ly .  T h is  a v o id s  th e  
d i f f i c u l t y  o f  t r e a t i n g  th e  d i f f e r e n t i a l  e q u a t io n  as  an 
e q u a l i t y  c o n s t r a i n t .  In  [2 6 ] t h e  d i f f e r e n t i a l  e q u a t io n  
i s  added t o  th o  c o s t  f u n c tio n  by means o f  L agrange m u lti ­
p l i e r s .
The b a s i c  prob lem  c o n s id e re d  i s  th e  same a s  t h a t  
p r e v io u s ly  c o n s id e re d  e x c e p t t h a t  th e r e  i s  no i n t e g r a l  
c o s t  (L 0 ) , o n ly  te rm in a l  c o s t  P , and th e r e  i s  an  added 
c o n s t r a in t  o f  th e  form  '
S ( x ( t ) )  s  0 ,  f o r  a l l  t  g T (9 .1 )
whci.ro a i Rn •> Rm and i t s  d e r iv a t iv e s  up to  o rd e r  p a re  
oont InucniH. The c o n s tra in t ,  i s  assumed t o  be o f  p t$t o r d e r ,  
I . n .  tim  p th  tim e  d e r iv a t iv e  o f  th e  c o n s t r a in t  i s  th e  f i r s t  
t o  c o n t a i n  th o  c o n tro l  v a r ia b l e  e x p l i c i t l y .  We a l s o  have
i d )  -  f  (x(t.) , u ( t ) ) i x ( t 0 ) = xQ (9 .2 )
I,tit, (x ,u ) d e n o te  th o  o p tim a l s o lu t io n ,  assumed to  
e x i s t .  Lot. y ( t)  , y ( t )  d e n o te  r e s p e c t iv e ly  S (x (t)) , S (x (t)) .
G y ( t )  = y ( t ) - y ( t ) . ( 9 . 3 )
An ap p ro x im a tio n  dy (t>  to  5 y ( t )  can  be o b ta in e d  a s  th e  
s o lu t io n  to
iSx(t) »  A ( tjS x ( t )+ B (t) i$ u ( t)  (9 .4 )
5 y ( t )  = C ( t ) 6 x ( t )  {9.5}
$ x ( t0 ) = 0 (9 .6 )
w here
M t)  6  f^ C x (t)  , u ( t ) j  (9 .7 )
B (t)  4  f u ( 5 ( t ) , u ( t ) )  (9 .6 )
C(t) A Sx ( x ( t ) )  (9 .9 )
6 u ( t )  = u ( t ) ~ u ( t )  . (9 .1 0 )
L o t X (t) -  v “ ( x ( t ) , t )  be th e  s o lu t io n  t o  equ (2 .1 6 ) ,
(2 .1 7 ) ,
PROPOSITION 9 . I t  L e t H1A, H2A bo s a t i s f i e d ,  8 = 2 .
Lot u ,  a  - H. T hen , i f  max IISu(t)ll s  e ,
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wT ( t )  -  Hu ( ' 3 t ( t)  , u ( t )  , X ( t )  , t #  .
P r o o f ; F o llo w s from P r o p o s i t io n  4 .2 .  [I
PROPOSITION 9 .2 * L e t H1A, H2A be s a t i s f i e d ,  s = 2 ,
u , u =; G. T hen , i f  max H6u ( t ) i |  s e , 
teT
( i )  II 6 y ( t ) | |  s  c it:  c i  < «  f o r  a l l  t e l
( i l )  II 6y ( t ) - 6y ( t )  II s oze a t  < ”  f o r  a l l  t  s T
P r o o f : 5 y ( t)  = y ( t ) - y ( t )
= S ( x ( t ) ) ~ S ( x ( t ) )
"  3x ( x ( t ) ) 6 x  + o ( 6 x) 
fiy ( t ) - 6y ( t )  = Sx ( x ( t ) ) (6 x - 6 x) + o (6 x)
Now, b ec au se  o f  o u r  h y p o th e s is ,  wo have from C h ap te r 
i - r n  tha t
116x11 v c , r  
l i6x-<Hxll f  o 5 , c ^  < «
HumUt. fo llo w s .
( 9 . 1 2 )
□
L e t y  e C , t h e  sp ac e  o f a l l  c o n tin u o u s  f u n c tio n s  
on T w ith  norm
liyll0  4 max H y  (t )  II ( 9 . 1 3 )
The d u a l  sp ac e  I s  Bm, t h e  sp ac e  o f  m -d im en sio n al fu n c­
t i o n s  o f  bounded v a r i a t i o n ,  c o n tin u o u s  from  th e  r i g h t  
an d  u s u a l  norm  M z*K so  t h a t  <z*,y> h a s  th e  r e p r e s e n -
f o r  some n t  B1™, and S t l o l t j i e s  i n t e g r a t i o n  i s  im p lie d .
In  th o  socjuel we assume t h a t  0  i s  convex.
Then wo have from  Luem berger C323 s
PROPOSITION 9 .3 ; L e t H lh , H2R b e  s a t i s f i e d ,  s  = 2 , 
u i G. L e t (x ,u ) b e  o p t im a l .  Then th e r e  e x i s t s  a
r  > 0 ,  z* :• 0 w here r c  « R1 , z *  f. Bm and | r Ql+l! a*llB> 0  s . t .
(1 ) r 0 A$+*-z* ,y> ?: 0  f o r  a l l  u c G ( 9 . IS)
(.11) < a * ,y >  0 (9 .1 6 )
(so  t h a t  (1 ) becom es r (3h $ * < z *  ,fiy> ft 0 )
(1 1 1 ) i i , th o  representation o f  z *  i s  n o n d e o re a s in g  and 
I s  c o n s ta n t  when y < G.
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P r o o f : In  th e  sp ace  W = R1 x cm d e f in e  t h e  s e t s
A -  ( ( r , 2 ) $ r  s  AV, z a y f o r  some u c G}
B »  ( ( r ,z )  s r  s  0 , z £ Q)
w here 0  d e n o te s  th e  n u l l  f u n c tio n .
A and B a r e  convex s e t s
H h a s  i n t e r i o r  p o in t s  a s  Cm h as  an i n t e r i o r  
Then A n I n t .  (B) = *
Suppose t h i s  i s  f a l s e .  Then th e r e  e x i s t s  some u  s a t i s ­
fy in g  th e  h y p o th e s is  such  t h a t
av < o , y < o .
We h av e from  p ro p o s i t io n  9 .1  t h a t ,  f o r  maxH6 u ( t ) 8 £ e ,
AV = AV+o,
iX'fUui u , - ti by
u , "  U -n )u + a u  O s a s l
(liv in g
fiu1 = U j-uC t) M u 6 u
Thun
AV, -  txAV < O
and | g , |  < la ." f o r  u o f  the o r d e r  o f  a . T h is  im p lie s
that
AV -- VUl -  v “  < 0 (9 .1 7 )
I f  y  < 0 , th e n  th e r e  e x i s t s  a  s p h e re  o f  r a d iu s  p
c e n t r e d  on y w hich i s  c o n ta in e d  in  N- th e  n e g a t iv e  cone 
in  C . F o r 0  < a < 1 th e  p o in t  ay i s  t h e  c e n t r e  o f  a 
s p h e re  o f  r a d iu s  op w hich  i s  c o n ta in e d  in  S .
T h en , b e c a u se  y  « S (x (t> )  s  0 , U - a )  > 0  
( l -n ) y + a y  * y+afiy i s  t h e  c e n t re  o f  a  s p h e re  o f  r a d iu s  
up w hich  i s  c o n ta in e d  i n  N. F o r f ix e d  6 x ,
Then (9 .1 7 ) and (9 .18 ) c o n tra d ic t:  th e  o p t im a l i ty  o f  u , 
Kn A (i 1'nt (B) = » and I n t  (B )y * $
T h o ro fo ri) , t h e r o  e x i s t s  a c lo so d  h y p erp la n e  s e p a r a t in g  
A and B. Honco th e ro  e x i s t s  r Q, z * , d s . t .
r  r-i'-z* ,%'• r- f o r  a l l  ( r , 3 ) «: A
r o r'h-'z* ,Z'* 6 f o r  a l l  ( r , z )  v B
A n  (0 , 0 ) . A n II, fi « 0 
S o tt in g  r  AV, m * y  g iv o s  ( i ) .
||S (x+ a5x)"y -a6y || = 0 ( b ) 
Then , f o r  a s u f f i c i e n t l y  e m a il ,
S (x+a6 x) < 0 ( 9 . 1 8 )
w h o r o  a 6  4> ( t , i  )B  ( t ) 5 u  ( t ) di:
» ( t ,T ) B ( r ) 6 u 1 (-r )d T
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From th e  n a tu r e  o f  B, r Q a 0 ,  z* 2  0 .
F o r u  = u ,  i . e .  y = y ( i )  i n d u e s  <z*,y> 2  0 .
B ut 2 * a 0 ,  y s  o  im p lie s  <z*,y> s  0 .
H ence, <z*,y> = 0 .
i<z* ,z>  s 0 , f o r  a l l  z s  0  im p lie s  v i a  e q u a tio n  (9 .1 4 ) 
t h a t  n i s  n o n d e c re a s in g . D
L e t  0 ( t , t Q) be t h e  t r a n s i t i o n  m a tr ix  a s s o c ia te d  
w ith  A ( t ) ,  d e f in e d  in  equ ( 9 .7 ) .  T hen , f o r  u e G:
f fc£
< z * ,6y> » 6y'r ( t ) d n ( t )  
t f
6 ftT (t)C T ( t J d n ( t )
J t o
=  [ ' ( f *  SuT ( T )B T ( ' t ) t T ( t , t ) d T ) C , ' ( t i d r i ( t )
=  (  ‘ ( I  £ 6 u T m B I ( T ) t I ( t , T ) C I ( t ) d n ( t ) ) d T  
% ^
6uT (t)BT (t)X’(t)df
l o
w here t
X '(1 ) 4  I  «T (t ,T )C T l t ) d „ ( 0
N ote t h a t  i f  n w ere d i f f e r e n t i a b l e ,  th e n  x ' would 
s a t i s f y  th e  d i f f e r e n t i a l  e q u a tio n
(9 .1 9 )
(9 .2 0 )
( t )  = AT (t> X '(t)+ C T ( t)A ( t)  
b u t  su c h  a r e p r e s e n ta t io n  i s  n o t  v a l i d  i f  n i s  bounded 
v a r i a t i o n . However, we s h a l l  s e e  t h a t  by assum ing c e r ­
t a i n  d i f f e r e n t i a b i l i t y  p r o p e r t i e s  we can o b ta in  su c h  a  
r e p r e s e n ta t i o n .
We have t h a t  X (t) i s  t h e  s o lu t io n  t o  eq u s (2 .1 6 ) 
and ( 2 .1 7 ) .  Then
~ t{ t )  = AT ( t)X ( t )  X ( tf ) = »x ( x ( t f ) , t f )
D e fin e
X (tl -  (9 .2 1 )
» (t)  5 BI ( t ) l ( t )  =■ H „ (x (t)  , a ( t )  A l t ! )  (9 .2 2 )
Then w (t)  i s  bounded v a r i a t i o n ,  b e c a u se  X *(t) i s  
bounded v a r i a t i o n .  N ote t h a t  i f  b w ere d i f f e r e n t i a b l e , 
we c o u ld  re g a rd  w (t) a s  b e in g  th e  o u tp u t  o f  th e  fo llo w in g  
sy stem
-X {t) = AT (t)X  (t)+C T ( t ) r i ( t )
W ( t )  = BT (t)X (t)
I f  w i s  sm ooth ( e .g .  w = 0) and t h i s  sy stem  i s  i n v e r t i b l e  
wo c o u ld  deduce th e  sm oothness o f  rw T h is  i s  w hat in  
e f f e c t  w i l l  b e  done:
PROPOSITION 9 .4 ; L e t  H1A, H2A be s a t i s f i e d ,  s  = 2 . 
L e t  u  e G. L e t {x ,u) b e  o p t im a l .  Assume 
( i )  u ( t )  c i n t e r i o r  o f  Q f o r  a l l  t  e T.
H i )  r Q > 0  (so  we s e t  i t  e q u a l t o  u n i ty )
P r o o f : B ecause o f  o u r  h y p o th e s is  we have from  P ropo­
s i t i o n  9 .3  ( s e t t i n g  r  * 1 ) ,  t h a t  t h e r e  e x i s t s  z* a 0 , 
z* t  Bm and II z*ll B + 1 > 0  such  t h a t  
6 V + < z * ,6 y> a 0  
from  (9 .1 9 ) we have
We have from (1) t h a t  u c i n t  (f t) , V t c T . T h e re fo re
W ( t)  E 0 f o r  a l l  t  e T.
f o r  a l l  v  e  G .  T h i s  i m p l i e s  t h a t
w ( t )  =  0  a . e .  t  «  T  
H o w e v e r ,  w ( t )  e B m ,  a n d  i s  t h e r e f o r e  c o n t i n u o u s  f r o m  
t h e  r i g h t .  T h e r e f o r e
w ( t )  5  o f o r  a l l  t  e  T .  Q
D e f i n e  B 0 , . .  B p ^ 1 ,  C Q , . .  c j  a s  f o l l o w s :
B 0 ( t )  &  B C t )  ( 9 . 2 3 3
0 ^ , ( 0  ‘  - B r ( t )  t a l t t U j l t )  ( 9 . 2 4 )
C _ < t )  4  C ( t )  ( 9 . 2 5 )
C r J . , ( t )  4  c  ( t ) + C  ( t ) A ( t )  ( 9 . 2 6 )
P R O J P O S I T I O N  9 . 5 :  A s s u m e  C  a n d  B  a r e  p - 1  t i m e s  a n d  A
i s  p - 2  t i m e s  c o n t i n u o u s l y  d i f f e r e n t i a b l e .  I f  C e B 0  i s  
c o n s t a n t  ( s t ' t o )  o n  T , f o r  r  =  0 , 1 , . . p - 2 ,  t h e n
" r ,  '  V r i *
P r o o f s  C o B o  i s  c o n s t a n t  b y  h y p o t h e s i s .
A s s u m e  i s  c o i
T h e n  C , B .  +  C , B .i B j  +  u i t i j
C n B o  c o n s t a n t  i m p l i e s  C n + 1 B 0  s  c n B t  
C n - i B j  c o n s t a n t  i m p l i e s  C Bt  =  C
C o B n  c o n s b a n t  i m p l i e s  C B S  C  B  + 1
i . n + l  o "  n  i  =  * '  =  o  n + 1
i . e .  c i s j  i s  c o n s t a n t  f o r  i f j  «  n + l .
H e n c e ,  b y  i n d u c t i o n  G ± B j  i e  c o n s t a n t  f o r  a l l  i , j  s u c h  
t h a t  i + j  s  p - 2 .  B u t  c o n s t a n t  f o r  i + j  =  p - 2  i m -
P R O P O S I T I O N  9 . 6 » L e t  ( x , u )  b e  o p t i m a l .
A s s u m e  ( w i t h o u t  l o s i i  o f  g e n e r a l i t y )  t h a t  x  c o n s i s t s  o f  
o n e  b o u n d a r y  a n d  2  i n t e r i o r  t r a j e c t o r i e s  w i t h  e n t r y  a n c  
e x i t  t i m e  t Q  a n d  t b  r e a p o c t i v e l y .
Ti “ ThQn' l6t
( i )  f  b o  c o n t i n u o u s l y  d i ^ f e r o n t i a b l e  u p  t o  ( p + l ) t h  
o r d o r  i n  x  a n d  u ,  S  b e  p  t i m e s  c o n t i n u o u s l y
0 . 2 8 )
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d i f f e r e n t i a b l e  i n  x .
( H )  ( { [ )  > r = l , . ,  . p  b e  c o n t i n u o u s  o n  T , .
( i i i )  CrB = 0 o n  Tt r  r = 0 , . . p - 2 .
C p - 1 B  n o n s i n g u l a r  1.311 T , .  ,
( i v )  r o  >  0  ( s o  s e t  r 0  -= 1) .
( v )  u ( t )  c i n t e r i o r  o f  f l ,  f o r  a l l  t  e  T ,
T h e n  a  n e c e s s a r y  c o n d i t i o n  f o r  o p t i m a l i t y  o f  ( x , u )
Hu ( x ( t )  , u ( t )  , X ( t ) )  == 0  f o r  a l l  t  e T
w h e r e
- X ( t )  = R T ( t ) X ( t )  t e  I t o / t a ) 0 ( t b ' t f :!
- 5 f t )  «  A'‘' ( t ) A ( t ) + C T ( t ) i i ( t )  t  e T,
M t ^ . )  =  E 'x ( x ( t £ )
= M t* ) +CT ( t |1) i i ( t tl) i « -  a .b .  
wit,) * 0
t ' l(t) = - ( [ :C ( t ) B p_ 1 ( t ) ] T) ' 1B®X(t) t  « I ,
ro 0 e l s e w h e r e .
i f  t i l B O
( V i )  u  i s  c o n t i n u o u s  a c r o s s  t g ,  t ^ ,
( v l . i )  I3 u u f t a ) ,  a  «  a ,  b ,  i s  p o s i t i v e  d e f i n i t e ,
(9.29)
(9.30)
( 9 . 3 1 )
(9.32)
(9.33)
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( u ) '  r  -  •  P “ 2  i s  c o n t i n u o u s  a c r o s s  t g , t ^
a n d  u # o  =  a ,  h  i s  g i v e n  b y
° =  1 B ) ( t ^ )  -  ( V )  ( 9 . 3 4 )
t  A i t , )
P r o o f :  A s s u m e  ( i )  -  ( v )  a r e  s a t i s f i e d
(9.29) f o l l o w s  f r o m  p r o p o s i t i o n  9.4.
0  =  B T ( t ) X ( t )
-  iS T ( t ) t t ' ( t )  + A ' ( t ) )  t -
-  B $ ( t ) » I ( t b , t ) X ( t ^ )  + | t  B T ( t ) » T ( - t „ t ) C T ( 'C ) i l n ( T ]  . 
I n t e g r a t i n g  b y  p a r t s  g i v e s
o  «  B , r ( t W T ( t b , t } A ( t " )  + B T ( f c H T < T , f c ) C T t r > n ( T ) : ^ b
-  | X T ( t ) ^ ( $ T ( t ,T ) C T (T ))n (-i:)d T
«  - B T ( t ) c ' i ’ ( t ) r i ( t )  + B ' C # ( t b , t ) i ; X ( t i b )  + C T ( t b ) r . ( t ™ ) ]
-  B a ’ ( t ) 4 > ' r ( T , t ) C ^ ( T ) r ? ( T ) d t .
>t  1
Wo have from  ( i l l ) ,  C B E O .  Hence b o th  s id e s  o f  th e  
alKivn can bo d i f f e r e n t i a t e d  w . r . t .  t ,  g iv in g
o  = <B V + b t *t ) n X ( ^ )  + cT ( t ^ )  n ( t - ) 3
iT * T  +  b t $ t j c ® ( r ) n ( x ) d r  +  B T ( t ) c * ( t ) n ( t )
•'t
+ | (t) (r ,t) (t) q (t) dr,
P r o m  ( i i i )  C j B  5  0  o n  T , ,  s o  b o t h  s i d e s  o f  e q u  ( 9 . 3 5 )  
c a n  b e  d i f f e r e n t i a t e d ,  g i v i n g
P r o m  ( i i i )  C ,  ( t ) B ( t )  s  0  f o r  a l l  t  t  T .  S o  w e  h a v e  f r o m  
P r o p o s i t i o n  9 . 5  t h a t  C ,  ( t ) B , ( t )  =  0 .  P r o c e e d i n g  i t e r a ­
t i v e l y  a s  a b o v e ,  w e  h a v e ,  u s i n g  ( i i i )
0 = H ! !,E^ ,ltilf(t)n(t) +  < - l ) E r t S ^ 1 ( t ) t T < t b , t ) t t < < Q  + !C T ( t ^ ) r U ( J ) 3  
+  i - d p J  b c J . 1 ( t ) » ' I1( - r , t ) c } ' ( D n W a t  ( 9 . :
N o w ,  f r o m  P r o p o s i t i o n  9 . 5  i f  C ^ B  =  0 ,  t h e n
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T h e r e f o r e ,  f r o m  ( 1 1 1 )  w e  h a v e  t h a t  i s  n o n  s i n g u l a r .
T h e n ,  f r o m  ( 9 . 3 6 )  i t  c a n  b e  s e e n  t h a t  n  i s  a b s o l u t e l y  c o n ­
t i n u o u s  f o r  a l l  t  €  t  .
A l s o ,  f r o m  ( 9 . 1 6 )  w e  h a v e
ftf  -S ( x ( t )  , d , i ( t )  =  0
sdn + I sdn + sdn = o
%
( ‘ a  / ‘ f
i . e .  S d i)  + Sdr) -■ 0 
J t o  J t b
S o  n i s  c o n s t a n t  o n  C t 0 , t a ) a n d  ( t b , t f ] ,  s i n c e  S < 0  
i n  t h o s e  i n t e r v a l s  a n d  r\ i s  n o n d e c r e a s i n g .
H e n c e  X i s  t h e  s o l u t i o n  o f
- X ( t )  «  A T ( t m t )  t  e  C t 0 , t a ) U ( t y f c £ 3
- X ( t )  =  A T ( t ) X ( t )  + C T ( t ) r i ( t )  t  c  T ,
w i t h  p o s s i b l e  j u m p s  o f  t h e  f o r m
1 It") = l i t * )  +  c T ( t a ) y ( t 0 ) a =  m . b .
w l i o r e  -  0 ,  b e c a u s e  n  i s  n o n d e c r e a s i n g .
Wo now  d e r i v e  t h e  r o p r e s e n t a t i o n  f o r  ii ( t )  g i v e n  i n  
e q u a t i o n  ( 9 .3 3 ) .  C e r t a i n l y  n ( t )  “  0  o n  
b e c a x i s o  w e h a v e  f r o m  a b o v e  t h a t  n  i s  c o n s t a n t  o v e r  t h e s e  
i n t e r v a l s .
. 1 7 2 .
w ( t )  =  B T ( t ) X ( t )  w h e r e  w ( t )  s O.
D i f f e r e n t i a t i n g  t h e  a b o v e  w . r . t .  t  g i v e s
, 0  =  a ^ B ^ ( t ) X ( t ) ]  "  - B ^ ( t ) X ( t )  -  [ C ( t ) B ( t ) ] T n ( t )
w h e r e  li ( t )  =  0  t  e  T  \  T .
Now  CB s  o  o n  1 ^ ,  a n d  d i f f e r e n t i a t i o n  g i v e s  
0  •
F r o m  ( i l l )  a n d  P r o p o s i t i o n  9 . 5 ,  w e  h a v e  C B 1 = 0 , 8  = O . 
P r o c e e d i n g  i t a r a t i v o l y  a s  a b o v e ,  w e  h a v e ,  u s i n g  C ^E  = 0  
r  =  0 , . . p - 2
0 =  ( t ) 1 ( t )  * [ C l t l B p . , ( t ) ] T n ( t ) ) .
F r o m  ( i i i )  C p _ J B i s  n o n s i n g u l a r  o n  ?i, i . e .  f r o m  e q u  ( 9 . 2 7 )  
CBp _ 1 i s  n o n s i n g u l a r  o n  T ) . T h e r e f o r e  
n i t )  -  - u c i t i B p . , ( t n V ^ ’ w u t ) .
We a r e  now  l e f t  w i t h  t h e  p r o b l e m  o f  f i n d i n g  t h e  p o s ­
s i b l e  j u m p s  a t  t a , t b . C o n s i d e r  t R.  D e n o t e  
1 1 ( x ( t a ) ,  u ( t “ ) ,  X ( t a ) ) b y  H ( t " )  . A s s u m p t i o n s  ( v i )  , ( v i i )  
a r e  n o w  a l s o  a s s u m e d  t o  h o l d .  We h a v e  f r o m  ( 9 . 7 9 )
°  -  " a ' V
-  A l t " )  + B * ( t* ) l :M t% )  (» .3 7 )
X ( t ~ )  -  M t * )  = c T ( t a ) u ( t a ) ,  w h e r e  p ( t a > e  o .  [9.381
We c a n n o t  s u b s t i t u t e  9 . 3 8  i n t o  9 . 3 7  t o  g i v e  u a  y ( t g ) , 
b e c a u s e  CB = 0 .  T h e r e f o r e ,  e v a l u a t i n g  Hu ( t ~ )  -
+  6T ( t a ) [ x ( t ~ )  - x ( t * ) ]  + BT ( t a ) i : $ ( t " ]
-  r 6 ( t j )
+  -  BT ( t * ) x ( t * )
« -B(t*)JT X(t") +B*(t+)[X(t") -X(t*)]
-BT tt;)a'r (tg)x(ta) - a T (t*)C-*T (t*)X(t*) - c T (t*)n(t*)3
ii(t~) - 6 ( t*)iTX(ta) + B T (t*)tX(t;) -X(tg}]
- b t  ( l - ^ ) A , r  ( t ' ^ j ! >, ( t ™ )  -  X ( t ^ i  ]  f r o m  ( i )  ,  t h e  c o n t i n u i t y  
o f  u  a c r o s s  t Q ,  CB = 0 o n  T 1 .
"  I B i t ' j  - 6 ( 0  - S ®  I t * )  [ l i t ; ;  -  »  ( t * )  3 ( 9 . 3 9 )
S u b s t i t u t i n g  ( 9 . 3 8 )  i n t o  ( 9 . 3 9 )  w i l l  n o t  g i v e  y < t a )  b e ­
c a u s e  C B i  =  C ^ B  s  0  o n  T  .  W e  a l s o  h a v e  
IB(t') - B(t*)]TX(t-) - 
H e n c e ,  p o s i t i v e  d e f i n i t e n e s s  o f  H u u ( t ~ )  i m p l l e l  t h a t  u  
i s  c o n t i n u o u s  a c r o s s  t  T h e r e f o r e ,  e v a l u a t i n g
a n d  m a k i n g  u s o  o f  t h e  c o n t i n u i t y  o f  u  
a c r o s s  t &,  C B  =  o ,  g i v e s :
o  = r S ( t~ )  - s < t * i i Ti ( t ' i  - l i t ' * ) ]
w e  a l s o  h a v e  
[ S c t ^ - g ( t + ) ] T i ( t ; i  -  c u c t^ i  
a h d ,  b y  ( v i i )  ,  w e  h a v e  t h a t  u  i s  c o n t i n u o u s  a c r o s s  t a - 
P r o c e e d i n g  i t e r a t i v e l y ,  w e  h a v e ,  b e c a u s e  o f  o u r  a s s u m p ­
t i o n s ,  t h a t
( ~ ) ( t )  i s  c o n t i n u o u s  a c r o s s  t a ,  r  =  0 , . . p - 2 ,  a n d
♦  - x ( t * n  o .
S u b s t i t u t i n g  ( 9 . 3 5 )  i n t o  ( 9 . 4 0 )  g i v e s  ( 9 . 3 4 ) .  S i m i l a r  
r o s i i 1 t s  h o l d  f o r  t b ,  D
M e  n o w  s h o w  t h a t  A s s u a t p t . i o n  ( i v )  o f  t h e  a b o v e  P r o p o ­
s i t i o n  i s  u n n e c e s s a r y  a a  i t  i s  i m p l i e d  b y  t h e  o t h e r  a s ­
s u m p t i o n s .
. 1 7 5 .
P R O P O S I T I O N  9 . 7 ;  L e t  a s s u m p t i o n s  ( i )  -  ( i i i ) ,  ( v )  -  
( v i i )  o f  P r o p o s i t i o n  9 . 6  b e  s a t i s f i e d .  T h e n  
r Q  >  0  ( a n d  c a n  b e  s e t  e q u a l  t o  u n i t y ) .
•P r o o f ;  A s s u m e  r Q  =  O .
T h e n ,  f r o m  e q u a t i o n  ( 9 . 2 1 )  w e  h a v e  
A ( t )  -  r 0 X ( t )  +  X '  ( t )  .
M t j )  =  r 0 ) - x ( x t t £ )  , t £ > .
A s s u m e ,  w i t h  n o  l o s s  o f  g e n e r a l i t y ,  t h a t  w e  h a v e  o n l y  
o n e  b o u n d a r y  a r c  w i t h  e n t r y  a n d  e x i t  t i m e s  t Q ,  t ^  r e s p e c ­
t i v e l y .  T h e r e f o r e ,  f r o m  e q u  ( 9 . 3 0 )
A ( t j )  = O
T h e r e f o r e ,  f r o m  e q u  ( 9 . 3 4 )  ( b e c a u s e  C B p - 1  ^  0 )
V i % )  = 0
X ( t ^ )  =  O
H e n c e ,  X ( * )  =  0  a l o n g  t h e  b o u n d a r y .  T h u s  ( 9 . 3 3 )
f |  ( t )  =  6  a n d  r 0  =  0 .
B u t  r Q  =  0 ,  z *  «  0 ,  v  »  0  c o n t r a d i c t s  P r o p o s i t i o n  9 . 3
t h a t  t h e r e  e x i s t s  a  n o n t r i v i a l  s e p a r a t i n g  h y p e r p l a n e .
T h u s  r 0  t  0 ,  a n d  f r o m  P r o p o s i t i o n  9 . 3 ,  r o  >  0 .  g
W e  n o w  r e l a t e  t h e  p r o p e r t i e s  o f  C ^ B  f-n S .
< S )  =  S x ( x ) f ( x „ u , t )  
i . e .  ( S )  ( x ( t )  , u < t ) )  **
P R O P O S I T I O N  9 . 8 :  I f  S  i s  p  t i m e s  c o n t i n u o u s l y  d i f f e r ­
e n t i a b l e ,  t h e n ,  f o r  r  =  0 , . . p
( S ) x ( 5 ( t )  , u ( t ) )  =  C r ( t )  ( 9
{ S ) u { 5 ( t )  , u [ t ) )  -  C r _ i  { t ) B 0 ( t )  4 - ( t ? ) ^ )  ( X ( t )  r u ( t ) ) .  { 9
P r o o f » ( S x )  ( x { f c )  , u ( t )  > » C ( t >  = C 0 ( t )  f r o m  ( 9 . 9 ) ,  ( 9 . 2 5 )  .  
S u p p o s e
( S ) x U ( t )  , u ( t > )  “ C  ( t )
T h e n
r  r  
»  ( S )3C  +  ( S ) x f x
=  c _ ( t )  4.  C _ ( t ) A ( t )  -  C  ( t )
. 4 1 )
. 4 2 )
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H e n c e ,  b y  i n d u c t i o n  w e  o b t a i n  ( 9 . 4 1 ) .  A l s o
( s + ( S )x£u
w h i c h  g i v e s  ( 9 . 4 2 ) . 0
C O R O L L A R Y  9 . 9 :  L e t  S  b e  p  t i m e s  c o n t i n u o u s l y  d i f f e r ­
e n t i a b l e .  T h e n ,  i f  ( £ ) ( x ( t ) , u ( t ) )  i s  i n d e p e n d e n t  o f  u ,  
r  =  0 , . . p - l ,  t h e n
C o m b i n i n g  t h e  r e s u l t s  o f  P r o p o s i t i o n  9 . 6 ,  9 . 7 ,
9 . 9  g i v e s  u s  t h e  n e c e s s a r y  c o n d i t i o n s  o f  J a c o b s o n ,  L e l e  
a n d  S p e y e r  [ 2 6 3 :
P R O P O S I T I O N  9 . 1 0 :  I f  a s s u m p t i o n s  ( i )  ,  < i i )  ,  ( i l l ) ,  ( v )
o f  P r o p o s i t i o n  9 . 6  a r e  s a t i s f i e d ,  t h e n  n e c e s s a r y  c o n d i ­
t i o n s  f o r  ( x , u )  t o  b e  o p t i m a l  f o r  t h e  s t a t e  c o n s t r a i n e d  
p r o b l e m  d e s c r i b e d  a t  t h e  b e g i n n i n g  o f  t h e  C h a p t e r  a r e :
w h e r e  t h e  X ( « )  a r e  g i v e n  b y
(S)u (x<t>,u(t>) = Cp_i(t)Bo(t)  
■  C o ( ^ B p - i ( t )
( 9 . 4 3 )
P r o o f :  P r o m  e q u  ( 9 . 4 2 ) D
i ( t £ )  -  r x (5 ( t f ) , t £)
f i  $  0  S ( x ( t ) )  -  o
=  0  S ( x ( t ) )  <  0
i s  a  b o u n d e d  f u n c t i o n  f o r  t  e  C t 0 , t f J .
W e  a l s o  h a v e ,  f r o m  C 3 3 ,  C 4 8 3 ,  t h a t
D e f i n i t i o n :  T h e  H a m i l t o n i a n  H  i s  s a i d  t o  b e  r e g u l a r  i f
a l o n g  a  g i v e n  x ( t ) ,  X ( t )  t r a j e c t o r y  ( s a y  x ( t ) ,  X ( t ) ) ,  
H ( x , u , X )  h a s  a n  u n i q u e  m i n i m u m  i n  u ,  t  e  T .
F o r  t h e  c a s e  o f  a  r e g u l a r  H a m i l t o n i a n  ( s o  c o n d i t i o n  
( v i i )  o f  P r o p o s i t i o n  9 . 6  h o l d s ) ,  S p e y e r  [ 4 8 ]  a n d  M c I n t y r e  
a n d  P a i a w o n s k y  [ 3 9 ]  h a v e  s h o w n  t h a t  u  m u s t  b e  c o n t i n u o u s  
a c r o s s  t h e  j u n c t i o n ,  i . e .  c o n d i t i o n  ( v i )  o f  P r o p o s i t i o n  
9 . 6  i s  a  n e c e s s a r y  c o n d i t i o n  f o r  ( x , u )  t o  b e  o p t i m a l .
T h e n , ’ f o r  t h e  c a s e  p  =  1  a n d  H  r e g u l a r  w e  h a v e ,  f r o m  
t h e  c o n t i n u i t y  o f  u  t h a t  i j  ( t ^ )  =  0 .  i . e .  t h e r e  i s  n o  
j u m p  i n  X a t  t h e  j u n c t i o n  p o i n t s .
J a c o b s o n  e t  a l  r e l a t e  t h e i r  r e s u l t s  [ 2 6 ]  t o  t h o s e  
o f  [ 3 ] , [  4 8 3 .  .  D e n h a m  a n d  B r y s o n  [ 5 ] ,  u s e d  t h e  r e s u l t s  
o f  [ 3 ]  f o r  a  s t e e p e s t  a s c e n t  a l g o r i t h m ,  w h i l e  S p e y e r  [ 4 8 3  
p r o p o s e d  a  s e c o n d  o r d e r  s w e e p  a l g o r i t h m .  O t h e r  i m p o r t a n t  c o m ­
p u t a t i o n a l  t e c h n i q u e s  a r e  o f  t h e  p e n a l t y  f u n c t i o n  t y p e .
CHAPTER 10
S I N G U L A R  PROBT.RMS
C o n s i d e r  t h e  c o n t r o l  p r o b l e m  a s  o r i g i n a l l y  d e f i n e d .  
L e t  ( x , u )  b e  o p t i m a l ,  a n d  a s s u m e  t h a t .  H ( x ( t )  , u , X  ( t )  , t )  
( w h e r e  X ( t )  i s  t h e  s o l u t i o n  o f  e q u s  ( 2 . 1 6 )  a n d  ( 2 . 1 7 ) )  ,  
i s  i n d e p e n d e n t  o f  u  f o r  a l l  t  «  T .  O b v i o u s l y ,  t h e  e s t i ­
m a t e  A H ( t ) d t  o f  &V i s  z e r o ,  a n d  t h e r e f o r e  o £  n o  u s e .
H o w e v e r ,  P r o p o s i t i o n  , 4 . 2  c a n  b e  u s e d  t o  g i v e  a  n e c e s s a r y  
c o n d i t i o n  o f  o p t i m a l i t y  ( W a y n e  [ 3 6 ] ) .
P R O P O S I T I O N  1 0 . 1 :  L e t  u  e  G .  I f  e i t h e r
( i )  H 1 A ,  H 2 A  a r e  s a t i s f i e d ,  s = * 3  a n d  d ( u , u )  s e ,  o r
( i i )  H I ,  H 2  a r e  s a t i s f i e d ,  s = 3  and d i (u ,u ) s e  and i f  
(x ,u ) a r e  o p t im a l ,  H ( x ( t ) , u ,X ( t ) , t )  i s  in d e p e n d e n t 
o f  u f o r  a l l  t  €  T ,  th e n
t ( t )  »  & f T ( t ) & H x ( t )  + A f ' I ( t ) P ( t ) ^ £ ( t )  a  0  ( 1 0 .
f o r  a l l  u  c  f i ,  a l l  t  e  T ,  w h e r e  
( t )  *  f ( x ( t l - u , t )  -  f ( x ( t ) , u ( t ) , t )  
i B x ( t )  =  H x ( x ( t )  , u , 5 T ( t )  , t )  -  H x ( x ( t )  , u ( t )  , U t )  , t )  
a n d  X ( t ) ,  P ( t )  a r e  t h e  s o l u t i o n s  t o  e q u s  ( 2 . 1 6 ) - ( 2 . 1 9 ) .
P r o o f s  A s s u m e  t h e  i n e q u a l i t y  1 0 . 1  i s  v i o l a t e d  a t  
e  0 ( 5 ) ,  f o r  u  =  v .  D e f i n e  t h e  c o n t r o l  u ( t )  b y
u ( t )  -  5 ( t > ,  t  4  T e  4  [ t j - e . t , ]
u ( t )  *  u ( t )  + V ,  t  e T  .
H e n c e ,  f o r  t  <  T
< S x ( u )  =■ A f ( t * )  t  e  [ t ,  - c t j ]
t * ( t )  €  [ t , - S , t ] .
S i n c e  ^ ( t ^ )  s  C  <  0 ,  t h e r e  e x i s t s  a n  e  ^  e ,  > 0  s . t .  
& £ T ( t * ( t ) ) [ & H x ( t )  + P ( t ) M ( t ) ]  < C / 2  < 0  f o r  a l l  t  g T ^ .
H e n c e ,  f r o m  P r o p o s i t i o n  4 . 2 ,  t h e r e  e x i s t s  a n  e  s  e 1 
s u c h  t h a t  A V  <  0 .  T h i s  c o n t r a d i c t s  o p t i m a l i t y .  g
T h e  a b o v e  r e s u l t  i s  a  s t r o n g  v e r s i o n  o f  t h e  c o n d i t i o n  
o f  o p t i m a l i t y  g i v e n  b y  J a c o b s o n  [ 1 9 ] .
T o  p r o c e e d  f u r t h e r  ( i n  t h e  p r e s e n t  s t a t e  o f  k n o w l e d g e )  
w e  h a v e  t o  i m p o s e  t h e  f u r t h e r  r e s t r i c t i o n  t h a t  f  a n d  L  
a r e  l i n e a r  i n  u  o r  t h a t  w e a k  v a r i a t i o n s  o n l y  a r e  p e r m i t t e d .
T h u s  u n d e r  c o n d i t i o n s  o f  P r o p o s i t i o n  4 . 5 ,  a n d  t h e  i n ­
d e p e n d e n c e  o f  H  w . r . t .  u ,  w e  e a s i l y  o b t a i n  a  w e a k  v e r s i o n  
o f  C o r o l l a r y  4 . 3 s
f vT ( t ) [ C ( t )  +BT i k ) P ( t ) ] 2 ( t )  a t ( 1 0 . 2 )
|AV ~ AV| 5 c c 9 , c < «
C ( t )  ^  Hu x ( x ( t ) , u ( t ) , X { t ) , t )  ( 1 0 . 3 )
A (t)  ^  f x ( x ( t ) , u ( t ) , t )  (1 0 .4 )
B ( t )  =  £ u ( « ( t ) , u ( t ) , t )  ( 1 0 . 5 )
w h e r e  X ( t )  i s  t h e  s o l u t i o n  t o  e q u a t i o n s  ( 2 . 1 6 ) ,  ( 2 . 1 7 ) ,  
a n d  z ( t )  r e p l a c e s  6 x ,  v ( t )  r e p l a c e s  6 u .  i . e .
a(fc) »  +B(fc>v(t) (10.6)
2 ( t Q) = 0 (1 0 .7 )
D e f i n e
c ( t )  =  c  ( t )  + B T ( t ) P ( t )  ( 1 0 . 8 )
y ( t )  =  c ( t ) z ( t )  ( 1 0 . 9 )
T h e n  ( 1 0 . 2 )  b e c o m e s  
fcf
6 V -  I vT ( t ) y ( t ) d t  (10 .10 )
j t o
O n e  w a y  o f  o b t a i n i n g  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  
n o n n e g a t i v i t y  o f  A #  h a s  b e e n  d e m o n s t r a t e d  b y  J a c o b s o n  [ 2 0 ] .  
A d d  t o  t h e  i n t e g r a n d  o f  e q u  ( 1 0 . 2 )
i i * T  ( t )  P  ( t )  D M t )  z  ( t >  + B ( t ) v ( t i
.1 8 2 .
- P ( t )  = AT ( t ) 5 ( t )  + P ( t ) A ( t )  -  Q ( t )  ( 1 0 .1 1 )
P ( t f ) -  P £  ( 1 0 . 1 2 )
60 t  .
« f (VT (t)C(t)z(t) +%zT (t)P(t)(:A(t)z(t)
J t o
+  B < t ) v ( t )  -  £ ( t ) 3 ) d t
B ] (VT (t)C(t)Z{t) +%ZT (t)$i(t)A(t)2(t)
*0
+  % zT { t ) P { t ) B ( t ) v ( t )  + % 2T ( t ) g ( t ) z ( t )  +  SszT  ( t ) 5  ( t )  z  ( t ) ) d b
-  %zT ( t f ) $ :£z ( t £ )
t g
»  I { % z T ( t ) S ( t ) z ( t ]  + v T ( t ) C 5 ( t ) + B ' :C( t ) P ( t > 3 z ( f c ) ) d t
%
-  ^ T ( t f ) g f z ( t f ) ( 1 0 . 1 3 )  
C l e e r l y  i f
( i )  t h e r e  ex lsU a P s a t i s f y i n g  ( 1 0 . 1 1 )  a n d  b o u n d a r y  c o n ­
d i t i o n  s  0 ,  a n d
( i i )  C ( t )  +  B T ( t ) P ( t )  s  0  V t  c  T ( 1 0 . 1 4 )
( 1 1 1 )  Q ( t )  S O  V t  c  T  ( 1 0 . 1 5 )
t h e n  A V  s  0  o n  T .
A n o t h e r  w a y  o f  o b t a i n i n g  s u f f i c i e n t  c o n d i t i o n s  f o r  
t h e  n o n n o g a t i v i t y  o f  A V  h a s  b e e n  d e m o n s t r a t e d  b y  J a c o b ­
e a n  l ! 2 2 l .
. 1 8 3 .
A d d  t o  t h e  i n t e g r a n d  o f  ( 1 0 . 2 )
W r < t ) P { t ) i : A ( t > z ( t )  +  B ( t ) v ( t )  -  z ( t ) ]  
w h e r e ,  n o w ,  p { t )  i s  a n y  n x n  s y m m e t r i c ,  c o n t i n u o u s l y  d i f ­
f e r e n t i a b l e  ,  m a t r i x  f u n c t i o n  o f  t i m e .  S o
A V  =  f ( % z T t P ( t )  + S { t ) A { t )  + A T ( t ) P { t ) ] z ( t )
j f c o
+ vT i:c(fc) + 0 T (t>P(t>3 Z(fc)>dt 
-  i sK T ( t f ) P f z  ( t f )
T h e n ,  i f
( i )  C ( t )  +  B T ( t ) P ( t )  =  0  V t  e  T  ( 1 0 . 1 6 )
( i i )  P ( t )  +  f f ( t ) A ( t )  +  A 2 ' ( t ) P ( t )  S O  ( 1 0 . 1 7 )
( i i i )  P ( t f ) <  0  ( 1 0 . 1 8 )
t h e n  A V  ;? 0  o n  T .
I n  1 2 5 ] ,  J a c o b s o n  a n d  S p e y e r  o b t a i n  a n  ' i n t e g r a t e d *  
v e r s i o n  o f  t h e  a b o v e  c o n d i t i o n s  w h i c h  a l l o w s  f o r  p o s s i b l e  
n o n d i f f e r a n t i a b i l i t y  o f  H5 .  N e c e s s a r y  c o n d i t i o n s  a r e  a l s o  
o b t a i n e d ,  w h e r e  t h e  g a p  b e t w e e n  t h e  n e c e s s a r y  a n d  s u f f i ­
c i e n t  c o n d i t i o n s  i s  m i n i m a l .
W e  n o w  s h o w  h o w  ( 1 0 . 2 )  c a n  b e  u s e d  t o  o b t a i n  n e c e s ­
s a r y  c o n d i t i o n s  f o r  t h e  n o n n e g a t i v i t y  o f '  A V .  W e  w i l j  
r e s t r i c t  a t t e n t i o n  t o  t h e  c a s e  w h e r e  f  i s  l i n e a r  i n  u , L  a  o .  
L o t  i i  ( U )  d e n o t e  t h e  a d j o i n t  v a r i a b l e  f o r  t h e  l i n e a r i z e d  
s y s t e m  ( 1 0 . 6 ) ,  ( 1 0 . 7 )
. 1 8 4 .
- n  ( t )  =  AT { t ) n ( t )  + c T ( t ) v ( t )  (1 0 .1 9 )
n ( t f ) = o
' P R O P O S I T I O N  1 0 . 2 :  L e t  H I ,  H 2  b e  s a t i s f i e d ,  6 = 2 .  L e t
u , u  e  G .  T h e n
( i )  - X ( t )  =  A 'r ( t ) X  ( t )  t  C T ( t ) 6 u ( t )
* f t f )  =  P x ( x ( t f ) , t f )
( i i )  n ( t )  =  X ( t )  -  X ( t )
w h e r e  X ( t )  i s  t h e  s o l u t i o n  t o  e q u a t i o n s  ( 2 . 1 6 ) ,  ( 2 . 1 7 ) .
P r o o f :  ( 1 )  P r o m  C h a p t e r  2
- X ( t )  =  H x ( x ( t ) , u ( t ) , X ( t ) , t )  + P ( t ) A f ( t )
»  £ ^ ( x ( t )  , u ( t )  , t ) X ( t )  +  P ( t ) B ( t ) 6 u ( t )  
e  A T ( t ) X ( t )  +  C T  ( t )  < 5 u ( t )  .
( i i )  - ( X ( t )  - X ( t ) ) «  A T ( t ) X ( t )  + C r { t ) 6 u ( t )  -  A T ( t ) X ( t )
=  A T ( t )  ( X ( t )  -  X ( t ) )  +  C T ( t ) d u ( f c )
X ( t f ) - X ( t f ) »  O. 
i l o n o e  r e s u l t .  D
. 105.
D e f i n e
H(z,v,n,t) & ▼*5{t)a + n*(fc)tA(t)B(t) +B(t)v<t)]
H u ( t )  4  H u ( z , v , n , t )
f
=» c ( t ) z ( t )  + bt  ( t ) n ( t )  (1 0 . 2 0 )
w h e r e  z ( t )  a n d  n ( t )  a r e  ze ro  on  T .
D e f i n e  ( o . f .  c h a p t e r  9 )
B o ( t }  «  B ( t )  ( 1 0 . 2 1 )
B r + 1 ( t )  =  - B r ( t )  +  A ( t ) B r ( t )  ( 1 0 . 2 2 )
% ( t )  =  C ( t )  ( 1 0 . 2 3 )
c r * t ( t } «  C r ( t )  +  c r ( t ) A ( t )  ( 1 0 . 2 4 )
P R O P O S I T I O N  1 0 . 3 :  I f  (C ) ( t )  ,  ( B ) ( t )  e x i s t  f o r  a l l
t  r: T ,  r = 0 , . .  . p - 1  a n d  1
i : c r „ i ( t ) B o ( t )  + t " I ) r c o <1:)V i ( t n  S 0
(H u ) ( t j  ™ +  H ) P ECc ( t ) B p . 1 ( t ) 3 T ] v ( t )  ( 1 0 , 2 5 )
P r o o f ;  R e c a l l  t h a t
( C )  ( t )  &  ( ' 2 / d t ) r C ( t )  e t c .
.1 8 6 .
P rom  (1 0 .2 0 )
H u < t )  -  C t ( t ) z ( f e )
+ I C 0 ( t ) B 0 ( t )  -  C C 0 ( t ) B 0 ( t ) 3 ! r 3 v ( t )  .
P r o m  o u r  a s s u m p t i o n s  t h e  t e r m  i n  s q u a r e  b r a c k e t s  i s  e q u a l  
t o  0 .  T h e r e f o r e
H u ( t )  =  C 4 ( t ) a ( t )  + B ^ ( t ) n ( t )
+ C C j ( t ) B 0 ( t )  -  [ C 0 ( t ) B i ( t ) 3 T 3 v ( t ) .
U s i n g  o u r  h y p o t h e s i s  a g a i n  a n d  p r o c e e d i n g  i t e r a t i v e l y  w e  
o b t a i n  ( 1 0 . 2 5 )  Q
D e f i n e
♦ y  ( t )  ^  C j l t J B j I t )  + ( - l ) t+:i+1B ' J ( t ) c ’ l ( t )  (1 0 . 2 6 )
T h e n /  p r o v i d e d  t h e  a s s u m p t i o n s  o f  P r o p o s i t i o n  1 0 , 3  a r e  
s a t i s f i e d /  w e  h a v e  f r o m  ( 1 0 . 2 5 ) ,  ( 1 0 , 2 6 )
I (H)u ( t n  = V l , o {t) U0.27)
A l s o ,  d e f i n e  
m , ( t ;  6
= ( - l ) I *1. , r - l l t > (10' 28)
S r ( t )  4  ( - 1 )
i ( t )  ( 1 0 .2 9 )
M a k i n g  u s e  o f  t l i e  d e f i n i n g  p r o p e r t y  o f  
r  = 0 , 1 , 2 . .  w e  h a v e :  1
P R O P O S I T I O N  1 0 . 4 :  I f  4 r  Q i s  c o n s t a n t  o n  T ,  r = 0 , . . p - l ,
P r o o f :  Q  i s  c o n s t a n t  b y  h y p o t h e s i s .
A s s u m e  j  i s  c o n s t a n t  f o r  i + j  -  n  < p - 1  
c o n s t a n t ,  i m p l i e s ,  b y  ( 1 0 . 2 6 )
+  C^Bj + + { - l } i + -*+ 1B^Cj -  0
i . e .  ( C i H - C j M l i j  +
.  1 -1 ) .  ( - 1 )  -  C jA )^  - 0
i . e .  “  * l , j + l
C o n t i n u i n g  a s  i n  p r o p o s i t i o n  9 . 5 ,  w e  o b t a i n  t h e  r e s u l t .
W e  n o w  c o n s i d e r  t r a n s f o r m i n g  t h e  p r o b l e m  d e f i n e d  
b y  e q u a t i o n s  ( 1 0 . 2 )  ( 1 0 . 6 )  a s  f o l l o w s :
( t )  A ( t )  ( t Q) = o
Vr (t) & ^ ( t )  W  = o
« r ( W  A
2 0 ( t )  =  z ( t )  B 0 ( t )  -  B ( t )
T h e  a b o v e  t r a n s f o r m a t i o n  e q u a t i o n s  a r e  d u e  t o  G o h  [ 4 0 ] ,
C 4 1 ]  a n d  a r e  u s e d  t o  t r a n s f o r m  t h e  s i n g u l a r  p r o b l e m  i n t o  
a  n o n s i n g u l a r  o n e ,  a s  w i l l  b e  s h o w n  b e l o w .
P R O P O S I T I O N  1 0 . 5 :  L e t  ( x , u )  b e  o p t i m a l .
I f  C ( H u ) ( t ) 3  =  o  o n  T ,  r - O , . . 3 p - 2 ,  a n d  S r ( t )  a n d  R ^ ( t )  
a r e  i d e n t i c a l l y  z e r o  o n  T ,  r = l , . . p - 1 .  T h e n
( i )  8  < t >  =  0  o n  T
( 1 1 )  R p ( t )  a  0  o n  T
a r e  2  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  n o n n e g a t i v i t y  o f  A V .
P r o o f :  U s i n g  t h e  t r a n s f o r m a t i o n  g i v e n  a b o v e  f o r  r = l ,  t h e
s y s t e m  e q u a t i o n s  b e c o m e s :
a  ( t )  =  A ( t )  z  ( t )  +  8  ( t ) v  ( t )  ( 1 0 . 3 0 )
a n d  A V  b e c o m e s :
. 1 8 9 .
= 6V1 = | fv^C(t)[Ki (t) +Bo(tfvi(tUdt
I n t e g r a t i n g  b y  p a r t s  t o  r e a r r a n g e  t h e  t e r m s  i n  v ,  
w e  o b t a i n
t £  i
® i - | t  -  ! i /c c o{t)B0( t) -B ® (O t|( t i] ',v ( t)
+B^(t)C0(t) + ^ [C c|(t)B0 ( tm )d .t  
+ V ^ (t£)C0 <tf )= i (t £) +  iv® (t£)C0 ( t f )B (tf )Vi ( t f )
'  ( t ) v  ( t i ) d t  
+ +%v[(t£)C()( t£)B (tj,)V[ ( t£) (10 .31 )
F r o m  o u r  h y p o t h e s i s  8 ^ ( t ) ,  R , ( t )  a r e  z e r o .  B y  r e ­
p e a t e d l y  a p p l y i n g  t h e  t r a n s f o r m a t i o n  a n d ,  a n d  t h e  f a c t  
t h a t  R r ( t )  S  0 ,  S r ( t )  =  0 ,  r = l , . . p - l ,  t h e n  '
t f
6 V -  6Vp  = j  ( v ^ ( t ) n - l l PCp ( t ) l z p (t.)
+ SV pSp ( t l » p ( t ) ) c l t
N o w ,  f r o m  ( 1 0 . 2 9 ) ,  S p ( t )  i s  a n t i s y m m e t r i c ,  a n d  i f
i t  i s  n o n z e r o ,  a n  a p p r o p r i a t e  c o n t r o l  c a n  b e  f o u n d
s u c h  t h a t  t h e  t e r m  i n v o l v i n g  v p  d o m i n a t e s  t h e  o t h e r  
q u a n t i t i e s ,  g i v i n g  A V  <  O .
H e n c e  S ^ t t )  5  0  o n  T  I s  a  n e c e s s a r y  c o n a t i o n  f o r
t h e  n o n  n e g a t i v i t y  o f  A V .
G i v e n  S p ( t )  s  0  o n  T ,  i f  R p < t )  #  O ,  t h e n  a  c o n t r o l ,
z e r o  e x c e p t  o n  [ t  " i - j t  3 ,  c a n  b e  f o u n d  s u c h  t h a t  & V < 0 .
0
P R O P O S I T I O N  1 0 . 6 :  L e t  A ,  C ,  B  b e  2 p  t i m e s  c o n t i n u o u s l y
d i f f e r e n t i a b l e ,  • T h e n  
r
( i )  i f  C ( H U )  ( t )  s o  o n  T  r = l , . , 2 p - 2 ,
«  2 P _ 1
8  ( t )  =  < - l ) P C (  H u  } ( t )  3 o n  T  { 1 0 .
( i i )  i f  L '< H U ) ( t )  1 3  0  o n  T  r = l , . . 2 p ~ l ,
_  2 p
R p f t )  =  { - l ) p [ ( a u > ( t ) ^  o n  T  ( 1 0 .
P r o o f :  ( i )  I ( H u ) ( t ) 1  =  0 ,  r = l , . . 2 p - 2  i m p l i e s  t h a t
o  ^  0  •  • • 2 p ~ 3 .
F r o m  ( 1 0 . 2 9 )
1 9 1 .
=  Q ( t )  u s i n g  P r o p o s i t i o n  1 0 . 4
_  2 p - l
=  ( - l ) p [ (  H  ) ( t ) 3  f r o m  ( 1 0 . 2 7 ) .  
u  u
( i i )  I s  s i m i l a r l y  p r o v e d . 0
W e  s e e  f r o m  P r o p o s i t i o n  1 0 . 5 ,  1 0 . 6  t h a t
( - D P [ H U ]  & 0 ( 1 0 . 3 4 )
i s  a  n e c e s s a r y  c o n d i t i o n  f o r  o p t i m a l i t y .  K e l l e y  [ 2 9 ]  
o b t a i n e d  a  n e w  n e c e s s a r y  c o n d i t i o n  ( g e n e r a l i z e d  L e g e n d r e -  
u e b s c h )  f o r  n o n - n e g a t i v i t y  o f  t h e  s i n g u l a r  s e c o n d  v a r i a ­
t i o n ,  T h e  g e n e r a l  f o r m  o f  t h i s  c o n d i t i o n  ( 1 0 . 3 4 )  w a s  
o b t a i n e d  ( a p p a r e n t l y  i n d e p e n d e n t l y )  b y  K e l l e y  e t  a l  [ 3 1 ] ,  
R o b i n s  [ 4 7 ]  a n d  T a i t  [ 5 0 3 .
I t  w a s  s h o w n  ( [ 3 1 ] ,  p g  7 5 )  t h a t  t h e  c o n t r o l  u  c a n n o t  
a p p e a r  i n  a n  o d d  t i m e  d e r i v a t i v e  o f  H u  i f  u  i s  a  s c a l a r .
T h e *  g m n o r a l i K o d  L o g e n d r e - C l e b s c h  c o n d i t i o n  f o r  t h e  
c a s e  o f  v e c t o r  c o n t r o l s  w a s  o b t a i n e d  b y  R o b b i n s  [ 4 7 ]  a n d  
G o b  f i i ] ,  w h i c h  t o o k  t h e  f o r m  o f  e q u  ( 1 0 . 3 4 )  a n d
( s c o  P r o p o s i t i o n s  1 0 . 5  ( i )  ,  3 . 0 . ' i  ( i ) ) .  M o t e  t h a t  f o r  t h e  
c a s e  p = l ,  w e  h a v e  t h a t
5 p - i
( - l ) r>r Hu 1u « 0 V t  e  T
S , ( t )  =  ( - l ) r C 0 B 0  -  B y C 0 ( t )  -  O  
i . e .  CB =  BT CT
(C + B ^ P JB  =  BT (C+BT P ) T 
s o  CB = BTc'r .
S o  C B  i s  s y m m e t r i c  ( s e e  J a c o b s o n  [ 2 3 ] ,  R o b b i n s  [ 4 7 ] ,
G o b  [ 1 0 ] ) .
J a c o b s o n  [ 2 1 ]  s h o w e d  b y  m e a n s  o f  a  c o u n t e r  e x a m p l e  
t h a t  s a t i s f a c t i o n  o f  t h e  g e n e r a l i z e d  L e g e n d r e - O e b s c h  
n e c e s s a r y  c o n d i t i o n s  a n d  t h e  n e c e s s a r y  c o n d i t i o n s  o f  
[ 1 9 ]  a r e ,  i n  g e n e r a l ,  i n s u f f i c i e n t  f o r  o p t i m a l i t y  i n  
s i n g u l a r  p r o b l e m s .
W e  n o w  m a k e  u s e  o f  t h e s e  r e s u l t s  i n  o b t a i n i n g  s u f f i ­
c i e n t  c o n d i t i o n s  o f  o p t i m a l i t y .
C o n s i d e r  t h e  c a s e  w h e n  t h e  s i n g u l a r  c o n t r o l  i s  o f  
f i r s t  o r d e r ,  a n d  R , ( t )  >  0 ,  S 1 ( t )  = 0  V t  e  T .  W e  u s e  
t h e  s y s t e m  a n d  c o s t  f u n c t i o n  d e f i n e d  b y  e q u a t i o n s  ( 1 0 . 3 0 ) ,
( 1 0 , 3 1 )  t o  o b t a i n  a  c o n t r o l  l a w ,  a n d  a s s e s s  t h e  p e r f o r ­
m a n c e  o f  t h i s  l a w .
A p p l y i n g  l i n e a r  o p t i m a l  c o n t r o l  t h e o r y  y i e l d s
v , ( t )  =  - K ( t ) z / t )  ( 1 0 . 3 5 )
K ( t >  .  ( t ) [ B * ( t ) » , ( t )  - C , ( t ) ]  ( 1 0 . 3 6 )
w h e r e  P $ ( t )  i s  t h e  s o l u t i o n ,  a s s u m e d  t o  e x i s t  o n  T ,  
o f  t h e  f o l l o w i n g  R i c c a t i  e a u a t i o t u
- P ^ t )  - A T ( t ) P  ( t )  + P  ( t ) A ( t . )  - K T ( t ) R t ( t ) K < t )  ( 1 0 . 3 7 )
a n d  P j  ( t £ > i s  s t i l l  t o  b e  d e t e r m i n e d .
U s i n g  t h i s  c o n t r o l  l a w ,  & V  b e c o m e s
+  W ^ ( t f ) C 0 ( t f ) B ( t f ) V i ! t f )  -  V z j ( t f ) P j  ( t f ) s ! < t f )
-  8 f ( t £ ) t - > i K T ( t £ ) C o ( t f )  - l ! C * { t £ } K ( t £ )
+  t i C 1 '  ( t , )  C c  ( t £ )  B  ( t £ ) K  ( t £ )  -  I P  _ ( t , )  ]  =  _ l t f ) ( 1 0 . 3 8 )
T h e r e f o r e ,  c h o o s i n g
= - [ : K T ( t $ ) G ( t £ )  H -C T ( t f ) K ( t f )  -  K T ( t £ ) C v t £ ) B ( t f ) K ( t f n
-  K T  T  K  ( 1 0 . 3 9 )
i f  r  a  0 ,  w e  h a v e  f r o m  ( 1 0 . 3 8 )  t h a t  A V  & 0 .
W e  n o w  d i s c u s s  o u r  c h o i c e  o f  K .  F r o m  ( 1 0 - 3 7 )
- P B =   ^B + P^AB -  K^R^KB
«  A T P  B  +  P ^ A B  -  ( B ^ P  -  C ^ R ™ 1  ( B ^ P  - C ^ B
= ATP B + P^AB -  {B'J'Pi - C i ) ,rR~: l (B ^P i B " C i B)
-  A :  +  P j A B  -  ( B lj p i  ~ C i ) , r R ” 1 i : B ^ P i B - -  ( C  +  C A )  B ]
R$ =  ( - 1 )  (C^B + B^C)
= ( -D r  (6 + CA)B + (2XB-B)TCT]
=  ( - 1 )  ( : 5 b  +  C A B  +
- G A B  =  R ^ - J -  C B  *■ B T A T C T  -  B T C T
T h e r e f o r e
= ATP 1B + P^AB -  (B^P1 -C ^ )^ R ^ [(B ^ )P ^ B  
+  R^ f  c s  +  b t a t c t  -  g 'r c T ;
= ATP t B + P^AB -  {ByPi ) T + C ^ - S ( t ) B TP  I 
-  K ( t ) B ® C
«  A ^ P ^ B  4- P ^ A B  -  P  ( A B - B )  +  5 T  +  A T G T  
-  K ( t ) B ® P  B  -  K ( t ) B ^ C
T h e r e f o r e
- ^ ■ I P  B  +  5 T ] »  [ A - B i K ( t ) 3 ' r i : P 1 B  +  G T -j
i h i  t h n l  I t
) \  ( f c f > B ( t f )  +  C T ( t f )  =  0  •
f  H  H ' U )  i v ' i' ( t )  »  0  f o r  a l l  t  c  T  
n , i i  i f U v l u - J  U i n  H ' x i u l  v i ' i n i 'h U  f o r  hV r  0  ( s e c  1 0 . 1 4 ) .
;i I r. n  . I f n n l iH i hi  |  V»;
(1 0 .
.1 9 4 .
= (-1) (C^ + B^ C)
» (-l)C (5 + CA)B + (A B - B )TCT 3 
«  ( - D  i;5 b  +  c a b  +  b t a t c t  -  b t c t ]
-C A B  =  CB +  BTAT CT  -
T l i e r e f o r e
- V K  = A^P^B + P t AB -  (B^Pj
= A^P^B + P t AB -  (B^P f ) T + -  K ( t)B ^ P ) B
-  K ( t)B TC
= ATP B + PjAB -  P (A B -B ) + + A^C^
•• K (t)B * P  B -  K (t)B ^ C
T h e r e f o r e
“ j ^ T P j S  + C1 ] *  C A - B i K ( t ) ] T CP i B +  CT 2 
So t h a t  i f
P ^ t g ) B ( t g )  + CT ( t £ ) = 0  -
( t ) B ( t )  + CT ( t )  = 0  f o r  a l l  t  c T 
s a t i s f y i n g  Lho r e q u i r e m e n t  f o r  Av a 0  ( s e e  1 0 .1 4 )„  
a l s o  J a c o b s o n  £ 2 2 ] .
. 1 9 5 .
N ow , i f  P t ( t f ) s a t i s f i e s  ( 1 0 . 4 0 )  ,  w e  h a v e
-  - H * t ( t f ) C B * ( t £ ) C T ( t £ )  +  C i ( t £ ) B ( t £ ) :
-  =  I .
T h e r e f o r e ,  l e t  K  b e  g i v e n  b y :
| K ( t £ )  | i : B ( t £ )  :  B 3  »  I n
I K I
B  i s  a n y  ( n - m ) * n  m a t r i x  s u c h  t h a t  C B ( t f )  :  B 3  i s  n o n  
s i n g u l a r .
K ( t t > B ( t E )  =  I m  
K  B ( t f )  =  0
k 6 = i n„m.
- | B T ( t £ )  | r i > i  ( t £ ) :  8 3  »  | o ( t f ) B ( t f )  C ( t j ) l j
I f  I I B T C T i t f )  r  I
N o w  w e  r e q u i r e  ®  ( t £ ) s  0 .  ( C o m p a r e  t h i s  a n d  e q u a t i o n s
( 1 0 . 3 7 )  ,  ( 1 0 . 4 0 )  w i t h  ( 1 0 . 3 1 )  -  ( 1 0 . 1 5 ) . )
S u f f i c i e n t  c o n d i t i o n s  f o r  t h e  p o s i t i v e  d e f i n i t e n e s s  
( s o m i - d e f i n i t e n e s s )  o f  - P l ( t £ )  a r e  
( ! )  C ( t f ) B ( t f )  >  0
( i i )  V  -  BT C ( t £ ) V C ( t £ ) B ( fc £ ) 3 ' ' 1' C ( t £ ) 6  > 0  ( a O )
W e  h a v e  f r o m  P r o p o s i t i o n  1 0 . 1  a n d  t h e  r e m a r k s  
a f t e r  P r o p o s i t i o n  1 0 . 6  t h a t  C B  a  0  i n  T  i s  a  n e c e s s a r y  
c o n d i t i o n  o f  o p t i m a l i t y .  H e n c e  w e  h a v e  ( M a y n e  [ 3 6 ] ) s
P R O P O S I T I O N  1 0 . 7 :  I , a t  t h e  h y p o t h e s i s  o f  P r o p o s i t i o n
4 . 2  b e  s a t i s f i e d .  L e t  f » L  b e  l i n e a r  i n  u .  a s s u m e
t h e  s o l u t i o n  ( x , u )  i s  s i n g u l a r  w i t h  o r d e r  1 ,  i . e .
S $ ( t )  =  -C C 0 ( t ) B ( t )  - B ^ ( t ) C ^ ( t ) ]  = O
R 1 ( t )  =  - [ C ^ ( t ) B ( t )  +  ( t ) ( t )  3  > 0  f o r  a l l  t  <r T ,
C  a n d  B  a r e  a s s u m e d  d i f f e r e n t i a b l e .  T h e n  s u f f i c i e n t  
c o n d i t i o n s  f o r  6 #  a  0  a r e :
( 1 )  C ( t f ) B ( t f )  = B T ( t f ) P ( t £ ) B ( t f ) + C ( t f ) B ( t f ) > 0
w h e r e  P ( t ^ )  i s  t h e  s o l u t i o n  t o  e q u a t i o n s  ( 2 . 1 8 ) ,  
( 2 . 1 9 )
( l i )  r  -  STc  ( t f ) [C  ( t;£ ) b ( t £ ) ] - 1 c  ( t £ ) B a  o
( i i i )  T h e  M a t r i x  R l c c a t i  d i f f e r e n t i a l  e q u a t i o n ,  e q u  ( 1 0 . 3 7 )  
w i t h  t e r m i n a l  c o n d i t i o n  s a t i s f y i n g  ( 1 0 . 3 9 ) ,  ( 1 0 . 4 0 )  ,  
h a s  n o  c o n j u g a t e  p o i n t  i n  T .
M e  n o w  o b t a i n  t h e  c o n t r o l  l a w  f o r  v s  F r o m  ( 1 0 . 3 5 )
V j  ( t )  -■ - K { t )  z ,  ( t )
v ( t >  »  V j ( t )
-  - K ( t ) z ,  ( t )  -  K ( t )  a  j  ( t )
== - r . K ( t )  + K ( t ) A ( t )  I z ,  ( t )  -  K ( t ) B 1 ( t ) v 1 ( t )
-  “ K j ( t ) Z j  ( t )  -  K ( t ) B j ( t ) V j ( t )
. 1 9 7 .
w h e r e
K ,  < t )  6  K ( t )  +  K ( t ) A ( t )
M o w ,  f o r  P 1 +  C T ( . t f > = 0 ,  t h e n
P j ( t )  B ( t )  +  c T ( t )  =  0  f o r  a l l  t  e  T ,  a n d
8 0  K ( t ) B ( t )  =  X f o r  a l l  t « T
i . e . ,  f o r  a l l  t  e  T
K a ( f c ) B ( t )  - K ( t ) B 1 ( t )  .
T h e r e f o r e
Vtt) -  - K ,  + K } { t > B f t ) V 1 ( t )  - K ( t ) B I  { t ) v ,  i t )
*  - K J ( t ) z ( t )  .
W i t h  t h i s  c o n t r o l  l a w
j | i K ( t ) z ( t n  =  t K { t ) z ( t )  +  K ( t )  z  ( t )  ]
«  t K j  ( t )  - K ( t ) A ( t )  ; i z ( t )  +  K ( t ) C A ( t ) z ( t )  + B ( t ) v  ( t ) ]
™ K ,  ( f c ) z ( t )  +  K ( t ) B ( t ) v ( t )
=  C K . ( t )  -  K ( t ) B ( t ) K ,  ( t )  ] z ( t )
«  L'K]  ( t )  -  I K i  ( t ) 3 a ( t )  =  0
S o  t h a t
K  ( t )  z  ( t )  =  0  i f  K ( t 0 ) z ( t 0 )  =  0 .
T o  o b t a i n  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  
t h e  o p t i m a l i t y  o f  t h e  o r i g i n a l  s y s t e m  ( i . e .  A V  a  0 )  f r o m  
t h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  n o n n e g a ­
t i v i t y  o f  A V ,  t h o  r e a d e r  s h o u l d  s e e ,  f o r  e x a m p l e  £ 2 5 3 .
A n  a l t e r n a t i v e  a p p r o a c h  t o  t h e  a b o v e  p r o b l e m  i s  t h e  
t r a n s f o r m a t i o n  a p p r o a c h  u s i n g  t h e  t r a n s f o r m a t i o n  o f  K e l l e y ,
D e t a i l s  o f  K e l l e y ' s  t r a n s f o r m a t i o n  a r e  i n  K e l l e y  [ 3 0 ] ,
K e l l e y  e t  a l  [ 3 1 ] ,  S p e y e r  a n d  J a c o b s o n  £ 4 9 ]  a n d  M a y n e  
[ 3 4 3 .  T h i s  h a s  t h e  v i r t u e  v "  a  l o w e r  d i m e n s i o n  R i c c a t i  
e q u a t i o n .  H o w e v e r ,  S p e y e r  a n d  J a c o b s o n  [ 4 9 ]  p o i n t  o u t  
t h a t  i f  t h e  p r o b l e m  i s  s i n g u l a r  o f  o r d e r  h i g h e r  t h a n  o n e ,  
t h e n  a  r e d u c t i o n  o f  t h e  s t a t e  s p a c e  t o  a c h i e v e  a  n o n s i n ­
g u l a r  p r o b l e m  r e q u i r e s  r e p e a t e d  a p p l i c a t i o n  o f  t h e  t r a n s ­
f o r m a t i o n  t e c h n i q u e ?  w h i c h  i s  c u m b e r s o m e ,  e s p e c i a l l y  i f  
t h e r e  a r e  m u l t i p l e  c o n t r o l  v a r i a b l e s .
A  s u r v e y  o f  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  
t h e  o p t i m a l i t y  f o r  a  c l a s s  o f  t i m e - v a r y i n g  s i n g u l a r  q u a d ­
r a t i c  m i n i m i z a t i o n  p r o b l e m s  i s  p r e s e n t e d  i n  [ 2 3 ] .
R e s e a r c h e r s  h a v e  c o n c e r n e d  t h e m s e l v e s  m a i n l y  w i t h  n e c ­
e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  o f ‘ o p t i m a l i t y ,  a n d  t h e  
c o m p u t a t i o n  o f  s i n g u l a r  e x t r e m a l s ,  w i t h  a  f e w  e x c e p t i o n s ,  
h a s  l a r g e l y  b e e n  i g n o r e d .  A n  a l g o r i t h m ,  s i m i l a r  t o  p e n a l t y  
f u n c t i o n  t e c h n i q u e s  o f  s o l v i n g  s t a t e  c o n s t r a i n e d  p r o b l e m s ,  
w i t h  p r o v e n  c o n v e r g e n c e ,  h a s  b e e n  p r e s e n t e d  b y  J a c o b s o n ,  
G e r s h w i n  a n d  L e l e  [ 2 4 ]  f o r  a  c e r t a i n  c l a s s  o f  p r o b l e m s .
T h e y  p o i n t  o u t  t h a t  t h e  t e c h n i q u e  d e s c r i b e d  i s  e q u a l l y  
a p p l i c a b l e  t o  t h e  b a n g - b a n g  c o n t r o l  p r o b l e m s  o f  C h a p t e r  
8 ,  a n d  p r o v i d e s  a l t e r n a t i v e s  t o  t h e  m e t h o d s  d e s c r i b e d  i n  
[ 6 ] ,  [ 1 0 ] .  T h e  a l g o r i t h m  m a k e s  u s e  o f  t h e  S e c o n d  O r d e r  
D . D . p .  A l g o r i t h m  d e s c r i b e d  i n  C h a p t e r  5 - I I - 4 .
CONCLUSION
T h e  m a i n  p u r p o s e  o f  t h i s  w o r k  h a s  been  to  expand on 
t h e  p a p e r  b y  M a y n e ,  [  3 6 ]  ,  w h o  e x h i b i t e d  t h e  c e n t r a l  r o l e  
t h a t  t h e  e x a c t  e x p r e s s i o n s  f o r  t h e  c h a n g e  i n  c o s t  d u e  t o  
a r b i t r a r y  c o n t r o l s  p l a y  i n  b o t h  c o n t r o l  t h e o r y  a n d  
n u m e r i c a l  o p t i m i z a t i o n .
B y  a p p l y i n g  t h e  d i f f e r e n t i a l  d y n a m i c  p r o g r a m m i n g  
t e c h n i q u e  t o  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n
-  =  H ( x ,o j ,V x ( x , t )  , t )
w h e r e  w  d e n o t e s  e i t h e r  s o m e  a r b i t r a r y  c o n t r o l  u S G ,  o r  a  
c o n t r o l  p o l i c y  k  ( x  ( • ) , « )  w h i c h  g e n e r a t e s  W e
o b t a i n e d  d i f f e r e n t i a l  e q u a t i o n s  s a t i s f i e d  b y
a ( t )  =  V ( x ( t )  , t )  -  V u ( x ( t )  , t )  ,  t  e  T ,
f o r  s o m e  a r b i t r a r y  n o m i n a l  c o n t r o l  u ( * ) e G  w i t h  a s s o c i a t e d  
t r a j e c t o r y  x ( • ) .  V  d e n o t e s  V u  o r  a c c o r d i n g  t o  t h e
c o n t e x t .  D i f f e r e n t i a l  e q u a t i o n s  s a t i s f i e d  b y  V x ,  V x x  w e r e  
a l s o  d e r i v e d .  T h e s e  e q u a t i o n s  a r e  t h e  s a m e  a s  t h o s e  d e t i v e d  
i n  [ 3 6 ] .
F o r  u s e  i n  f i r s t - o r d e r  a l g o r i t h m s  t h e  e r r o r  a r i s i n g  i n  
a ( t )  w a s  s h o w n  t o  b e  o f  o r d e r  e 2  f o r  d ( u , u ) s e ,  d t  ( u , u ) s e  
w h e n  t h e  t e r m s  i n v o l v i n g  v "  w e r e  o m i t t e d  f r o m  t h e  d i f f e r ­
e n t i a l  e q u a t i o n  s a t i s f i e d  b y  v ^ .  T h e  e r r o r  i n  a { t ) ,  w h e n  
t h e  t e r m s  i n v o l v i n g  v £ x x  w e r e  m i i t t e d  f r o m  t h e  d i f f e r e n t i a l  
e q u a t i o n s  s a t i s f i e d  b y  v ^ ,  w a s  f o u n d  t o  b e  o f  o r d e r  e 8 f o r
d ( u » u * ) £ e , d i ( u , u * ) s e , w h e r e
u* =  a r f f  n i in  H ( x , u , V ^ ( x , t )  , t )  .
I t  w a s  s e e n  i n  c h a p t e r  5  t h a t  t h e  n e g l e c t  o f  t h e s e  t e r m s  
w a s  o f  n o  s e r i o u s  c o n s e q u e n c e  i n  t h e  c o m p u t a t i o n a l  p r o c e -  
!  d u r e s  o u t l i n e d  b e c a u s e  t h e  s i z e  o f  t h e  6 x ' s  h a d ,  i n  a n y  
e v e n t ,  t o  b e  r e s t r i c t e d .  T h i s  r e s t r i c t i o n  w a s  a c c o m p l i s h e d  
v i a  P r o p o s i t i o n  1 . 4 ,  w h e r e  t h e  s i z e  o f  f i x  c o u l d  b e  l i m i ­
t e d  b y  t h e  u s e  o f  e  :  0 £ e s l  f o r  s m a l l  v a r i a t i o n s  i n  c o n t -  
r o l ,  o r  i n  t h e  c a s e  o f  g l o b a l  v a r i a t i o n s  i n  c o n t r o l ,  b y  
m a k i n g  d 1 ( u , u * ) s e .
N e x t ,  d i f f e r e n t i a l  e q u a t i o n s  w e r e  o b t a i n e d  w h i c h  w e r e  
s a t i s f i e d  b y
a ( t )  =  V u ( x ( t ) , t )  -  v ( x ( t ) , t > ,  t  e  T ,
w h e r e ,  f o r  a r b i t r a r y  c o n t r o l  u ( « ) e G  w i t h  a s s o c i a t e d  t r a j ­
e c t o r y  x ( * ) ,  V  d e n o t e s  V u  o r  a c c o r d i n g  t o  t h e
c o n t e x t .  u { ‘ )  i s  s o m e  a r b i t r a r y  c o n t r o l  b e l o n g i n g  t o  G  
a n d  k ( * , ‘ ) d e n o t e s  s o m e  c o n t r o l  p o l i c y  k ( x ( ' ) , ' ) .  T h i s  
w a s  d o n e  t o  e n a b l e  u s  t o  d e r i v e  t h e  e x a c t  e x p r e s s i o n s  f o r  
^ A V  o b t a i n e d  i n  [ 3 5 ] ,  [ 3 6 ] .  I n  t h i s  d i s s e r t a t i o n  w e  h a v e  
r e a l l y ,  i f  a n y t h i n g ,  s h o w n  t h e  c e n t r a l  r o l e  t h e  d i f f e r e n t  
e q u a t i o n s  f o r  a { t )  h a v e  p l a y e d ?  i n  t h a t  e v e n  t h e  e x p r e ­
s s i o n s  f o r  A v  w e r e  d e r i v e d  f r o m  t h e s e  e q u a t i o n s ?  w h e r e  
A V  &  a i t Q ) .
I t  w a s  t h e n  s h o w n  h o w  t h e  e x p r e s s i o n s  f o r  A V  c o u l d  
b e  u s e d  t o  o b t a i n  c e r t a i n  w e l l  k n o w n  s u f f i c i e n t  c o n d i t i o n s
o f  o p t i m a l i t y  f o r  a n  o p t i m a l  c o n t r o l  u ( - )  o r  a  c o n t r o l  
p o l i c y  k ( x ( » ) , » ) .  T h e  e x p r e s s i o n s  f o r  A V  g i v e n  b y  e q u .  
( 2 . 8 6 )  a l s o  l e d  d i r e c t l y  t o  a  l o c a l  s u f f i c i e n t  c o n d i t i o n  
o f  o p t i m a l i t y ,  i n  t h e  f o l l o w i n g  s e c t i o n ,  a p p r o x i m a t i o n s  
A v  t o  t h e  e x p r e s s i o n  f o r  A V  w e r e  d e r i v e d .  O n e  o f  t h e  
r e s u l t s  w a s  u s e d  l a t e r  t o  d e r i v e  a  f i r s t - o r d e r  a l g o r i t h m  
w i t h  p r o v e n  c o n v e r g e n c e .  T h e  r e s u l t  o f  C o r o l l a r y  4 . 3  w a s  
u s e d  t o  d e m o n s t r a t e  n e c e s s a r y  c o n d i t i o n s  o f  o p t i m a l i t y  
f o r  s t a t e  c o n s t r a i n e d  p r o b l e m s  a n d  n e c e s s a r y  a n d  s u f f i c i e n t  
c o n d i t i o n s  f o r  t h e  n o n n e g a t i v i t y  o f  A v  f o r  s i n g u l a r  
c o n t r o l  p r o b l e m s .  T h e s e  a r e  u s u a l l y  o b t a i n e d  v i a  t h e  s e c o n d  
v a r i a t i o n  f o r m u l a  f o r  t h e  c o s t  f u n c t i o n  d e r i v e d  i n  P r o p o ­
s i t i o n  4 . 5 .  T h e  r e s u l t s  o b t a i n e d  i n v o l v e d  t h e  c o m p a r i s o n  o f  
a r b i t r a r y  c o n t r o l s  u ( * ) e G  w i t h  t h e  o p t i m a l  c o n t r o l  u ( - ) .  
T h e  e x p r e s s i o n s  d e r i v e d  l a t e r  o n  i n  t h e  s e c t i o n  m a y  p r o v e  
u s e f u l  i n  d e m o n s t r a t i n g  c o n d i t i o n s  o f  o p t i m a l i t y  f o r  t h e  
c o n t r o l  p o l i c y  k ( x { • ) , * ) •  M a y n e  [ 3 6 ]  e x p r e s s e d  t h e  h o p e  
t h a t  t h e  s e c o n d  o r d e r  e s t i m a t e s  f o r  s t r o n g  v a r i a t i o n s  i n  
c o n t r o l  w i l l  b e  u s e f u l  i n  d e r i v i n g  f u r t h e r  o r  a d a p t i n g  
e x i s t i n g  a l g o r i t h m s .
T h e  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  w e r e  d e r i v e d  i n  
C h a p t e r  2  -  I V  a r e  v e r y  g e n e r a l .  G i v e n  s c e n e  n o m i n a l  c o n t r o l  
u ( * )  i .-G ,  t h e  e q u a t i o n s  o f  P r o p o s i t i o n  2 . 5  , w e r e  d e r i v e d  f o r  
s o m e  c o n t r o l  p o l i c y  w h i c h  g e n e r a t e s  a  c o n t r o l  u ( « ) e G .  I t  
w a s  s h o w n  t h a t  t h e  d i f f e r e n t i a l  e q u a t i o n s  u s e d  i n  t h e  a l g o r ­
i t h m s  o u t l i n e d  i n  C h a p t e r  5  c o u l d  b e  d e r i v e d  e a s i l y  f r o m  
tixe  g e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  o f  P r o p o s i t i o n s  2 . 4  -  2 . 7 .
S i n c e  J a c o b s o n  [ 1 3 1  p r e s e n t e d  h i s  f i r s t  a n d  s e c o n d -  
o r d e r  a l g o r i t h m s  i n  1 9 6 7 ,  a n d  s u b s e q u e n t l y  i n  [ 1 4 1 ,  C I S ] ,  
C l 6 l ,  C 1 8 J ,  w h i c h ,  f o r  t h e  f i r s t  t i m e  e n a b l e d  g l o b a l  v a r i a ­
t i o n s  i n  t h e  c o n t r o l  t o  b e  h a n d l e d  ( a p a r t  f r o m  P o l a k  a n d  
M a y n e  C 3 7 1 ,  [ 4 6 ] ) ,  t h e r e  h a s  b e e n  l i t t l e  f u r t h e r  d e v e l o p ­
m e n t  ( e g .  G e r s h w i n  a n d  J a c o b s o n  [ 9 1 )  o f  t h e s e  a l g o r i t h m s .  
B e c a u s e  o f  t h e  g e n e r a l i t y  o f  t h e  n e w  d i f f e r e n t i a l  e q u a t i o n s  
i t  i s  h o p e d  t h a t  t h e  r e s u l t s  w i l l  b e  u s e f u l  i n  d e r i v i n g  
f u r t h e r  a l g o r i t h m s ,  e s p e c i a l l y  s e c o n d - o r d e r  a l g o r i t h m s .  T h e  
o b j e c t i v e  o f  t h e  n e w  a l g o r i t h m s  s h o u l d  b e  t o  e n s u r e  t h a t ,  
a  ( t Q )  =  A V  <  0  a t  e a c h  i t e r a t i o n  t o  d e t e r m i n e  t h e  n e w  
c o n t r o l  u s i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  o b t a i n e d  i n  2  -  I V .  
I n  t h e  l i t e r a t u r e ,  t h i s  i s  a c h i e v e d  a t  p r e s e n t  e i t h e r  b y  . 
m i n i m i z i n g  H ( x , u , X , t )  w . r . t .  u  d i r e c t l y ,  o r  b y  a p p r o x i ­
m a t i n g  t h e  m i n i m i z i n g  c o n t r o l  u ( ‘ ) .  T h e n ,  b e c a u s e
-  a ( t )  -  H ( x , u , X , t )  -  H ( x , u , X , t )  f a ( t f )  «  0 ,
w e  h a v e  a ( t 0 ) <  0 .
A l s o ,  t h e  e x i s t i n g  D . D . P .  a l g o r i t h m s  m a y  r e q u i r e  m o d i f i ­
c a t i o n s  t o  e n s u r e  c o n v e r g e n c e  i n  c o n s t r a i n e d  p r o b l e m s .  I t  
w a s  s h o w n  i n  [ 3 7 3  h o w  t h i s  c o u l d  b e  a c h i e v e d  f o r  t h e  f i r s t -  
o r d e r  a l g o r i t h m  b y ,  f i r s t l y ,  c o n s i d e r i n g  a n  a p p r o x i m a t i o n  
6 V  t o  A V ,  a n d ,  s e c o n d l y ,  b y  m o d i f y i n g  t h e  s t e p  s i z e  c h o i c e .  
I t  i s  n o t  u n r e a s o n a b l e  t h a t  u s i n g  t h e  s t e p  s i z e  c h o i c e  o f  
[ 3 7 , 1 ,  a  c o n v e r g e n t  s e c o n d - o r d e r  a l g o r i t h m  m a y  b e  d e r i v e d ,  
p o s s i b l y  u s i n g  a  f i r s t  o r  s e c o n d - o r d e r  a p p r o x i m a t i o n  t o  
e q u a t i o n  ( 2 . 8 6 ) .
S i n c e  J a c o b s o n  [ 1 3 ]  p r e s e n t e d  h i s  f i r s t  a n d  s e c o n d -  
o r d e r  a l g o r i t h m s  i n  1 9 6 7 ,  a n d  s u b s e q u e n t l y  I n  [ 1 4 ] ,  £ 1 5 3 ,  
C 1 6 3 ,  C 1 8 ] ,  w h i c h ,  f o r  t h e  f i r s t  t i m e  e n a b l e d  g l o b a l  v a r i a ­
t i o n s  i n  t h e  c o n t r o l  t o  b e  h n t d l e d  ( a p a r t  f r o m  P o l a k  a n d  
M a y n e  £ 3 7 ] ,  [ 4 6 ] ) ,  t h e r e  h a s  b e e n  l i t t l e  f u r t h e r  d e v e l o p -  
j i n e n t  ( e g .  G e r s h w i n  a n d  J a c o b s o n  C 9 ] )  o f  t h e s e  a l g o r i t h m s . 
B e c a u s e  o f  t h e  g e n e r a l i t y  o f  t h e  n e w  d i f f e r e n t i a l  e q u a t i o n s  
i t  i s  h o p e d  t h a t  t h e  r e s u l t s  w i l l  b e  u s e f u l  i n  d e r i v i n g  
f u r t h e r  a l g o r i t h m s ,  © s p e c i a l l y  s e c o n d - o r d e r  a l g o r i t h m o .  T h e  
o b j e c t i v e  o f  t h e  n e w  a l g o r i t h m s  s h o u l d  b e  t o  e n s u r e  t h a t  
a ( t 0 )  =  A V  <  0  a t  e a c h  i t e r a t i o n  t o  d e t e r m i n e  t h e  n e w  
c o n t r o l  u s i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  o b t a i n e d  i n  2  -  I V .  
I n  t h e  l i t e r a t u r e ,  t h i s  i s  a c h i e v e d  a t  p r e s e n t  e i t h e r  b y  . 
m i n i m i z i n g  H ( x , u , X , t )  w . r . t .  u  d i r e c t l y ,  o r  b y  a p p r o x i ­
m a t i n g  t h < '  m i n i m i z i n g  c o n t r o l  u ( * ) .  T h e n ,  b e c a u s e
-  a ( t )  =  H ( x , u , X , t )  -  H ( x , u , X , t )  ;  a ( t £ )  »  0 ,
w e  h a v e  a ( t ^ )  <  0 .
A l s o ,  t h e  e x i s t i n g  D . D . P .  a l g o r i t h m s  m a y  r e q u i r e  m o d i f i ­
c a t i o n s  t o  e n s u r e  c o n v e r g e n c e  i n  c o n s t r a i n e d  p r o b l e m s .  I t  
w a s  s h o w n  i n  C 3 7 ]  h o w  t h i s  c o u l d  b e  a c h i e v e d  f o r ,  t h e  f i r s t -  
o r d a r  a l g o r i t h m  b y ,  f i r s t l y ,  c o n s i d e r i n g  a n  a p p r o x i m a t i o n  
A V  t o  A V ,  a n d ,  s e c o n d l y ,  b y  m o d i f y i n g  t h e  s t e p  s i z e  c h o i c e .  
T i t  i s  n o t  u n r e a s o n a b l e  t h a t  u s i n g  t h e  s t e p  s i z e  c h o i c e  o f  
[■ 3 7 1 ,  a  c o n v e r g e n t  s e c o n d - o r d e r  a l g o r i t h m  m a y  b e  d e r i v e d ,  
p o s s i b l y  u s i n g  a  f i r s t  o r  s e c o n d - o r d e r  a p p r o x i m a t i o n  t o  
e q u a t i o n  ( 2 . 8 6 ) .
11 ’" k a p t e r  6 - 1  n e w  d i f f e r e n t i a l  e q u a t i o n s  w e r e  
o b t a i n e d  f o r  t h e  p r o b l e m  w i t h  t e r m i n a l  e q u a l i t y  c o n s t r a i n t s  
a n d / o r  f r e e  t e r m i n a l  t i m e ,  a l l o w i n g  c o m p a r i s o n s  o f  a r b i t r a r y  
c o n t r o l ' ; ,  t o  y e  m a d e .  T h e s e  a r e  s i m p l y  e x t e n s i o n s  o f  t h e  
g e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  u n c o n s t r a i n e d  c a s e .
I t  w a s  s h o w n  h o w  t h e  s e c o n d - o r d e r  D . D . P .  a l g o r i t h m  o f  
J a o o b e o n  c o u l d  e a s i l y  b e  e x t e n d e d  t o  h a n d l e  p r o b l e m s  w i t h  
t e r m i n a l  e q u a l i t y  c o n s t r a i n t s  a n d / o r  f r e e  t e r m i n a l  t i m e ,  a s  
w e l l  a a  p r o b l e m s  w i t h  t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s .  I t  
i s  a n t i c i p a t e d  t h a t  a n y  n e w  s e c o n d - o r d e r  a l g o r i t h m  t h a t  m a y  
b e  p r e s e n t e d  t h a t  s o l v e s  t h e  g e n e r a l  d i f f e r e n t i a l  e q u a t i o n s  
p r e s e n t e d  i n  C h a p t e r  2 c o u l d  b e  e x t e n d e d  j u s t  a s  e a s i l y  t o  
h a n d l e  t e r m i n a l  c o n s t r a i n t s  a n d / o r  f r e e  t e r m i n a l  t i m e .  N o t e  
t h a t  P o l a k  a n d  M a y n n  [ 4 6 1 ,  a d a p t e d  t h e  f i r s t - o r d e r  a l g o r ­
i t h m  o f  f. 3 7 1  t o  a c c o u n t  f o r  t e r m i n a l  i n e q u a l i t y  c o n s t r a i n t s .  
H e r o ,  t h e  c o n s t ; - i l u t s  a r e  h a n d l e d  i n  a  m a n n e r  - L m i l a r  t o  t h a t  
i n  w h i c h  t h e  M o U i u d  o f  F e a s i b l e  D i r e c t i o n s  h a n d l e s  c o n t r o l  
c o n s t  r a i n t t ; .
P r o b l e m s  w i t h  c o n t r o l  c o n s t r a i n t s  r e c e i v e d  a t t e n t i o n .
F o r  t h e  e a s e  w h e r e  t h e  o p t i m a l  c o n t r o l  i s  a s s u m e d  c o n t i n u o u s  
f o r  n i l  t , T ,  c e r t a i n  r q u a M o n n  d o i l v o d  b y  J a c o b s o n  1 : 1 3 ] ,
I 181 w e re  d e r i w d .  T he s e c o n d  -u - - r  a lg o r ii-h m  o f  J a c o b s o n  
w as  t h e n  a d a p te d  t o  !. .inU< i n t r o  1 c o n s t r a i n t s .  T h is  a p p e a r s  
t o  b e  the* o n ly  a v a l  1 ah lw  scv’-in d -o rc .e i: D .D .P . a l g o r i t h m  f o r  
h Q iid lin r ;  t i o n t r o l  e o n s t r a i n t i i  d i r e c t . l y .  A f i r s t - o r d e r  a l g o r ­
i th m  c m o rg e d  an  a  e p p .o ia l  cii* ' '  o f  ' l i e  s e c o n d - o r d e r  o n e .
w e  w e r e  a b l e  t o  c o m p a r e  c o n t r o l  S ( - )  „ i t h  u ( - ) ,  w h e r e
o ( t )  -  a r g  m in  B ( : , u , V x  ( j , ' , t )  , t ) ,
a n d  x ( - )  i s  t h e  t r a j e c t o r y  a s s o c i a t e d  w i t h  u ( ' )  , 
v x ( i t , - )  a a t i a f i e a  e q u .  ( 7 . 1 2 ) .  » e  t h e n  d e f i n e d
J(x,u,b,Vx(x,t) ,t) - H(5,u,vx(ii,t) ,t) + <b(t) ,g(i,t)>
w h e r e  g ( u , t )  d e n o t e s  t h e  p  a c t i v e  c o n s t r a i n t s  g ( u , t )  =  O  
a n d  b { • )  i s  a  p - d i m e n s i o n a l  L a g r a n g e  m u l t i p l i e r ;  t c T .  P r o m  
C 1 3 J I  o r  r  3 8 ] ,  w e  o b t a i n  e q u a t i o n s  ( 7 . 2 4 )  a n d  ( 7 . 2 5 )  w h i c h  
e n a b l e  u s  t o  d e t e r m i n e  b  ( * )  a n d  u(  •)  .  T h e s e  e q u a t i o n s  d o  
n o t  h o l d  f o r  a r b i t r a r y  u .  A s  a  r e s u l t  g e n e r a l  d i f f e r e n t i a l  
e q u a t i e n a  i n  w h i c h  a r b i t r a r y  c o n t r o l s  - b e l o n g i n g  t o  R  a r e  
c o m p a r e d ,  h a v e  n o t  y e t  b e e n  d e r i v e d .
W e  t h e n  c o n s i d e r e d  t h e  c a s e  w h e r e  t h e  o p t i m a l  c o n t r o l  i s  
a s s u m e d  t o  b e  o f  t h e  b a n g - b a n g  t y p e .  T h e  d y n a m i c  p r o g r a m m i n g  
t e c h n i g u f *  w a s  f i r s t  a p p l i e d  to  t h e  c o s t  f u n c t i o n  t o  o b ta in  
e q u a t i o n s  s a t i s f i e d  b y  t h e  p a r t i a l  d e r i v i t l v e s  o f  t h e  c o s t  
f u n c t i o n  a f c  s w i t c h i n g  p o i n t s  o f  t h e  b a n g - b a n g  c o n t r o l  u * ( • ) .  
I t  w . i s  t h e n  s h o w n  t h a t , f o r .  t h e  o p t i m a l  c o n t r o l ,  t h e  s w i t c h i n g  
t i m o  w o w  a  p a r a m e t e r  w h i c h  c o u l d  b e  A o s e n  t o  m i n i m i z e  t h e  
c o s t  f u n c t i o n .  T h i s  l e d  t o  t h e  j u m p  c o n d i t i o n s  w h i c h  w e r e  
d e r i  v e d  i n d e p e n d e n t l y  b y  J a c o b s o n  [ 1 6 ]  a n d  D y e r  a n d  
M c R e y n o l d s  f  6 7 .  I t  w a s  t h e n  d e m o n s t r a t e d  h o w ,  i f  t i  w a s  
a  n o m i n a l  s w l t c l i l n g  p o i n t ,  c h o i c e  o f  f i t j ,  a  c h a n g e  i n  t h e  
s w i t c h i n g  t l m o  t o  e n s u r e  a  r e d u c t i o n  i n  c o s t ,  l e d  t o  d i f f e r ™  
I n q  j w ,  c o o d l t i o n .  « W .o h  d l n t h "  M ^ b o d .
We n o t e  i n  p a s s i n g  t h a t  D y e r  a n d  M c R e n o ld s ,  ISZ, C 7 J , [ 8 3 »  
p r o p o s e d  a  s u c c e s s i v e  s w e e p  a l g o r i t h m  w h ic h  m a d e  u s e  o f  
t h e  e a r l i e r  ju m p  c o n d i t i o n s .  J a c o b s o n ,  . [ 1 3 ] ,  C 1 6 ] ,  [ 1 8 ] ,  
s h o w e d  t h a t  t h e  s e c o n d - o r d e r  a l g o r i t h m  c o u l d  b e  a d a p t e d  t o  
s o l v e  t h e  b a n g - b a n g  c o n t r o l  p r o b l e m .  A g a i n ,  a  f i r s t - o r d e r  
a l g o r i t h m  e m e r g e s  a s  a  s p e c i a l  c a s e .  I n  a  l a t e r  p a p e r ,  [ 2 4 3 ,  
J a c o b s o n ,  G e r s h w in  a n d  L e l e  a d d e d  a n  i n t e g r a l  q u a d r a t i c  
f u n c t i o n a l  o f  t h e  c o n t r o l  m u l t i p l i e d  b y  a  p a r a m e t e r  e  t o  
t h e  c o s t  f m o t i o n .  T h e y  t h e n  o u t l i n e  a  p r o c e d u r e  i n  w h i c h  
t h e  s e c o n d - o r d e r  a l g o r i t h m  o f  [ 1 5 ]  i s  a p p l i e d  s u c c e s s i v e l y  
t o  t h e  m o d i f i e d  p r o b l e m  f o r  a  m o n o t o n i c a l l y  d e c r e a s i n g  
s e q u e n c e  o f  A n i m p o r t a n t  f e a t u r e  o f  t h i s  p r o c e d u r e
i s  t h a t  i t  a p p e a r s  t o  b e  t h e  f i r s t  d i r e c t  a p p l i c a t i o n  o f  
t h e  p o w e r f u l  D .D .P .  a l g o r i t h m s  t o  s o l v e  t h e  s i n g u l a r  c o n t r o l  
p r o b l e m ?  t h e  a d d i t i o n  o f  t h e  c o n t r o l  f u n c t i o n a l  t o  t h e  c o s t  
f u n c t i o n a l  m a k e s  t h e  s i n g u l a r  c o n t r o l  p r o b l e m  n o n s i n g u l a r .
T h e  s t a t e  c o n s t r a i n e d  p r o b l e m  w i t h  o n l y  t e r m i n a l  c o s t  
(L  0 )  w a s  c o n s i d e r e d  n e x t .  I t  w a s  s h o w n  b y  M a y n e ,  [ 3 6 ] ,  
h o w  o n e  o f  t h e  e x p r e s s i o n s  f o r  &v l e a d s  d i r e c t l y  t o  a  
g e n e r a l i z a t i o n  o f  t h e  n e c e s s a r y  c o n d i t i o n s  o f  o p t i m a l i t y  
f o r  s t a t e  c o n s t r a i n e d  p r o b l e m s  d e r i v e d  b y  J a c o b s o n ,  L e l e  
a n d  S p e y e r ,  [ 2 6 ] .  T h i s  e x p r e s s i o n  a l s o  e n a b l e d  M a y n e  t o  
p r o v e  a  s t r o n g e r  v e r s i o n  o f  t h e  n e c e s s a r y  c o n d i t i o n s  o f  . 
o p t i m a l i t y  f o r  s i n g u l a r  p r o b l e m s  d e r i v e d  b y  J a c o b s o n ,  [ 1 9 ] .  
S u f f i c i e n t  c o n d i t i o n s  o f  J a c o b s o n ,  [ 2 0 ] ,  [ 2 2 ] ,  f o r  t h e  n o n - ,  
n e g a t i v i t y  o f  AV f o r  s i n g u l a r  p r o b l e m s  w e r e  o u t l i n e d .
I t  w a s  t h e n  s h o w n  how  c e r t a i n  w e l l  k n o w n  n e c e s s a r y  c o n d i ­
t i o n s  f o r  t h e  n o n n e g a t i v i t y  o f  fiV c o u l d  b e  e s t a b l i s h e d ,  
m o r e  p a r t i c u l a r l y  t h e  g e n e r a l i z e d  L e g e n d r e - C l e b s c h  c o n d i ­
t i o n s .  M a y n e , E 3 6 ] ,  d e m o n s t r a t e d  h o w  s a t i s f a c t i o n  o f  t h e s e  
n e c e s s a r y  c o n d i t i o n s  e n a b l e d  o n e  t o  d e r i v e  n e w  s u f f i c i e n t  
c o n d i t i o n s .  C l e a r l y , f u t u r e  r e s e a r c h  c o u l d  b e  d i r e c t e d  a t  
e s t a b l i s h i n g  n e w  c o n d i t i o n s  o f  o p t i m a l i t y  f o r  b o t h  s t a t e  
c o n s t r a i n e d  a n d  s i n g u l a r  c o n t r o l  p r o b l e m s ,  n e w  c o n d i t i o n s  
f o r  t h e  n o n n e g a t i v i t y  o f  AV f o r  s i n g u l a r  p r o b l e m s ,  a n d  
i n v e s t i g a t i o n  o f  t h e  r e l a t i o n s h i p  b e t w e e n  n e c e s s a r y  a n d  
s u f f i c i e n t  c o n d i t i o n s  ( s e e  [ 2 5 ]  ,  [ 4 9 ]  f o r  e x a m p l e ) .
A l s o ,  a  c l o s e  c o n n e c t i o n  b e t w e e n  s t a t e  c o n s t r a i n e d  a n d  
s i n g u l a r  c o n t r o l  p r o b l e m s  h a s  b e e n  s u g g e s t e d  b y  J a c o b s o n  
a n d  L e l e * ,  w h o  t r a n s f o r m e d  t h e  s t a t e  v a r i a b l e  i n e q u a l i t y  
c o n s t r a i n t  b y  u s i n g  V a l e n t i n e ' s  d e v i c e  o f  i n t r o d u c i n g  a  
’ s l a c k  v a r i a b l e * . T h e y  t h e n  d e m o n s t r a t e  t h a t  p o r t i o n s  o f  
t h e  o p t i m a l  t r a j e c t o r y  l y i n g  a l o n g  t h e  c o n s t r a i n t  s u r f a c e  
S ( x , t )  =  0  a r e  s i n g u l a r  i n  t h e  t r a n s f o r m e d  p r o b l e m .  A 
f u r t h e r  c o n n e c t i o n  b e t w e e n  s t a t e  'c o n s t r a i n e d  a n d  s i n g u l a r  
c o n t r o l  p r o b l e m s  w a s  h i n t e d  a t  i n  [ 2 6 ] .
I n  [ 1 3 ]  J a c o b s o n  c o n c l u d e d  t h a t  t h e  n o t i o n  o f  D .D .P .  
c o u l d  s u g g e s t  d i r e c t i o n s  o f  r e s e a r c h  w h i c h  w o u l d  p r o d u c e  
e f f i c i e n t  c o m p u t a t i o n a l  a l g o r i t h m s  f o r  s o l v i n g  s t a t e  c o n ­
s t r a i n e d  a n d  s i n g u l a r  p r o b l e m s .  E x c e p t  f o r  t h e  o n e  a l g o r ­
i t h m ,  [ 2 4 ] ,  f o r  t h e  s i n g u l a r  p r o b l e m ,  n o  o t h e r  a p p r o a c h e s
t  J a c o b s o n ,  D . H . ,  a n d  M .M . L e l e ,  'A  t r a n s f o r m a t i o n  t e c h n i q u e  
f o r  o p t i m a l  c o n t r o l  p r o b l e m s  w i t h  s t a t e  v a r i a b l e  i n e q u a l i t y  
c o n s t r a i n t s ' ,  IE E E  T r a n s . A u t .  C o n t . ,  A C - 1 4 ,  N o .  5 ,  1 9 6 9 .
u s i n g  D .D .P .  a p p e a r  t o  h a v e  b e e n  a t t e m p t e d .
A f e a t u r e  o f  t h i s  d i s s e r t a t i o n  w h i c h  d i s t i n g u i s h e s  
i t  f ro m  t h a t  o f  [ 3 6 ] ,  i s  t h a t  a  u n i f i e d  a p p r o a c h  i s  
b r o u g h t  a b o u t  t h r o u g h  d i f f e r e n t i a l  d y n a m ic  p r o g r a m i n g .
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